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Abstract— The energy detector and the sphericity test are two
widely used spectrum sensing techniques that utilize different
properties of the signal received at the secondary user terminal.
In this paper we use meta analysis to combine these two tech-
niques and derive two novel mixture detectors that outperform
both techniques. Since the spectrum sensing capability of the
energy detector is limited by the uncertain knowledge of the noise
power, first, we analyze the performance of the energy detector
with estimated noise power. We derive analytical expressions
for the false alarm and the detection probabilities when the
secondary user terminal is equipped with multiple antennas.
Next, we apply meta analysis to combine the outputs of the
energy detector and the sphericity test to derive two mixture
detectors, namely, Fisher’s method and the weighted z-transform
method. Furthermore, we extend our analysis to consider cooper-
ative spectrum sensing where multiple secondary user terminals
cooperatively detect the presence of primary users. Based on
the mixture detectors, we propose two new cooperative spectrum
sensing techniques and derive simple analytical expressions for
false alarm probabilities. Extensive numerical examples are used
to illustrate the accuracy of our analysis and to highlight the
performance gains obtained by the mixture detectors.

Index Terms— Energy detector, noise power estimation,
sphericity test, mixture detectors.

I. INTRODUCTION

COGNITIVE radio is a promising technology which can
be used to mitigate the spectrum scarcity in future

wireless networks. It has also been adopted in standards
such as IEEE 802.22 (defined for wireless regional area
networks (WRANs)), IEEE 802.11af (defined for wireless
local area networks (WLANs)), IEEE 802.15.4m (defined
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for legacy Zig-Bee systems) and ECMA-392 (defined for
personal/portable devices) [1]. Cognitive radio technology
improves the utilization efficiency of the radio spectrum by
allowing unlicensed secondary users to utilize the spectrum
resources of licensed primary users [2]. A principal require-
ment of this spectrum sharing is that secondary user trans-
mission will not cause intolerable interference to the primary
users. This is achieved by the secondary users’ ability to detect
the presence of primary users, which is commonly referred
to as spectrum sensing. Over the past few decades spectrum
sensing has been extensively investigated and in this paper we
mainly focus on two spectrum sensing techniques, namely,
the energy detector and the sphericity test.

The energy detector is the simplest detection technique that
can be used to detect the presence of primary user signals in
additive white Gaussian noise (AWGN) [3]–[5]. It simply com-
pares the energy level of the received signal against a suitable
threshold and the null hypothesis is rejected if the received
signal level is above the threshold. The sphericity test is an
eigenvalue-based spectrum sensing technique which does not
require knowledge of the noise variance and offers remarkably
improved performance for specific signal categories [6], [7].
More specifically, it checks the structure of the population
covariance matrix of the received signal and rejects the null
hypothesis if there is reason to believe that the population
covariance matrix departs from the spherical structure it takes
when no signal is present [8], [9].

In the present paper, we focus on the fact that the energy
detector and the sphericity test check two different properties
of the received signal and they perform well for different signal
categories. In fact, when no primary user signal is present,
the test statistic of the energy detector is independent from the
test statistic of the sphericity test. As such, we are motivated
to combine the energy detector and the sphericity test, based
on meta-analysis, to derive new mixture detectors that perform
better than both techniques operating individually.

A. Related Works

The energy detection problem of a signal over a flat
bandlimited Gaussian noise channel was initially studied
in [5]. Since then, the performance of the energy detector
has been studied in many works including [10]–[13]. It has
also been applied in various research fields such as molecular
communications [14], Radio Frequency Interference (RFI)
detection [15], wireless information and power transfer [16],
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wireless sensor networks [17] and spectrum sensing and learn-
ing in cognitive radio [13], [18].

The performance of the energy detector, however, is limited
by the uncertain knowledge of the noise power level. When
perfect knowledge of the noise power is assumed at the
secondary user terminal it can achieve arbitrarily small values
of probability of false alarm and arbitrarily high values of
probability of detection even at low signal-to-noise ratio (SNR)
regimes. When the noise power is not perfectly known at the
secondary user terminal, as is the case with real systems,
it has to be estimated. Few works, including [6], [19], [20]
consider the performance of the energy detector with imperfect
knowledge of the noise power. The worst case design rules
are provided in [19], [20], assuming that the secondary user
terminal knows that the noise power is within a limited range.
In [6], the noise power is estimated based on the maximum
likelihood (ML) criterion and the performance of the energy
detector with an estimated noise power is analysed. However,
all these works have considered single user detection where the
secondary user terminal is equipped with only one receiving
antenna.

