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This paper studies probabilistic time geography for space-time prisms, i.e., for situations
where observers know the location of an agent at one time and then again at another time.
In between the agent has moved freely, according to its time budget. The paper demonstrates
that the probability to find the agent somewhere in the space-time prism is not equally
distributed, such that any attempt of a quantitative time geographic analysis must consider
the actual probability distribution. This distribution is developed in this paper, implemented
and demonstrated. The paper is a second, after introducing first probabilistic time geography
for space-time cones. With cones and prisms, the elementary space-time volumes of time
geography are provided.
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1. Introduction

Probabilistic time geography accepts likelihoods for the location of an agent at
a particular time. In a space-time aquarium formed by (x, y, t) the tradition-
ally Boolean space-time volumes of time geography in isotropic space—cones and
prisms—can, in a probabilistic approach, be replaced by clouds of probability dis-
tributions. Analytically these clouds can be computed by probability distributions
at any time instance, and between time instances there are correlations: if a mobile
agent is most likely at time t at a particular location, then at time t + ∆t this
agent is most likely still nearby. This means, we expect continuous distributions of
probabilities over time within these clouds.

In a previous paper the concept of probabilistic time geography was introduced
(Winter 2009). It was demonstrated how these correlations over time can be mod-
eled in a discrete, voxel-based space-time cone by iterative computations of the
probability values. The individual probabilities in each cell, characterizing the like-
lihood of the agent being in this cell at this time t, allow elementary forms of
reasoning. By this way it was possible to say, for example, how likely it is to find
agent a at time t at a discrete location (x, y) or in an area

∑
(x, y), or how likely it

is that two agents a and b are in the same location at t. The computation of such
probabilities in a discrete space-time cone turned out to be efficient.
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So far, however, the elementary theory of probabilistic time geography consists
only of measures dealing with uncertain space-time cones. This paper will extend
these first steps by two significant improvements. First, it will study probabilistic
space-time prisms. Cones are the volumes in time geography where an agent’s max-
imum speed and their location at a time ts are known, and nothing else. Prisms
model in time geography the volume where in addition to the previous also the
agent’s location at a time te, te > ts, is known, and nothing else. Requiring this
additional knowledge the computation of space-time prisms is of course only possi-
ble in hindsight, probabilistic or not. However, in probabilistic time geography this
additional knowledge is also impacting the local probabilities. We will develop here
the mathematical foundations to compute these probabilistic space-time prisms.
Secondly, in our pursuit to develop these foundations we also extend the discrete
voxel-based model of recursive computations by direct computations on a continu-
ous time scale, now being able to compute the probability distribution at any time
t ∈ R. As a result, we will have a complete theory for probabilistic time geography
in an isotropic space.

The paper is structured as follows. Section 2 summarizes the previous paper
(Winter 2009), including the references to classical time geography. Then we pro-
ceed to directed movements (Section 3), or movements between two known loca-
tions. The developed model to compute these probabilistic space-time prisms will
be implemented and tested in Matlab in Section 4. Conclusions close the paper
(Section 5).

2. Background

This section summarizes a preliminary introduction of probabilistic time geography
(Winter 2009), which was exploring the first principles of the theory for simple
space-time cones. These first insights are also related to the further contributions of
this paper. Probabilistic time geography was suggested as an extension of (classical)
time geography (Hägerstrand 1970), based on random walks. Random walks for
space-time cones were unbiased ones, where nothing else is known or assumed than
the location of an agent at a particular time and its maximum velocity. This paper
will introduce biased random walks, to reflect the additional knowledge coming
with space-time prisms that the agent is at a later time at another registered
location.

2.1. Time geography

Time geography answers questions such as: Given a location of a mobile agent
at ts, where is the agent at a later time t > ts? Or where was it at a past time
t < ts? Assume that the agent can move in any direction and is limited only by a
maximum speed. Time geography represents the reachable locations of this agent
by a space-time cone, a right cone in x-y-t-space. The cone apex represents the
agent’s location at ts, and the aperture the maximum speed of the agent, such that
a cone base represents the set of locations the agent may settle at a time t > ts
(Figure 1a), and similarly for t < ts.

