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Abstract—Localizing a mobile sensor in an indoor 

environment usually involves obtaining 3D scans of the 

environment and estimating the sensor pose by matching the 

successive scans. This can be done effectively by minimizing 

point-plane distances for which only iterative solutions are 

available. Iterative solutions are notorious for convergence issues, 

and are inefficient for long sequences of scans. This paper 

presents a direct method for estimating 6-dof pose of a sensor by 

minimizing point-plane distances. Through experimental 

evaluation it is shown that the direct method gives accurate 

estimates, and performs robustly in presence of noise. The 

performance of the direct method is also evaluated with point 

clouds of different scale, poor plane configurations and large 

numbers of points and planes. A MATLAB implementation of the 

direct solution is available at:  

http://people.eng.unimelb.edu.au/kkhoshelham/research.html#dir

ectmotion   

Keywords—SLAM; mobile mapping; point cloud; scan 

matching; registration; transformation; localization; indoor 

mapping. 

I. INTRODUCTION 

A fundamental problem in robotics, computer vision and 
mobile mapping is reliable and accurate estimation of the pose 
of a mobile sensor. While in outdoor environments the sensor 
pose can be measured directly using integrated GNSS and IMU 
systems, in indoor environments pose estimation usually relies 
on the sensor’s observation of the surrounding environment. 
For example, in a typical 3D SLAM approach 3D scans of the 
environment are obtained using a laser scanner [1] or a range 
camera like Kinect [2-6]. These successive scans are then 
registered into a common coordinate frame. The transformation 
between the successive scans provides the relative pose of the 
sensor (which can be later refined by loop closure), and the 
registered 3D scans are used to create a map of the 
environment. 

The registration of two 3D point sets typically involves two 
steps: (1) extracting salient features from the two sets and 
establishing correspondence between them; (2) estimating a 6-
dof transformation based on the corresponding features. While 
the first step is more challenging, the second step is rather 
straightforward. It basically involves estimating the 
transformation parameters by minimizing an error metric [7]. 

However, the choice of the error metric and the minimization 
method have a great impact on the accuracy and efficiency of 
pose estimation. 

A common metric for minimization is the sum of squared 
Euclidean distances between the corresponding 3D points, as 
used in the popular ICP algorithm [8]. Estimating a 6-dof 
transformation by minimizing this point-point distance metric 
has a number of direct solutions. The solution by Arun et al. [9] 
is based on singular value decomposition of a matrix 
containing the coordinates of mean-centered source and 
destination points. The solution by Horn [10] uses unit 
quaternions to derive linear equations for estimating the 
transformation parameters. Another direct solution by Horn et 
al. [11] uses orthonormal matrices, and applies  eigenvalue-
eigenvector decomposition to estimate the optimal rotation. 
Eggert et al. [12] provide a thorough evaluation of the direct 
solutions based on the point-point distance metric. 

A second error metric for minimization is the sum of 
squared distances between the points in one coordinate frame 
and their corresponding planes in the other coordinate frame. 
Some variants of the ICP algorithm are based on minimizing 
this point-plane metric [13]. It has been shown that minimizing 
the point-plane metric improves the accuracy and convergence 
rate of the ICP algorithm [7]. However, unlike the point-point 
metric, no direct solution is available for minimizing the point-
plane metric. Existing iterative solutions [14-19] require an 
initial approximate estimate, and the iterations may converge to 
a local optimum or not converge at all. Solutions based on 
other error metrics such as plane-plane distance [1, 20-22] and 
point-line distance [23, 24] are less numerically stable and less 
common. 

This paper proposes a method for direct 6-dof pose 
estimation by minimizing the point-plane distance metric. We 
evaluate the accuracy of the solution, and study the effect of 
noise, scale, poor plane configurations and the number of 
points and planes on the performance of the method.  