Sphericity test has also being applied within different
contexts of application including, radar [21], image process-
ing [22] and spectrum sensing [23]–[27]. In spectrum sensing,
the exact expressions for the false alarm probability and
the detection probability were derived in [23], when there
are two secondary user terminals. For the general case with
multiple secondary users, an analytical formulae is derived
to approximate the false alarm and detection probabilities by
matching the moments of test statistics to a Beta distribution.
In [25], the authors show that the normalized generalized like-
lihood ratio test (GLRT) statistic converges in distribution to
a Gaussian random variable when the number of antennas and
observations grow large at the same rate. In [26], the authors
consider more decentralized spectrum sensing techniques that
require only partial information to be exchanged between the
secondary users and the central processor.

Much effort has been taken to improve spectrum sensing
in cognitive radio networks and some recent advances include
[28], [29]. In [28] the authors make use of the correlation
feature of the received signals when a primary user is present
and propose an eigenvalue based goodness-of-fit (GoF) proce-
dure for spectrum sensing. More specifically, they propose a
Maximum Eigenvalue GoF technique (MAE) which requires
knowledge of the noise power and a Maximum Eigenvalue-to-
Trace GoF alternative (MET) which does not require the noise
power. Both tests proceed by applying GoF tests to see whether
the test statistics match the distribution expected if there are
no primary users present. The logic behind this approach is
that the maximum eigenvalue captures information about a
primary signal in two ways as the maximum eigenvalue is
increased both by a large received signal and also by a signal
with stronger correlation due to the presence of a primary
user. In [29] a novel fusion approach is developed based
on the natural variation in received signals across distributed
secondary terminals. This approach is interesting but at present
cannot be compared to the distributed scenario considered here
as it targets a specific sensing procedure and single antenna

terminals. While all above references considered classical
detection methods, some works focus on structured learning
approaches [30], [31]. The spectrum estimation problem of
multiple frequency-hopping signals in the presence of missing
observations is considered in [30]. To handle this challenging
situation, [30] makes advances in the bilinear time-frequency
representation framework making the new technique robust to
missing data. In [31], deep learning models were applied for
spectrum sensing in wireless networks. The authors developed
a deep learning classifier based on long short term memory
and also designed a low complexity version to reduce the
communication overhead between multiple sensors.

B. Contribution

In this paper, we consider a general cognitive radio net-
work with an arbitrary number of primary users. In the first
part of the paper we consider single user detection where
one secondary user terminal equipped with multiple antennas
detects the presence of primary users. Next, we extend our
analysis to consider cooperative spectrum sensing where multi-
ple secondary user terminals equipped with multiple antennas,
cooperatively detect the presence of primary users. Our novel
contributions are detailed as follows:

• Based on the energy detector with estimated noise power,
we derive an exact analytical expression for the false
alarm probability when the secondary user terminal is
equipped with multiple antennas. For the detection prob-
ability we derive an accurate approximation that reduces
to [6, eq. (2)] under the special case of a secondary user
terminal with a single antenna.

• Using meta analysis we combine the energy detector
and the sphericity test outputs and propose two novel
mixture detectors, namely, Fisher’s method and the
weighted z-transform method. We derive exact analytical
expressions for the false alarm probabilities of both
mixture detectors. Through numerical examples we
illustrate how the mixture detectors outperform the
energy detector and the sphericity test. We also show
that the performance of the two mixture detectors are
quite similar in a general network setting.

• We propose two cooperative spectrum sensing techniques.
The first is based on the energy detector and second is
based on the Fisher’s method based mixture detector.
We analyse the false alarm probabilities of the proposed
techniques and show that the mixture detector based
cooperative spectrum sensing outperforms the energy
detector based spectrum sensing. We highlight the
reduced overhead of the proposed techniques, in-terms
of the amount of information that needs to be sent to
the central processor.