Time geographic models of movements where start and destination are known
are sketched in Figure 2. For sufficiently dense tracking data (see the sampling
theorem Shannon and Weaver 1949), as assumed for example in moving object
databases (Güting and Schneider 2005), a linear interpolation might be sufficient
(Fig. 2a). However, a complete model, as provided by time geography, captures also
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Figure 1. Traditional time geography concepts.

Figure 2. Time geographic concepts of directed movement: (a) linear interpolation, (b) straight space-time
prism, (c) oblique space-time prism, (d) probabilistic space-time prism.

all the possible intermediate locations by an oblique or even a straight space-time
prism. So if the agent’s location is known at ts and then again at te, the possibly
reachable volume is described by a cone with apex in ts, reduced by the intersection
with an inverse cone with an apex at te. This space-time prism (Hägerstrand 1970)
(sometimes called bead (Hornsby and Egenhofer 2002)) is straight if the agent
returns at te to the location of the origin at ts (Fig. 2b); otherwise it is oblique
(Fig. 2c).

Miller (1991) maps space-time prisms to network spaces, considering link-based
travel speeds in a transportation system. Note that volumes reduce to vertical sec-
tions if travel is constrained on linear paths. Time geography was also implemented
in GIS for the analysis and visualization of access for individuals, and long-term
movement patterns (e.g., Kwan 2004, Shaw and Yu 2009). A survey of applications
of time geography is beyond the scope of this paper; here it is only important to
note that time geography so far stayed qualitative in modeling and analyzing these
space-time volumes.

The basic qualitative question is simply where an agent A may be located after
some time, let us say, at time t. To answer this question, only the base of the
space-time volume at t has to be computed. Derived qualitative questions con-
cern multiple agents. Examples are whether an agent A has possibly met agent
B (Figure 1b), or whether agent A has possibly reached the location of an immo-
bile agent or object C (Figure 1c). The immobile agent or object is also called a
space-time station in time geography. A space-time station is a degenerated cone of
zero aperture. Some derived qualitative questions are answered by testing whether
the agents’ space-time volumes intersect, which is a relative complex computation.
Other derived qualitative questions are simpler to answer, just by testing whether
the bases of the space-time volumes at time t intersect.

For the qualitative analysis of intersections one can apply the usual relational cal-
culi for extended objects: the 9-intersection model (Egenhofer and Herring 1991),
or the region connection calculus (Randell et al. 1992). Even extensions for uncer-
tain objects exist of these calculi (Winter and Bittner 2002, Cohn and Gotts 1996,
Clementini and Di Felice 1996, Neutens et al. 2007b), in case we would like to
extend crisp space-time volumes by uncertain ones. However, the qualitative state-
ments derived from these calculi have to consider the point-like nature of the agents
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that are described by the space-time volumes. This means all the possible topolog-
ical relationships have to be mapped onto the only distinguishable 0-dimensional
relationship, meet, and its qualitative likelihoods: impossible or possible.

Questions involving quantification were not suggested so far. An exception may
be Neutens et al. (2007a) who suggest a fuzzy space-time volume, but not yet
developing the analysis tools. Quantitative questions would be of the kind: What
is the most probable arrival time of A at C? Or what is the probability that A and
B have met by time t? Or, if A searches at ts for a collision-free travel in a with
agents populated environment, what is the safest path? Generally, a quantification
would require assumptions on the probability of an agent’s presence at particular
locations within its space-time volume. A naive approach would assume a uniform
probability distribution over sections of space-time volumes, and simply compute
relative sizes of intersection. But this assumption is wrong as we will explain later.
Figure 2d sketches a space-time prism with a non-uniform probability distribution.

2.2. Random walks

Unknown movements of agents can be modeled as random walks. These random
walks would be unbiased in absence of any evidence to assume otherwise, or bi-
ased if such evidence exists. An unbiased random walk models continuous diffusion
processes such as Brownian motion, which is approximating sufficiently the goal-
oriented behavior of (bounded) rational agents (Rubinstein 1998) only over large
time spans. On smaller time spans the behavior of rational agents appears to be
more directed and, frequently, regular (Bovy and Stern 1990). We will model this
behavior by biased random walks. A bias can easily brought in existing random
walk models by biased transition probabilities, but biased random walks have not
found much attention in the literature.

