1

Chapter 2: Simplification,

Optimization and Implication

Where we learn more fun things we can do with constraints.

2

Simplification, Optimization and Implication

Constraint Simplif ication

Projection

Constraint Simplif iers

Optimization

Implication and Eq uivalence

Constraint Logic Programming

3

Constraint Simplification

Two equivalent co nstraints repres ent the

same information, but

One may be si mpler than the other

X X Y X

X Y X

X X Y

X Y X

X Y Y

X Y Y

³ Ù ³ Ù = +

« ³ Ù = +

« £ Ù = -

« = - Ù £

« = - Ù £ -

« = - Ù £ -

1 3 2

3 2

3 2

2 3

2 3 2

2 1

Removing redundant

constraints, rewriting a

primitive constraint,

changing order,substituting

using an equation all

preserve equivalence

4

Redundant Constraints

One constraint C1 implies another C 2 if the

solutions of C1 are a subset of those of C2

C2 is said to be redundant wrt C1

It is written C C 1 2 ®

X X

Y X Y X

cons X X cons Z nil Z nil

³ ® ³

£ + Ù ³ ® ³

= ® =

3 1

2 4 1

( , ) ( , )

Constraint Logic Programming

5

Redundant Constraints

We can re mov e a primitive constrain t which

is redundant with respect to the rest of the

constraint.

X X X

Y X X Y Y X Y

cons X X cons Z nil Z nil cons X X cons Z nil

³ Ù ³ « ³

£ + Ù ³ Ù ³ « £ + Ù ³

= Ù = « =

1 3 3

2 1 4 2 4

( , ) ( , ) ( , ) ( , )

Definitely produces a si mpler constraint

6

Solved Form Solvers

Since a solved formsolver creates

equivalent constraints it can be a si mplifier

c on s X X c on s Z n il Y suc c X suc c Z Y Z n il

X n il Z n il Y suc c n il

( , ) ( , ) ( ) ( )

( )

= Ù = Ù = Ù =

« = Ù = Ù =

For example using the termconstraint solver

Or using the Gauss - Jordan solver

X Y Y X T Z X Y Z T

X Y Z T

= + Ù + - = Ù + = Ù + =

« = Ù = Ù = -

2 2 4 5

3 1 5

Constraint Logic Programming

7

Projection

It becomes even more important to simplify when we are

onlyinterested in some variables in the constraint

I

I1

I2

V

+

--

3_

--

+

-

-

V1

V2

--

V I R

V I R

V V

V V

V V

I I I

I I I

R

R

1 1 1

2 2 2

1 0

2 0

1 2 0

1 2 0

1 2 0

1 5

2 1 0

=´

=´

- =

- =

- =

- - =

- + + =

=

=

Simplified wrt to V and I V I =

10

3

8

Projection

The projection of a constraint C onto

variables V is a co nstraint C1 such that

� � �

� � �

X

X

X

³ 0

0

4

{ }

{ }

�

�

9

Fouriers Algorithm

Eliminates variable y fro mlinear ineqs C

Write each ineq with y on one side of ineq

For each pair produce a new ineq

The result is all new ineqs and those ineqs in C which do not involve y

t y y t

1 2

£ £ t y y t

1 2

£ £ t y y t t t

1 2 1 2

£ Ä £ £

10

Fouriers Algorithm Example

Projecting out Y

X

Y

+1

+1 -1

-1

X -1 +1

X Y

X Y

Y X

Y X

- £

- - £

£ -

£ +

1

1

1

1

X Y Y X X

X Y Y X

X Y Y X

X Y Y X X

- £ Ä £ - £

- £ Ä £ + £

- - £ Ä £ - £

- - £ Ä £ + - £

1 1 1

1 1 0 2

1 1 0 2

1 1 1

Result onlyinvolving X

X X £ Ù - £ 1 1

11

Projecting Term Constraints

We can also project ter mconstraints projected onto {X,Z} is

But what is X = cons(Y,Z) projected onto X ?