C. Notation

Throughout the paper boldface capital letters denote matri-
ces, boldface lowercase letters denote vectors, (.)† denotes the
conjugate transpose of a matrix, tr(.) denotes the trace of a
matrix, E[.] denotes the expected value of a matrix. Also,
X ∼ N (μ, ν2) denotes a Gaussian random variable with
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Fig. 1. System model for single user detection.

mean μ and variance ν2, X ∼ χ2
f denotes a central chi-square

distributed random variable with f degrees of freedom,
X ∼ Fa,b indicates a central F -distributed random variable
with degrees of freedom a and b, B(a, b) = Γ(a)Γ(b)/
Γ(a + b) indicates the beta function [32, eq. (8.384)] with
Γ(.) representing the gamma function [32, eq. (8.310)]. Also,
B̃ (a, b, c) = 1

B(a,b)

∫ z

0 xa−1(1 − x)b−1dx, (with Re{a} > 0,

Re{b} > 0 and |z| < 1) represents the incomplete beta
function [33, eq. (6.6.2)].

II. SINGLE USER DETECTION

A. System Model

We consider a wireless communication system with P
primary user terminals and a single secondary user terminal.
As illustrated in Fig. 1, the secondary user terminal is equipped
with K antennas and is tasked with determining the presence
of primary users. This detection problem can be formulated
as a binary hypothesis test, where the null hypothesis, H0,
denotes the absence of primary users and the non-null hypoth-
esis, H1, denotes the presence of primary users. As such, the i-
th sample vector, xi, received at the secondary user terminal
can be modeled as

H0 : xi = ni no primary users present

H1 : xi = Hsi + ni primary users present, (1)

where si = [si1, si2, . . . , siP ]T is the P × 1 data vector at
the i-th sample, which contains the zero mean transmitted
symbols from the P primary users, ni is the K × 1 addi-
tive white Gaussian noise vector at the i-th sample with
E[nin

†
i ] = σ2IK and, H = [h1,h2, . . . ,hP ] is the K × P

channel matrix between the P primary users and K receive
antennas. We collect N independent and identically distributed
sample vectors such that the observed received signal matrix
is X = [x0,x1, . . . ,xN−1]. Similar to [23], we assume that
the channel H remains constant during this time. Note that
unless otherwise specified, the results in this paper do not
assume a specific distribution for H. In the spectrum sensing
literature, many works consider the signal to be detected as
the realization of a random process, where the signal is often
assumed to be Gaussian [6], [23], [25], [34]. Moreover, in [6],
the authors consider an energy detector with estimated noise
power and derive the detection probability expressions for a
Gaussian signal and an unknown deterministic signal. It was
shown that in the low SNR regime, which is the most inter-
esting in spectrum sensing, both expressions are equivalent.

Motivated by this equivalence, we assume that the primary
users’ signals follow an independent and identically distributed
zero mean Gaussian distribution and are uncorrelated with the
noise.

Different test criteria can be considered for the detection
problem in (1). In this paper, we consider two detectors, based
on different properties of the received signal. First, we consider
the energy detector that checks the energy level of the received
signal. Second, we consider the sphericity test that checks the
structure of the received signal. In Section IV we combine
the outputs from these two detectors to derive a new mixture
detector.

B. Energy Detector

Normalizing over the number of antennas and time samples
the test criteria for the energy detector we consider is defined
as [6]

TED � 1
NKσ2

N−1∑
i=0

x†
ixi. (2)

Now, to determine H0 or H1 admits

TED

H1

≷
H0

ζ, (3)

where ζ is a user-specified detection threshold. Thus,
the secondary user terminal calculates TED and declares
that the primary user signals are present if TED > ζ,
while no primary user signals are believed to be present
if TED < ζ. Since the ideal energy detector’s test statistic
in (2) corresponds to a central chi-square distribution in the
hypothesis H0, the false alarm probability, denoted by Pfa

can be derived as [5], [10], [12]

Pfa = 1 − Pr[χ2
2NK ≤ 2NKζ], (4)

where χ2
2NK is a central chi-square distributed random

variable with 2NK degrees of freedom.
Under the non-null hypothesis, H1, the derivation of the

detection probability, denoted by Pd, is not straightforward.
This stems from the fact that the test statistic in (2) is a
linear combination of central chi-square distributed random
variables. While the exact probability density function of such
a variable can be derived [35], the result is extremely com-
plicated, has numerical difficulties attached to computation
and has to be re-derived for any variation in the number of
terms or the degrees of freedom. For this reason, gamma
approximations have been extensively used to approximate
such variables. An early paper on this idea is [36], it was
used in spectrum sensing in [23] and an accuracy evaluation
is given in [37]. Therefore, in the following we proceed to
derive an accurate approximation for Pd as