For infinite random walks in one- and two-dimensional discrete space the like-
lihood of an agent returning to the origin (or, equivalently, reaching any other
particular point in space) is always 1 (Polya 1921). However, in this paper we are
more interested in finite time spans, as they occur in time geography, and hence, we
expect probabilities of an agent reaching a particular location smaller than 1. Fur-
thermore, a finite partition of space guarantees probabilities of agents at particular
locations larger than 0.

Random walks are also used to model the behavior of large numbers of mo-
bile agents. For example, transportation research simulates by random walks large
numbers of mobile agents to study higher order patterns such as flocking behavior,
crowding, queuing or congestions (e.g., Batty 2003, Hoogendoorn and Bovy 2003,
Balmer et al. 2004), and in sensor network research they are deployed to estab-
lish a population of mobile sensor nodes that then can be studied for their ad-hoc
communication behavior (e.g., Camp et al. 2002).

In contrast, here random walks simulate the many wayfinding options a single
agent has. Large numbers of random walk simulations provide frequencies of vis-
ited places at particular times, which can be normed to probabilities. Besides of
agent-based simulation, also combinatorics or convolution can be used to repre-
sent random walks mathematically. The following section summarizes how Winter
(2009) introduced probabilistic time geography for unbiased movements, using the
approach by convolution.
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2.3. Probabilistic time geography

Let us study an agent A with a known location at ts and a known maximum speed.
For this purpose, an isotropic discrete space-time aquarium was assumed that is
regularly partitioned into voxels of (∆x, ∆y, ∆t). The agent starts at ts moving
from a known location, and ending at te after n time steps of a priori unknown
movements. The discrete steps of the agent are limited by its maximum speed
vmax. Assume a discrete vmax = 1, which always can be realized by choosing a
suited temporal resolution ∆t, and a distance measure based on 4-neighborhood.
Then in one time interval the agent can move to the South, North, West, or East
neighbor of its actual location, or it can stay where it is (Fig. 3). Thus a random
walk consists of a sequence of a pair of actions in each time interval: a random
assignment of a heading, and a move according to the actual heading. The random
assignment of the heading is chosen unbiased because no prior knowledge of the
agent’s goal exists.

Figure 3. A random walk of vmax = 1 in discrete space.

Expressing this random walk behavior by convolution is straight forward. Imagine
at ts an agent in (xs, ys) in an otherwise empty discrete spatial field g: a unit impulse
function. The convolution, or discrete linear spatial filtering of g by a kernel h, is
given by:

g′x,y = gx,y ⊗ h =
∞∑

i=−∞

∞∑

j=−∞
hi,j gx−i,y−j (1)

with g′ the resulting filtered spatial field at time ts+1. In this most general ex-
pression of a convolution, the neighborhood of a focal point (x, y) is unlimited
(−∞ . . .∞), but in practical applications its area of influence can be limited to a
small neighborhood, supported by Tobler’s law: “Everything is related to every-
thing else, but near things are more related than distant things.” (Tobler 1970,
p. 236). A typical size of a kernel is only 3 × 3, describing the neighborhood of a
focal point from (x− 1, y − 1) to (x + 1, y + 1). We say this kernel has a radius of
d = 1. In the present context, however, the reason to limit the kernel to a radius
of 1 is given by the maximum speed vmax of the agent.

The 3 × 3 convolution kernel h reflecting the above described discrete random
walk is:

h =




0 1 0
1 1 1
0 1 0


 (2)
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Applied recursively on the unit impulse function at (xs, ys) the collected convolu-
tions at the discrete times ts+i provide frequencies of visits of locations. At time
ts+1 the result g′ = g1 equals an image of h, indicating equal probability for a
transition from (xs, ys) to any of its neighbors, or to stay, and at time ts+2 the
result g′′ = g2 would already be:

. . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . 0 . . . . . . . . . . . .

. . . . . . . . . 0 1 0 . . . . . . . . .

. . . . . . 0 1 2 1 0 . . . . . .

. . . 0 1 2 3 2 1 0 . . .

. . . . . . 0 1 2 1 0 . . . . . .

. . . . . . . . . 0 1 0 . . . . . . . . .