 The paper proceeds with the description of the estimation 
method in Section II, followed by normalization for improving 
the condition of the solution in Section III. The algorithm 
outline is given in Section IV. Experiments and results are 
presented in Section V. The paper concludes with a short 
discussion in Section VI.  

http://people.eng.unimelb.edu.au/kkhoshelham/research.html#directmotion
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II. DIRECT POSE ESTIMATION FROM POINT-PLANE 

CORRESPONDENCES 

Suppose that a mobile sensor captures two successive 3D 
scans {p

k-1
} and {p

k
}, where p = [x, y, z]

T
 is a 3D point and the 

superscripts denote the coordinate frame. Further, suppose that 
a number of planar surfaces and their corresponding points 
have been extracted from each scan, and that correspondence 
has been established between the planes in the two coordinate 
frames. The 6-dof transformation of point i from coordinate 
frame k to coordinate frame k-1 can be written as: 
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where R and t denote respectively a 3D rotation matrix and a 
translation vector from coordinate frame k to coordinate frame 
k-1. This transformation contains the 6 parameters that define 
the sensor pose at scan k relative to that at scan k-1. The effect 
of the transformation on point-plane correspondences is that it 
rotates and translates a point i in frame k to lie on its 
corresponding plane j in frame k-1. This can be expressed as: 
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where nj and dj denote respectively the unit normal vector and 
distance to origin for plane j. We use the Kronecker product to 
rewrite (2) in a form that is more suited to estimating the 
transformation parameters. The Kronecker product of a m×n 
matrix B and a p×q matrix C is defined as: 
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with bij being the elements of B. A useful property of the 
Kronecker product is the following [25]: 
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where vec is an operator that stacks the elements of a matrix in 
a column vector. Applying (4) to (2) yields: 
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or in matrix form: 
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For every point-plane correspondence an equation of the form 
given in (6) can be written. With a minimum of 12 point-plane 
correspondences (in a general configuration), a system of 
equations in matrix form A1x = b1 can be written, where A1 and 

b1 are obtained by stacking [ T1T1T  k

j

k

j

k

i nnp ] and dj
k-1

 

respectively for all point-plane correspondences, and x contains 
the unknown elements of the rotation matrix R and the 
translation vector t. The least-squares estimate of x is given as: 
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The weight matrix W can be used to assign weights to point-
plane correspondences. For example, if the points are known to 
have varying accuracies, as in Kinect depth data [26], then the 
weights can be set proportional to the accuracy of the points. 
This solution minimizes ||A1x – b1||

2
 that is the sum of squared 

residual point-plane distances. 

Although x̂ contains the estimated elements of the rotation 
matrix, a 3×3 matrix R̃ formed by rearranging these elements 
will not necessarily be an orthogonal rotation matrix. To 
enforce orthogonality, we compute the singular value 
decomposition of R̃, that is: R̃ = UDV

T
. Following Arun et al. 

[9], an optimal estimate of the orthogonal rotation matrix is 
obtained as: R̂ = UV

T
.   

The last three elements of x̂ are the estimated translation 
parameters. However, this estimate is dependent on the 
estimation of R. Therefore, after enforcing the orthogonality on 
the rotation matrix, the translation vector should be re-
estimated. From (2) we can write: 
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By substituting the orthogonal R̂ in (8) and writing the equation 
for all point-plane correspondences, we again obtain a system 
of equations A2t = b2, which we can solve for a new estimate of 
t as: 
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A prerequisite for the direct estimation of 6-dof pose 
parameters from point-plane correspondences is the availability 
of at least four planes in a general configuration. A general 
configuration of planes is one in which the normal vectors span 
the three dimensional Euclidean space. This requires that at 
least three normal vectors are linearly independent and form a 
basis for 3D space. The system of linear equations Ax = b will 
then have a full rank invertible coefficient matrix. A degenerate 
configuration arises when the plane normals are coplanar or 
collinear. An example degenerate configuration is a set of 
vertical walls, where the normal vectors all lie in the horizontal 
plane. This leads to a system of linear equations where the 
coefficient matrix is rank-deficient and is not invertible. 
Therefore, to enable direct pose estimation in an indoor 
environment, in each scan the sensor should observe at least 
three non-parallel planar walls as well as the plane of the floor 
or the ceiling. 