Answer: there is no such constraint!

c o n s Y Y c o n s X Z s u c c Z s u c c T

( , ) ( , ) ( ) ( ) = Ù =

X Z =

12

Constraint Simplifiers constraints C1 and C2 are equivalent w rt variables V if taking anysolution of one and restricting it to the variables V , this restricted solution can be extended to be a solution of the other

Example X= succ (Y) and X= succ (Z) wrt {X}

X succ Y X X succ Z

X succ a Y a X succ a X succ a Z a

X succ nil Y nil X succ nil X succ nil Z nil

= = ( ) { } ( )

{ ( ), } { ( )} { ( ), }

{ ( ), } { ( )} { ( ), }

� � � � �

� � � � �

13

Simplifier Definition

A constraint simplifier is a function simpl which takes a cons traint C and set of variables V and returns a constraint C 1 that is equivalent to C wrt V

We can mak e a simplifier for real inequalities fro m Fouriers algorith m

14

Tree Constra int Simplifier apply the termsolver to C obtaining C1 if C1 is false then return false foreach equation x=t in C1 if x is in V then if t is a variable not in V

substitute x for t throughout C1 and result else add x=t to res ult return result

15

Tree Simplification Example

Tree constraint to be simplified wrt {Y,T} h f X Y g T h f g T X f X X g U

( ( , ) , , ( ) ) ( ( ( ) , ) , ( , ) , ( ) ) =

Equivalent constraint fromtree solver

Z f g U g U X g U Y g U T U = Ù = Ù = Ù =

( ( ), ( )) ( ) ( )

Discard the first two equations, keep the third and use the last to substitute for U by T

Y g T = ( )

16

Simplifier Properties

Desirable properties of a simplifier are:

projecting :

weakly projecting : for all constraints C2 that are equivalant to C1 wrt V

a weakl yprojecting solver never uses more variables than is required

Both properties allow a si mplifier to be used as a solver (How? )

v a r s s i m p l C V V

( ( , ) ) Í

| ( ( , ) ) | | ( ) | v a r s s i m p l C V V v a r s C V 1 2 - £ -

17

Optimization

Often given so me problemwhich is modelled by constraints we dont want just any solution, but a ^best~ solution

This is an optimization problem

We need an objective function so that we can rank solutions, that is a mapping fro m solutions to a real value

18

Optimization Problem

An optimization problem (C,f) consists of a constraint C and objective function f

A valuation v1 is preferred to valuation v2 if f(v1) < f(v2)

An optimal solution is a solution of C such that no other solution of C is preferred to it.

19

Optimization Example

0 1 2 3 4

1

2

3

4

Y

X

X+Y=4

An optimization problem

( , )

C X Y f X Y º + ³ º + 4 2 2

Find the closest point to the origin satisfying the C.

Some solutions and f value

{ , }

{ , }

{ , }

X Y

X Y

X Y

� �

� �

� �

0 4 16

3 3 18

2 2 8

Optimal solution

{ , } X Y � � 2 2

20

Optimization

So me optimization problems have no solution.

Constraint has no solution

Problemhas no optimu m

For anysolution there is more preferable one

( , )

X X X ³ Ù £ 2 0 2

( , ) X X £ 0

21

Simplex Algorithm

The most widely used optimization algorith m

Optimizes a linear function wrt to linear constraints

Related to Gauss - J ordan elimination

22

Simplex Algorithm

A optimization pro blem( C , f ) is in simplex form :

C is the conjunction of CE and CI

CE is a conjunction of linear equations

CI constrains all variables in C to be non - negative f is a linear expression over variables in C

23

Simplex Example minimize s ubject t o

3 2 1

3

3 2 1

0 0 0 0

X+ Y-Z+

X Y

X Y Z T

X Y Z T

+ = Ù

- - + + = Ù

³ Ù ³ Ù ³ Ù ³

An optimization problemin simplex form

¯ An arbitraryproblemcan be put in simplex formby

¯ replacing unconstrained var X bynew vars

¯ replacing ineq by new var s and

X X + - - e r £ e s r + =

24

Simplex Solved Form

A simplex optimization problemis in basic feasible solved ( bfs ) form if:

The equations are in solved form

Each constant on the right hand side is non - negative

Onlyparameters occur in the objective

A basic feasible s olution is obtained by setting each para meter to 0 and each non - parameter to the constant in its equation

25

Simplex Example minimize subject t o 10

3

4 2 2

0 0 0 0

- -

= - Ù

= + - Ù

³ Ù ³ Ù ³ Ù ³

Y Z

X Y

T Y Z

X Y Z T

An equivalent problem to that before in bfs form

We can read off a solution and its objective value

{ , , , }

X T Y Z f