Pd ≈ 1 − Pr

[
χ2

κ ≤ 2NKζσ2

ϑ

]
, (5)

where κ = 2N tr(Σ)2

tr(Σ2) , ϑ = tr(Σ2)
tr(Σ) , with Σ = EsHH† + σ2IK

and Es denotes the transmission power of primary users.
A detailed proof of (5) is given in Appendix A. For the special
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case of a single primary user, the rank of HH† reduces to one.
As such, the approximation in (5) can be further simplified as

Pd ≈ 1 − Pr

[
χ2

κ́ ≤ 2NKζσ2

ϑ́

]
, (6)

where κ́ = 2(N(K−1)+υN)2

N(K−1)+υ2N , ϑ́ = N(K−1)+υ2N
N(K−1)+υN and υ = 1 +

Estr(HH†)
σ2 .

C. Sphericity Test

We define the sample covariance matrix R = XX†. In the
absence of primary users, R follows an uncorrelated complex
Wishart distribution with population covariance matrix

Σ =
E[XX†]

N
= σ2IK . (7)

When primary users are present, for a given H, R follows
a correlated complex Wishart distribution with population
covariance matrix

Σ = EsHH† + σ2IK . (8)

Thus, under the sphericity test the hypothesis testing in (1) can
be rearranged to test the structure of the population covariance
matrix Σ as

H0 : Σ = σ2IK no primary users present

H1 : Σ � σ2IK primary users present, (9)

where A � B denotes that A−B is a positive definite matrix.
Note that no a priori knowledge on H, P and σ2 is assumed at
the secondary user terminals. The most critical information for
the secondary user is whether or not there are active primary
users and the number of active users is not relevant. As such,
we reject H0 if we have reason to believe that Σ departs from
the spherical structure of Σ = σ2IK , which is the well-known
sphericity test [8], [9].

Different test criteria can be considered for the detection
problem in (9). In this paper, we consider detectors of the
Neyman-Pearson type, which involve comparing the gener-
alized likelihood ratio to a user-designed detection thresh-
old [38]. The generalized likelihood ratio used for determining
H0 or H1 in (9) can be written as

L =
supσ2∈R+L(X|σ2IK)

supΣ�0L(X|Σ)
, (10)

where L(X|σ2IK) is the likelihood function of the observation
matrix under hypothesis H0 and L(X|Σ) is the likelihood
function of the observation matrix under hypothesis H1.
Maximizing these likelihoods over the unknown parameters,
i.e., finding the maximum likelihood estimates of σ2

under H0, and of σ2 and H under H1, results in the GLRT
statistic [8], [39]

TST =
|R|(

1
K tr(R)

)K . (11)

Details on the derivation of TST can be found in [23], [39].
Now, to determine H0 or H1 admits

TST

H0

≷
H1

ζ. (12)

Thus, the secondary user terminal calculates TST and declares
that the primary user signals are present if TST < ζ, while no
primary user signals are believed to be present if TST > ζ.
Approximations for Pfa and Pd under the sphericity test were
derived in [26], [27] and for the sake of completeness we
include those in the following as

Pfa ≈ 1 − Pr[χ2
f ≤ −2Nρ ln(ζ)], (13)

where f = K2 − 1, ρ = N − 1+2K2

6K [26, eq. (10)], and

Pd ≈ Pr[Z ≤ ln(ζ)], (14)

where Z denotes a random variable that has a Gaussian
distribution given by Z ∼ N (μ, ν2), with μ =
K
2 ln(m2) − 2K ln(m1) and ν2 = K2 ln(m2) − 2K2 ln(m1)

denoting the mean and the variance of the Gaussian
distribution [26, eq. (15)]. The terms m1 and m2 are given
by (15) and (16), respectively,

m1 =
(

NK − 1
K2

) K∏
k=1

λ
−1/K
k

×
K−1∏
j=0

Γ(N−K − 1/K + 1 + j)
Γ(N−K + 1 + j)

K∑
i=1

λi, (15)

m2 =
(

NK − 2
K3

) K∏
k=1

λ
−2/K
k

K−1∏
j=0

Γ(N−K − 2/K+1+j)
Γ(N−K+1+j)

×
⎡
⎣ K∑

i=1

λi +
(

N − 2
K

)( K∑
i=1

λi

)2
⎤
⎦ , (16)

with σ2 < λ1 ≤ λ2 ≤ . . . ≤ λK < ∞ denoting the
eigenvalues of EsHH† + σ2IK .