III. CONDITION OF THE SOLUTION 

When solving a system of linear equations, the condition of 
the solution, defined as the ratio between the largest and the 
smallest eigenvalues of the coefficient matrix, has an influence 
on the accuracy of the estimates. In our direct solution, the 
coefficient matrix in (6) contains components of the unit 
normals nj, which are within the range [-1, +1], as well as point 
coordinates in pi, which can be quite large. Consequently the 
eigenvalue ratio of the coefficient matrix can become large, 
resulting in less accurate estimation of the pose parameters. 

A useful technique to improve the condition of the solution 
is to normalize the point coordinates in both scans before the 



estimation. Once the unknown parameters are estimated, the 
actual transformation between the original scans can be 
retrieved from the estimated transformation between the 
normalized scans and the normalization parameters. Let us 
write the transformation in (1) in homogenous coordinates as: 
p

k-1
 = Hp

k
, where H contains the rotation and translation 

between the two scans, and the transformation between the 
normalized coordinates as: T

k-1
p

k-1
 = H′T

k
p

k
, where T

k
 and T

k-1
 

are the normalization transformations for the points in 
coordinate frames k and k-1 respectively. Based on these two 
equations, H can be written in terms of H′ as [27]:  
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We define T
k
 to consist of a translation -p̄

k 
and a scale 

factor s, where p̄
k
 is the mean of the points in coordinate frame 

k and s shrinks the point set such that the normalized 
coordinates are on the average equal to unity. Similarly, T

k-1
 is 

defined by a mean-centering translation -p̄
k-1

 and the same scale 
factor s. These normalization transformations do not change the 
rotation between the two point sets; that is R = R′, but mean-
centering does change the translation. The translation vector 
between the original points can be retrieved from that between 
the normalized points as follows: 

kk
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Equation (11) can be easily verified by substituting -p̄
k
, -p̄

k-1
 

and s in T
k
 and T

k-1
 in (10).  

IV. OUTLINE OF THE ALGORITHM 

With the essential ingredients described in the previous 
sections we can now construct an algorithm for direct pose 
estimation from point-plane correspondences. The input to the 
algorithm is a pair of successive scans with sufficient overlap 
each containing 3D points {p

k-1
} and {p

k
}. The following is the 

general outline of the algorithm: 

1) Normalization: compute the geometric centers of the 

two point sets, p̄
k
 and p̄

k-1
, and s as the average of 

absolute coordinates. Subtract the geometric centers 

from the respective point set and divide the resulting 

coordinates by s.  

2) Plane extraction and correspondence generation: 

extract planar surfaces from each point set and 

establish correspondence between points in coordinate 

frame k and planes in coordinate frame k-1 in the form 

pi
k
 ↔ πj

k-1
, where a plane πj

k-1 
is defined by a unit 

normal vector nj
k-1

 and distance to origin dj
k-1

. 

3) Forming the system of equations: construct the 

coefficient matrix A1 and the vector of constants b1, 

where every point-plane correspondence contributes to 

one row in A1 and b1 as denoted in (6). If the 

correspondences have different weights, construct a 

diagonal weight matrix W; otherwise, set W = I, where 

I is the identity matrix.  

4) Solving for the unknowns: compute the solution 

vector x̂ using (7).  

5) Estimating the rotation matrix: 

a) Rearrange the first 9 elements of x̂ into a 3x3 matrix 

R̃. 

b) Compute the singular value decomposition of the 

resulting matrix: R̃ = UDV
T
. The estimated rotation 

between the two scans is obtained as: R̂ = UV
T
 

6) Estimating the translation vector: 

a) Construct A2 and b2 based on (8) by using all point-

plane correspondences and substituting R with R̂ as 

estimated in step 5b.  

b) Estimate t̂′ using (9) 

c) Retrieve t̂ based on (11) and by substituting R̂, t̂′ 

and normalization parameters defined in step (1). 

The output transformation consisting of R̂ and t̂ contains 
the 6 parameters that define the sensor pose at scan k relative to 
scan k-1. It can also be applied to transform the points from 
scan k to scan k-1. 