. . . . . . . . . . . . 0 . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .

indicating that more random movements would lead through (x0, y0) than through
any other cell. Now, using a normalized kernel:

h′ =
1
5
h (3)

provides directly the probabilities of visits, instead their frequencies (Fig. 4). For
example, the probability for an agent to stay between ts and ts+1 in (xs, ys) is 0.2,
as it is for reaching any of its four neighbors. Only the second convolution provides
more differentiated probabilities, where the intensity in grey is proportional to the
probability value.

Figure 4. The normalized convolution kernel (left) and the probability distribution of locations of a mobile
agent at two sequential time steps (right).

A careful recursive formulation of the convolution further avoids the computation
of values for empty cells: the cells outside of the space-time volume. If the convo-
lution is only computed for the voxels within the cylinder enclosing the space-time
cone, then still 75% of all cells in the cylinder are empty. Thus, for an agent being
located at (xs, ys) at ts the space-time cone between ts and te consists of a discrete
number n of layers computed by this limited and recursive convolution:

gx,y,k =
{

0 if max(|x− xs|, |y − ys|) > k
gx,y,k−1 ⊗ h else (4)

This means the computational complexity of the recursive convolution is a function
of time only, more precisely, of the number of time intervals for which a cone is
computed. For each time step i the convolution computes (2i + 1)2 new values
(O(n2)).
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3. Biased random movement

Up to now the knowledge of an analyst was limited to three parameters: the location
of an agent at a time ts, (xs, ys), and its maximum speed. Due to lack of any other
knowledge all directions of traveling were considered equally likely for an agent’s
move. Thus, the computations so far are sufficient to replace traditional space-time
cones by probabilistic ones. But with additional knowledge, e.g., the location of the
agent at a later point in time, these assumptions have to be revised, including the
probabilistic representation and reasoning model. This extension will be introduced
here.

3.1. From cones to prisms

If the location of an agent at a time ts is known, and then at te again, traditional
time geography combines two space-time cones to space-time prisms (Figures 2b–
c). Formally, the movement is from a start location to an end location, although—
depending on the time budget—the agent can travel substantial deviations from
the direct route between the two locations. The agent even may not call the first
location the start or the second the end, since these two observations can have been
made at any time during a continuous movement of the agent. Nevertheless, with
the knowledge of a start and an end location we can say the agent has a general
heading between ts and te. At least on average the agent’s travel parameters are
determined by (a) the direction from start to end, and (b) the expected or average
speed v coming out of the proportion of the distance between start and end and
the time interval te − ts. The average speed v must be smaller than vmax for the
agent being able to reach the end location within this time frame, or if v = vmax

then the prism degenerates to a straight line.
Such assumptions are worth to be discussed further. They are bare of any further

world knowledge of the traveling agent, or of any world conditions or constraints.
Further knowledge would be likely require to modify these assumptions. For in-
stance, if the environment offers preferential routes, or various modes of traveling,
or if the maximum speed is restricted variably across the environment, these as-
sumptions do no longer hold. They are, from a probabilistic perspective and due
to the central limit theorem, only true for an isotropic space and a large number
of random walking agents between (xs, ys, ts) and (xe, ye, te).

To determine a probabilistic space-time prism (Figure 2d, or more detailed Fig-
ure 5) one can follow the previous argument for a computation by convolutions
on a discrete grid network. In line with Section 2.3, a (probabilistic) space-time
prism g in the grid network is the time-expanded set of possible paths between
start and end. It can be computed from two cones gs and ge, one from each apex,
and progressing towards each other, i.e., gs growing from the start at ts towards
te, and ge from the end at te towards ts. This way, the two cones permeate each
other. Since together they describe one phenomenon—the movement of a single
agent—they also constrain each other. Hence, they have to be intersected by the
following rule:

gx,y,k =
{

max(gs
x,y,k, ge

x,y,k) if gs
x,y,k · ge

x,y,k > 0
0 else

(5)

saying the probability of finding an agent at a location that is outside of one of
the cones is a priori 0, and the probability within the volume where gs and ge

intersect is the larger probability of both cones. For example, close at (xs, ys, ts)



January 16, 2010 7:37 Journal of Geographical Information Science winter09probabilistic-final

8 Winter and Yin

Figure 5. The agent’s potential path area (PPA) from the space-time prism.