III. ENERGY DETECTOR WITH ESTIMATED NOISE POWER

For the test criterion in (2) we need the knowledge of the
exact noise variance at the secondary user terminal. However,
in practical implementations the energy detector will only have
an estimate, σ̂2, of the true σ2 and the test criteria for the
energy detector with an estimated noise power becomes [6]

T̂ED =
1

NKσ̂2

N−1∑
i=0

K∑
r=1

|xir |2, (17)

where xir is the i-th sample received at antenna r. The
distribution of T̂ED depends on the particular method that we
use to estimate the noise power. In this paper we consider an
efficient estimator based on the ML criterion as given in [6]
and find the noise power estimate as

σ̂2 =
1

MK

M∑
i=1

K∑
r=1

|n−ir|2, (18)

where M is the estimation duration and we assume that the
samples xir for i < 0, do not contain the signal so that the
MK noise only samples given by n−11, n−12, . . . , n−MK can
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be used for noise power estimation.1 Substituting (18) into (17)
our new test statistic can be written as

T̂ED =
M

N

∑N−1
i=0

∑K
r=1 |xir |2∑M

i=1

∑K
r=1 |n−ir|2

. (19)

Now, to determine H0 or H1 admits

T̂ED

H1

≷
H0

ζ. (20)

A. Probability of False Alarm

Under the null hypothesis H0, we derive an exact expression
for Pfa as follows. When no primary users are present xir ∼
CN (0, σ2), n−ir ∼ CN (0, σ2). Let us note that xir and n−ir

are independent random variables since they refer to different
time frames. Then the test statistic, with proper scaling is the
ratio of two central chi-square distributed random variables
which can be expressed in-terms of a central F -distributed
random variable with degrees of freedom 2NK and 2MK
given by [40]

T̂ED|H0 ∼ F2NK,2MK , (21)

where T̂ED|H0 denotes the test statistic in (19) under the null
hypothesis. The probability density function of T̂ED|H0 can
be expressed as [6, eq. (21)]

fT̂ED|H0
(x) =

NNKMMKKNK+MKxNK−1

B(NK, MK)(NKx + MK)NK+MK
u(x),

(22)

where u(.) is the unit step function and B(a, b) =
Γ(a)Γ(b)/Γ(a + b) is the beta function [32, eq. (8.384)] with
Γ(.) representing the gamma function [32, eq. (8.310)]. Thus,
Pfa is derived as [6, eq. (23)]

Pfa = B̃
(

MK, NK,
MK

MK + NKζ

)
, (23)

where B̃ (a, b, c) = 1
B(a,b)

∫ c

0
xa−1(1 − x)b−1dx, (with

Re{a} > 0, Re{b} > 0 and |c| < 1) represents the incomplete
beta function [33, eq. (6.6.2)]. We note that the result in (23)
reduces to [6, eq. (23)] for the single antenna case with
K = 1. The expression in (23) can be further reduced using
the Gaussian approximation in [33, eq. (26.6.13)] for large N ,
M and K to derive

Pfa ≈ Q
⎛
⎝ ζ − 1√

N+M
NMK

⎞
⎠ , (24)

where Q(.) represents the Gaussian Q function.

1To guarantee the availability of noise-only samples, the IEEE 802.22 and
ECMA 392 standards propose the adoption of sporadic long sensing peri-
ods (SPs) for fine sensing (fine-SPs), and more frequent short SPs (fast-SPs)
in which simpler detectors, such as the energy detector, can be used. If, during
a fine-SP, the decision is for H0, the samples collected can be considered
signal-free; therefore, such samples can be used for noise power estimation
for the subsequent fast-SPs (see [6] for details).

B. Probability of Detection

Under the non-null hypothesis H1, the test statistic in (19)
can be reexpressed by using the results in (60) in Appendix A
as

T̂ED|H1 =
M

2N

∑K
r=1 λrYr∑M

i=1

∑K
r=1 |n−ir|2

, (25)

where λr denotes the r-th eigenvalue of Σ = EsHH† +
σ2IK and Yr denotes a central chi-square distributed random
variable with 2N degrees of freedom. Based on (25) we can
define Pd for the energy detector with estimated noise power
as

Pd = Pr
[
T̂ED|H1 > ζ

]
. (26)

The derivation of the exact expression of Pd in (26) is compu-
tationally complex and leads to mathematically cumbersome
expressions, even for a special case with a single primary user.
This stems from the fact that the numerator in (25) is a linear
combinations of central chi-square distributed random vari-
ables and as discussed in Section II-B gamma approximations
have been extensively used to approximate such variables.
Hence, in the following we provide exact analytical results
for a single primary user system to elaborate the complexity
and proceed to derive an accurate approximation of Pd for the
general case with multiple primary users.