V. EXPERIMENTAL EVALUATION 

To evaluate the accuracy and performance of the method a 
simulation was designed in which a set of points was 
transformed by a random transformation to a new coordinate 
frame, and then the transformed points and the original planes 
were used to estimate the transformation between the two point 
sets. A synthetic point cloud was initially generated to 
represent a cube of 2 m in dimensions centered at the origin of 
the coordinate frame and oriented such that its faces are 
perpendicular to the x, y, z axes. Each face of the cube 
contained 100 noise-free points, and had known plane 
parameters.  

The known parameters of the random transformation were 
used as reference to evaluate the estimated parameters. The 
estimation error was evaluated by: i) the absolute difference 
between the true and the estimated rotations, where rotation is 
expressed as the Euler angle derived from the rotation matrix; 
ii) the absolute difference between the true and the estimated 
translations, where translation is expressed as the length of the 
translation vector; and iii) the root mean square of the residual 
distances between the points and their corresponding planes 
after applying the estimated transformation.  

For the results to be statistically reliable, we ran each 
experiment 100 times, and calculated the mean of the above 
error measures over 100 runs. In each run, three rotation angles 
obtained by random sampling from a uniform distribution 
within the range [-90, +90] degrees, and three translation 
parameters obtained by random sampling from a uniform 
distribution within [-10 +10] meters were used. The same set of 
100 random transformations was used in all experiments.  

A. Accuracy 

Table I shows the error measures obtained for noise-free 
point-plane correspondences. Clearly, all errors are machine 
round-off errors. This indicates that the direct method gives 
correct estimates in all 100 runs. 



TABLE I.  ESTIMATION ERROR FOR NOISE-FREE POINT-PLANE 

CORRESPONDENCES 

Mean rotation error 

[deg] 

Mean translation 

error [m] 

Mean RMS residual 

distance [m] 

0.12e-14 0.66e-16 0.98e-15 

 

B. Performance with Noisy Points 

To evaluate the performance of the direct estimation 
method with noisy points, different levels of Gaussian noise 
were added to the points transformed by the random 
transformations, and the transformation parameters were 
estimated from the noisy point-plane correspondences.  Fig. 1 
shows log-log plots of the error measures against increasing 
noise levels. All error measures increase linearly with 
increasing noise. In Fig. 1 (b) note how the mean RMS residual 
distance measure is consistent with the standard deviation of 
the added noise. 

C. Performance with Point Clouds of Different Scale 

To evaluate the performance of the direct estimation 
method with point clouds of different scale, enlarged versions 
of the synthetic point cloud were generated by applying a range 
of isotropic scale factors to the point coordinates. Each point 
cloud was then transformed using the random transformations, 
and 0.01 m (standard deviation) Gaussian noise was added to 
the transformed points. The transformation parameters were 
then estimated from point-plane correspondences between the 
original planes and the transformed points. Fig. 2 shows the 
error measures plotted against increasing scale. The mean 
rotation error decreases with increasing scale and becomes 
quite small for large scales (3.7e-4 at scale 100). In contrast, 
the translation error and the RMS residual distance measure are 
not significantly affected by the scale. To better understand 
these results note that the direct estimation method involves 
normalization, which scales down the point clouds before 
estimating the transformation parameters, and consequently 
suppresses the noise level. Therefore, at larger scales the 
normalized point-plane distances contain less noise resulting in 
more accurate estimates of the rotation and translation 
parameters. However, retrieving the actual translation from that 
between normalized points involves normalization parameters 
(see (11)), which are again affected by noise. Also, since the 
mean RMS residual distance measure is calculated after 
applying the retrieved transformation parameters, it is 
independent of normalization and shows a constant 0.01 m 
error consistent with the noise level across all scales. 