the probability from gs will be quite large and the one from ge low.
This rule reflects also the point symmetry about the central point between start

and end location. This means, the computation of g can be shortened by acknowl-
edging this symmetry. Consider the two apexes (xs, ys, ts) and (xe, ye, te) forming
the datums of two local coordinate systems. Then, with the translation constants
∆x = xe − xs, ∆y = ye − ys and ∆t = n (for n discrete time steps), in the above
Equation 5 ge

x,y,k can be replaced by:

ge
x,y,k = gs

x+∆x,y+∆y,k+∆t (6)

However, the general heading of the agent violates the assumption of uniform
transition probabilities. For unbiased movements, the potential path area, which
is the set of geographic locations that the agent can have visited between ts and
te Miller (1991, p. 291), is circular—the projection of the cone to the x-y-plane.
But with a biased movement the potential path area is no longer circular, but
elliptic(Figure 5)—the projection of the prism to the x-y-plane—, with the two
foci of the ellipse in the start and end locations. Direction requires a re-thinking
through probability distributions.

3.2. Introducing a direction

The knowledge that the agent has moved from (xs, ys, ts) (the start location at
ts) to (xd, yd, te) (the end location at te) implies a general heading of the agent in
a particular direction, which violates the assumption of uniform transition prob-
abilities from Equation 3. Instead, this additional knowledge of a bias towards a
particular direction can be expressed by a correspondingly non-uniform probability
distribution. With this additional knowledge the best guess for transition proba-
bilities is a linear movement from start to end (Fig. 2a, also present in Fig. 5), the
movement of lowest energy and also the movement of lowest description length.

Then, according to Figure 6, the heading of the agent can be computed from
start location and end location:

λ = arctan
∆y

∆x
(7)

φ = arccot

√
∆x2 + ∆y2

∆t
(8)

Herein, λ represents the longitude and φ the latitude of the end from the start.
Equation 7 has a singularity at ∆x = 0, at which λ is π

2 ,−π
2 , or even 0, depending on

the sign of ∆y. Because of the directed time axis φ can only be positive, 0 < φ ≤ π
2 .

In fact, the agent has a maximum speed vmax which sets the lower bound for φ,
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Figure 6. An agent heading towards a destination.

and if we choose a temporal resolution such that vmax = 1, as we did above, then
π
4 ≤ φ ≤ π

2 . Thus, for any ∆t > 0 Equation 8 has no singularity.
Now see again Figure 6: Moving from the start (xs, ys, ts) along the vector (λ, φ)

for some time t leads to the average intermediate location µt = (µx, µy) relative
to xs, ys. The location µt is the one where the agent is expected to be found at
t with highest likelihood, according to the global knowledge to find this agent at
te at xe, ye and the general behavior of a random walker. With this intermediate
travel time t somewhere between ts and te, tx < t ≤ te, the distance of µt from
(xs, ys), dµ, can be computed by:

dµ = cotφ · (t− ts) = v · (t− ts) (9)

With dµ we can compute the components of µ at time t:

µt = (µx, µy)t = (dµ cosλ, dµ sinλ)t (10)

3.3. Introducing a probability distribution

To model the average movement along µt requires biased transition probabilities
of a random walker towards µt, and hence, Equation 3 does no longer hold. Fur-
thermore, the probability distribution at each time t must (continue to) be finite,
limited to the base of the space-time prism at t. The following considerations and
formulas continue to be applicable to the discrete space-time aquarium, but are
also generic enough to be computed at any time on a continuous time scale. Thus,
from now on we will no longer stick to a discrete space-time aquarium.

A non-uniform probability distribution comes with a mean at µt, but still has not
much reason to be asymmetric. One reason to expect symmetry is that the base at
any time t is symmetric. The other reason again goes back to the random walking
model: there is statistically no reason to assume that an agent is locally more likely
to be faster than slower (a wave-shaped distribution) compared to average speed,
or has a stronger preference to make right turns than left turns along the route. To
approximate this finite distribution over the base the bivariate normal distribution
is chosen. Since this approximation is of infinite domain, a clipping to the base
and a normalization step will be added. This bivariate normal distribution will
be centered at µ, and spreads with a variance-covariance matrix Σ. Since both, µ
and also Σ (as will be shown later), are functions of time, this bivariate normal
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Figure 7. Parameters to compute elements of the space-time prism.

distribution is a function of time:

ft =
1

2π
√
|Σ|e

− (x−µ)′Σ−1(x−µ)
2 (11)

Next the potential path area is developed, then the clipping of the distribution,
and finally the variance-covariance matrix of the bivariate normal distribution.