1) Special Case: Under the special case of a single primary
user where P = 1, the rank of HH† is one and it has
only one non-zero eigenvalue. Without loss of generality, let
λ1 = Estr(HH†) + σ2 and λr = σ2, ∀r = 2, 3, . . . , K.
Thus, the expression in (25) can be reexpressed as T̂ED|H1 =
M
2N

(
(Estr(HH†)+σ2)Y1+

�K
r=1 σ2 Yr�M

i=1
�K

r=1 |n−ir |2
)

, which can be further

simplified to produce

T̂ED|H1 =
Mσ2

N

(
βY1 + Ysum

W

)
(27)

where β = Estr(HH†)
σ2 + 1, Y1 is a central chi-square

distributed random variable with 2N degrees of freedom,
Ysum =

∑K
r=2 Yr is a central chi-square distributed random

variable with 2N(K − 1) degrees of freedom and W =
1
2

∑M
i=1

∑K
r=1 |n−ir|2 is a central chi-square distributed ran-

dom variable with 2MK degrees of freedom. Using (27) we
can derive the exact expression for Pd in (26) as

Pd = Pd1 + Pd2 , (28)

where Pd1 and Pd2 are given by (29) and (30), respectively,

Pd1 = 1 − 1
2N (N − 1)!

(
2x

x + β

)N L−1∑
κ=0

(N + κ − 1)!
κ!

×
(

β

x + β

)κ

, (29)

Pd2 =
N(K−1)−1∑

κ=0

κ∑
r=0

r+L−1∑
s=0

(
r + L − 1

r

)

×
(

N + κ−r + s − 1
N − 1

)(
κ−r + s

s

)
(−1)κ−r

×
(

βs+κ−rxN+κ

(x + β)N+κ−r+s(x + 1)r+L−s

)
, (30)
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and L = 2MK . The complete proof of Pd is included in
Appendix B. Even for this special case with a single primary
user, the expression of Pd is difficult to evaluate and results
in a complex expression.

2) Multiple Primary Users: Due to the difficulties in using
the exact expression, we proceed to derive an accurate approx-
imation under the multiple primary user case. First, we reex-
press (25) as

T̂ED|H1 =
M

N

∑K
r=1 λrYr

W
, (31)

where W is a central chi-square distributed random variable
with 2MK degrees of freedom. Following a similar method to
Appendix A, we approximate

∑K
r=1 λrYr by a single central

chi-square distributed random variable with the same mean and
variance as,

∑K
r=1 λrYr ≈ ϑω where ω is a central chi-square

distributed random variable with κ = 2N tr(Σ)2

tr(Σ2) degrees of

freedom and ϑ = tr(Σ2)
tr(Σ) . Substituting this approximation

to (31) we find an approximation for T̂ED|H1 as

T̂ED|H1 ≈ Mϑ

N

ω

W
. (32)

The approximated test statistic with proper scaling is the ratio
of two central chi-square distributed random variables which
can be expressed in terms of a central F -distributed random
variable with degrees of freedom 2N tr(Σ)2

tr(Σ2) and 2MK [40].

Therefore, the probability density function of T̂ED|H1 can be
approximated as [6, eq. (22)]

fT̂ED|H1
(x) ≈ (MK)MKMMK (θφ)θ

xMK−1

B(MK, θ)(MKx + θφ)MK+θ
u(x), (33)

where θ = N tr(Σ)2

tr(Σ2) and φ = tr(Σ)
K . Based on (33) Pd is

approximated as [6, eq. (24)]

Pd ≈ B̃
(

θ, MK,
θφ

θφ + MKζ

)
, (34)

The expression in (34) can be further reduced using the
Gaussian approximation in [33, eq. (26.6.13)] for large N ,
M and K to derive

Pd ≈ Q
⎛
⎝ ζ − φ

φ
√

θ+MK
θMK

⎞
⎠ . (35)

In Section VI we highlight that the above result approxi-
mates Pd with very high accuracy when we have multiple
primary users. We also note that the results in (34) become
exact under the special case of a single receive antenna with
K = 1 and reduces to [6, eq. (24)].