D. Performance with Different Plane Configurations 

The synthetic point cloud contains planes that are 
orthogonal to the x, y, z axes. Such a perfect configuration of 
planes results in a perfectly conditioned solution. In practice, 
the planes in the two scans may be in a less favorable 
configuration. To evaluate the performance of the direct 
estimation method with improper plane configurations different 
versions of the synthetic point cloud were generated in which 
the vertical planes were slanted to different degrees towards the 
horizontal plane. This resulted in several sets of planes with 

 
(a) 

 
(b) 

Fig. 1. Estimation errors for increasing noise levels evaluated by 

mean rotation and translation errors (a) and mean RMS residual 

distance (b). 

 

 
(a) 

 
(b) 

Fig. 2. Estimation errors for increasing scale of the point cloud 

evaluated by mean rotation and translation errors (a) and mean RMS 

residual distance (b). 



condition numbers (ratio between the largest and the smallest 
eigenvalues of the matrix of normal vectors) ranging from 1.0 
(perfect configuration) to 1.0e4 (poor configuration where all 
planes are almost horizontal). Each point cloud was then 
transformed using the random transformations, and 0.01 m 
(standard deviation) Gaussian noise was added to the 
transformed points. The transformation parameters were then 
estimated from point-plane correspondences between the 
original planes and the transformed points. Fig. 3 shows the 
error measures plotted against increasing condition number. 
The Mean RMS residual distance measure shows that the 
method can handle improper plane configurations up to a 
condition number of about 20 (that is when vertical planes are 
slanted toward the horizontal plane by 70 degrees). But after 
that the errors start to increase linearly with increasing 
condition number.  

E. Performance with Different Numbers of Points and Planes 

Least-squares solutions are expected to give more precise 
estimates when larger numbers of observations are available. 
Fig. 4 shows the performance of the method with increasing 
numbers of points per plane. Note that the number of planes 
were kept fixed (i.e. 6), and to the transformed points again 
0.01 m (standard deviation) Gaussian noise was added. It can 
be seen in Fig. 4(a) that the rotation and translation estimates 
improve with larger numbers of points. The RMS residual 
distance measure shown in Fig. 4(b), however, is not 
significantly affected by the number of points, and remains 
constant at about 0.01 m that is again consistent with the 
standard deviation of the added noise. 

Fig. 5 shows the performance of the method with increasing 
numbers of planes. Here all the additional planes were 
generated randomly to have arbitrary configurations. Each 
plane contains the same number of points (i.e. 100), and the 
points again contain 0.01 m (standard deviation) Gaussian 
noise. The trend of the errors in Fig. 5 is similar to that in Fig. 
4. While the rotation and translation estimates slightly improve 
with larger numbers of planes, the RMS residual distance 
measure does not show a significant improvement and 
fluctuates only slightly around 0.01 m. 

VI. CONCLUSION 

This paper proposed a direct method for 6-dof pose 
estimation from point-plane correspondences. The direct 
method has several advantages over the existing iterative 
methods. It is more efficient because it does not involve 
iteration, and it is more robust as it does not have convergence 
issues. These advantages are particularly important in SLAM 
approaches to indoor localization and mapping, which require 
reliable sensor pose estimation in real time from long 
sequences of scans.  

Experimental results showed that the method provides 
accurate estimates and performs robustly in presence of noise. 
It was also shown that the performance of the method is not 
significantly affected by the scale of the point cloud and the 
number of points and planes.   

The results also showed that poor configuration of the 
planes can affect the performance of the direct estimation 

 
(a) 

 
(b) 

Fig. 3. Estimation errors for increasing condition numbers (resulting 

from improper configurations of the planes) evaluated by mean 

rotation and translation errors (a) and mean RMS residual distance (b). 
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(b) 

Fig. 4. Estimation errors for increasing numbers of points evaluated 
by mean rotation and translation errors (a) and mean RMS residual 

distance (b). 

 



method. In practice, this is not a major limitation since indoor 
environments are characterized with vertical and horizontal 
surfaces (walls, floor and ceiling) providing planes in a good 
configuration.  
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Fig. 5. Estimation errors for increasing numbers of planes evaluated by mean 

rotation and translation errors (a) and mean RMS residual distance (b). 