3.3.1. The potential path area

Finiteness at each time extends to finiteness over the whole period te − ts, de-
scribed by the potential path area:

• If start and end location are identical, i.e., dµ = 0, the potential path area
remains a circle.
• If start and end location do not coincide, the potential path area forms an

ellipse.
• With the maximum biased movement of vmax = 1 (φ = π

4 ) the agent has no
other choice than heading with maximal speed in the direction of λ. Practically
this means complete knowledge of the agent’s trajectory, or a probability of 1 at
µ, and 0 everywhere else. The potential path area degenerates to a line.

Figure 7 shows a typical space-time prism with an elliptic potential path area. The
semifocus c of the ellipse, which is half of the distance between the foci, is:

c =
|F1F2|

2
(12)

The semimajor axis of the ellipse follows as:

a =
vmax · (te − ts)

2
(13)

Also:

|DF1| = a− c (= |AB|) (14)
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Figure 8. The shapes of the intersections of the two cones gs and ge: (a) between T0 and T1, (b) between
T1 and T2, and (c) between T2 and T4.

3.3.2. The clipping

Figure 7 allows also to study the properties of the base of the space-time prism
at any time. The base is, similar to space-time cones, the area of the horizontal cut
of the space-time prism at a time t.

At any time t, ts ≤ t ≤ te, this base is the intersection of the two bases of
the cones gs (from start) and ge (from destination). At ts, which is the temporal
landmark T0 in Figure 7, this intersection is simply the apex of gs, which must lie
by definition within the base of ge at that time (vice versa for the landmark T6).
T1 is the landmark at which we find the largest base of gs completely contained in
the space-time prism; the intersection is a circle (vice versa for T5).

The landmark T1 can be computed (and T5 vice versa) from the above parame-
ters. First:

tan(∠(AF1B)) =
|AB|
|BF1| =

(T1 − T0) · vmax

(T1 − T0)
= vmax (15)

Then:

T1 − T0 = |BF1| = |AB|
tan(∠(AF1B))

=
a− c

vmax
(16)

Between T1 and T5 the base of the space-time prism consists of the intersection
of two circles of varying radius. The properties of the two arcs describing this
intersection lead to further landmarks (see also Figure 8). For this purpose consider
the radian of the two arcs. Between T1 and T2 the radian of the arc of gs is larger
than π (vice versa for the interval between T4 to T5). At T2 it is exactly π, and
this is also the time when F1 is on the line connecting the two intersection points
of the arcs. One of these intersection points at T2 is labeled G in Figure 7. Between
T2 and T4 the radian of both arcs is smaller than π. T3 is the middle of the time
interval, T3 = (te−ts)

2 . At T3 the intersection of the two cone bases is made of two
circles of equal radius.

T2 can also be computed. The line GF1 is perpendicular to the line F1F2, thus:

|GF1|2 + |F1F2|2 = |GF2|2 (17)

[(T2 − T0) · vmax]
2 + 4 · c2 = [(T6 − T2) · vmax]2 (18)

From which follows:

T2 − T0 =
(T 2

6 − T 2
0 ) · v2

max − 4 · c2

2 · (T6 − T0) · v2
max

(19)
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Figure 9. The minimum bounding box of the clipping area at time t, with its parameters mx and my in
a coordinate system aligned to λ.

3.3.3. The variance-covariance matrix Σ

While µ can be computed by Equation 10 at any time, what is still lacking is
a model for the variance-covariance matrix Σ. Two aspects have to be considered.
First, a relationship of the variances with the time budget of the traveler can be
postulated: the more time a traveler has to make detours the higher the variances
should be. Accordingly, if the traveler has no time for detours, i.e., the potential
path area has been degenerated to a line, the variances must be 0. This means, the
variances should be related to the size of the base of the space-time prism, i.e., the
clipping areas considered above, which vary over time.

Secondly, the finite domain, the current base of the space-time prism at t, would
require a normal distribution being clipped and normalized. But the knowledge
that the traveler is inside of the clipping area can also be used to choose appro-
priate values for variances expressing this knowledge. The following considerations
guarantee that the probability to find the traveler within the clipping area is always
larger than 99.7% even without normalization, a figure where normalization can
even be neglected for most applications.

Let us assume that σx = σy; the observed fact that a traveler heads towards
a particular destination does not mean that we can assume anything about the
detours this traveler might take. For the same reason let us assume the covariance
σxy = 0, i.e., the movements in x and y are independent.

Now consider Figure 9, showing the clipping area at time t with its minimum
bounding box oriented with F1F2, or in a coordinate system rotated by λ. Within
this minimum bounding box two parameters can be introduced, mx and my. The
first parameter, mx, describes the shorter distance of µt to one of the sides of
the minimum bounding box. Note, for this purpose, that µt is not always in the
center of the minimum bounding box. Before T3 µt is in the center or right of
it, and afterwards it is in the center or left of it. For the situation in Figure 9
(T0 < t < T3) this parameter can be described by mx = (vmax − v) · (t − T0).
Accordingly, the second parameter, my, is the distance of µt to the top or bottom
of the minimum box, which is symmetric. From the construction of the clipping
area it can be concluded that mx ≤ my at all times.

The figure also comes with a circle of radius mx: we do know now that such a
circle must be always inside of the clipping area. Hence, by setting mx = 3σ the
considerations above can be realized: the probability to find the traveler within
the clipping area is always larger than 99.7%, and a normalization is not required
from a practical perspective. Choosing any other σ would require normalization, so
this choice is not an arbitrary one but—in the end—derived from the possibilities
of movement. With this choice, σ is also a function of time. Between T0 and T3

the variance follows from 3σ = (vmax − v) · (t − T0), and between T3 and T6 from
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Figure 10. The standard deviation σ over time.

3σ = (vmax − v) · (T6 − t) (Figure 10). At T3 these values are equal, because at
that time µt is in the center of the clipping area. Figure 10 also shows the half of
height and width of the minimum bounding box. Note that while my is equal to
the half of the height of the minimum bounding box, mx is not always equal to
the half of its width. For example, the half of the width of the minimum bounding
box is vmax(t− T0) between [T0, T1], then vmax(T1− T0) between [T1, T5], and then
vmax(T6 − t) between [T5, T6].

With the standard deviations and covariance at hand, Σt at time t and oriented
into the direction of the heading of the agent computes to:

Σt =
(

cosλ − sinλ
sinλ cosλ

)(
σ2

x 0
0 σ2

y

)

i

(
cosλ sinλ
− sinλ cosλ

)

=
(

cos2 λσ2
x + sin2 λσ2

y sinλ cosλσ2
x − sinλ cosλσ2

y

sinλ cosλσ2
x − sinλ cosλσ2

y sin2 λσ2
x + cos2 λσ2

y

)

t

(20)

In this equation the rotation parallel to F1F2 is expressed by the eigen decompo-
sition of Σt, with the eigenvalues σ2

x and σ2
y , and the rotation matrix consisting of

the two eigenvectors of Σt.
With these variables the bivariate normal distribution is determined completely.

Since Equation 11 was developed carefully as a function of time, it can be used
flexibly for any time t.

4. Example

This section illustrates the methodology introduced above. For this purpose the
methodology was implemented in Matlab R2009a (Matlab is a product and regis-
tered trademark from MathWorks). All figures in this section are computed with
Matlab.

The bivariate normal distribution can represent the probability of an agent at
any time. For the following illustrations we have chosen a start at (xs = 30, ys =
30, ts = 0) and a destination at (xe = 70, ye = 60, te = 100). The maximal speed
is vmax = 1. For these parameters the standard deviations show the behavior
presented in Figure 11.

Figure 12 shows the bases of the space-time prism for every 10 units from ts = 0
to te = 100. Theses bases will form the clipping areas for the bivariate normal
distributions.

Figure 13 shows the bivariate normal distributions, computed for t =
{t10, t30, t50}, respectively. Additionally their contours are shown, projected into
the x − y−plane. Note that t50(= T3) is exactly the middle of the time interval
between start (ts) and end (te).
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Figure 11. The standard deviations for the tested space-time prism (ts = 0 to te = 100).

Figure 12. The bases of the space-time prism for every 10 units from ts = 0 to te = 100.

Figure 14 shows these bivariate normal distributions together with their clipping
areas, the base of the prism at times t10, t30 and t50. The base is here constructed
from the two bases of the cones gs and ge.

Figure 13. The bivariate normal distributions at times t10, t30 and t50.

Figure 14. The bivariate normal distributions’s projected contours and their clipping areas at times t10,
t30 and t50.
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5. Conclusions

This paper extends a previous work on probabilistic space-time cones (Winter
2009). It develops the mathematical foundations for modeling probabilistic space-
time prisms, the time geography concept for movements between two known loca-
tions in space and time. It shows that the pure fact of knowing an agent’s arrival
at a particular location at a particular time destroys the previous assumption of
uniform transition probabilities in a discrete space-time aquarium. Instead, the
heading of the agent must be introduced as bias in a probabilistic model. This bias
leads to a shift of the center of a probability distribution (towards the destination),
but also to a time dependent variance-covariance matrix. The model is formulated
no longer as a discrete combinatorial one, as it was in Winter (2009), but as a
clipped bivariate normal distribution. With probabilistic space-time cones (Winter
2009) and probabilistic space-time prisms at hand, the set of space-time volumes
in time geography is complete.

The model was successfully implemented in Matlab, which facilitates visual plau-
sibility testing. Also, the resulting values of a clipped and normalized bivariate
normal distribution can now be used for probabilistic reasoning. With the proba-
bility of an agent being at time t at a particular location questions can be answered
like what is the probability of the agent to be in a specific area, or to have visited
a particular location by time t, or have met another agent. Developing a set of
queries and the corresponding formula is part of the future work.

Another item of future work is the generalization of the presented model to
a spatial and temporal discrete space-time aquarium. This generalization would
bridge to the previous model of discrete space-time cones. Alternatively, the previ-
ous model can now be formulated in a continuous manner. As both models assume
isotropic space, another extension of the presented model is required for anisotropic
space, such as network space.

The model presented in this paper is a purely theoretical one, and future work
clearly needs to discuss its practical value or even its limitations in practical situ-
ations. Looking at people’s activities, for example, their regularity would fit to the
theory: people leave their home on weekdays at 8am and arrive at work at 9am;
the movements in between, collected over many days, may form a probabilistic
space-time prism. On the other hand we know that people’s wayfinding behavior
is habitual, which violates a random walking model. For example, González et al.
(2008, p. 779) observe: “We find that, in contrast with the random trajectories
predicted by the prevailing Lévy flight and random walk models, human trajecto-
ries show a high degree of temporal and spatial regularity, each individual being
characterized by a time independent characteristic travel distance and a significant
probability to return to a few highly frequented locations.” Such observations,
based on the behavior of individuals, do not answer whether the sum of a large
number of individuals—each of habitual behavior—would come closer to random
behavior patterns. It can also be argued that habitual wayfinding behavior devel-
ops in street networks rather than open space. Accordingly, Helbing et al. (1997,
2001), studying how people develop over time ‘trails’ in open spaces and finding
that these trails approximate shortest paths, provide again support for our model:
physical trails emerge on paths chosen by a large number of people.

González et al., referring to random walk models, cite studies of animal behav-
ior (Viswanathan et al. 1996, Edwards et al. 2007). In fact, animal movements are
closer to random walks, also because of their comparatively unconstraint migration.
In another example, (Laube et al. 2007) have studied the migratory behavior of
homing pigeons from the same release site. Their data (e.g., their Figure 9) shows
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a nice similarity to the probability densities computed by our theoretic model.
Similarly, one could expect to find in crowd movements similar patterns; for ex-
ample, trajectories of a crowd crossing a street at a traffic light might lead to a
probabilistic space-time prism.

While more work needs to be done to empirically test the results across a broad
range of domains and applications, it has become clear that (a) the probability den-
sity within space-time prisms is non-uniform, (b) a random walk model provides
a sound and computationally feasible model to represent this density, further sup-
porting time-geographic analysis, and (c) some empirical studies appear to come
to results supporting a random walk model.
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González, M.C., Hidalgo, C.A. and Barabási, A.L., 2008. Understanding Individual
Human Mobility Patterns. Nature, 453 (5 June 2008), 779–782.
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