IV. MIXTURE DETECTOR

Meta analysis refers to the synthesis of data from multiple
independent tests. In this section, we combine the energy
detector and the sphericity test by using meta-analysis,
to produce a mixture detector. This is a novel scheme due
to the marked difference to standard meta-analysis. The
standard meta-analysis scenario is where a particular test
of a hypothesis is applied to several independent samples.

Different from that, here, we have two different tests i.e., the
energy detector and the sphericity test and there is only one
“sample” as both tests use measurements of the same channel.
The use of meta-analysis to aggregate different types of tests
is known [41], so the main issue is the validity of combining
two tests using the same data. We do that by making use of
the special structure of meta analysis, energy detection and
the sphericity test.

First, we note that the meta-analysis test statistic
(see (41) and (46)) is only a function of the extreme value
probabilities, commonly known as the p-values of the two
tests. In statistical hypothesis testing the p-value is defined
as the probability of obtaining the observed value of the test
statistic, or a value further from the null hypothesis, assuming
that the the null hypothesis is correct. It is given by

p = Pr[T ≥ T |H0], (36)

where T is the random variable representing the test statistic
and T is the observed value of that random variable. Meta-
analysis is valid if the p-values are valid. We also note
that the p-values assume the null-hypothesis under which the
energy detector test statistic and the sphericity test statistic are
independent, as shown in Appendix C. Hence, the validity of
our proposed test is demonstrated. Fundamentally, the energy
detector and the sphericity test use independent properties
of the received signal under the null hypothesis to detect
the presence of primary users. More specifically, the energy
detector checks the energy level of the received signals while
the sphericity test checks the structure of the population
covariance matrix. Benefiting from this independence between
test statistics, the mixture detector performs better than both
the detectors operating individually.

Several techniques of meta analysis are available in the liter-
ature. In this paper, we consider two techniques in meta analy-
sis, namely, Fisher’s method and the weighted z-transform.
In both methods we combine the results from several indepen-
dent tests bearing upon the same overall hypothesis to produce
a global test statistic [42]. Based on the received signals over
the N time samples, the secondary user terminal calculates p-
values, for both the energy detector with estimated noise power
and the sphericity test. Based on (36), the p-value under the
energy detector with estimated noise power can be written as

pED = Pr[T̂ED ≥ TED|H0], (37)

where T̂ED is the random variable representing the energy
detector test statistic at the secondary user terminal as given
in (19) and TED is the observed value of this test statistic.
Since pED is the extreme value probability calculated under
the null-hypothesis, the probability in (37) can be evaluated
based on the same approach used for the derivation of Pfa

in (23). As such, an analytical expression for pED can be
derived as

pED = B̃
(

MK, NK,
MK

MK + NKTED

)
. (38)

Similarly, based on (36) the p-value under the sphericity test
can be written as

pST = Pr[TST ≤ TST |H0], (39)
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where TST is the random variable representing the GLRT
at the secondary user terminal as given in (11) and TST is
the observed value of this test statistic. Since pST is the
extreme value probability calculated under the null-hypothesis,
the probability in (39) can be evaluated based on the same
approach used for the derivation of Pfa in (13). As such,
an analytical approximation for pST can be derived as

pST ≈ 1 − Pr[χ2
f ≤ −2Nρ ln(TST )], (40)

where f = K2 − 1, ρ = N − 1+2K2

6K . Having computed the
two p-values the secondary user terminal combines them to
produce the mixture detector test statistic. It is important to
note that the p-values required for meta analysis are calculated
under the null-hypothesis, when the test statistics of the energy
detector and the sphericity test are independent. As such,
only the AWGN is present and no assumption is made about
the distribution of primary user signals when calculating the
p-values.

A. Fisher’s Method

According to Fisher’s method, the p-values are combined
as [42]

TFM = −2 [ln(pED) + ln(pST )] , (41)

where TFM denotes the mixture detector test statistic. To
determine H0 or H1 admits

TFM

H1

≷
H0

ζ, (42)

where we reject the null hypothesis if TFM is larger than
the threshold ζ and reject the alternative hypothesis if TFM

is smaller than ζ. An analytical expression for Pfa under the
Fisher’s method based mixture detector can be derived using
[26, eq. (43)] as

Pfa = 1 − Pr[χ2
4 ≤ ζ]. (43)

However, due to the complexity of the derivation, we are
unable to derive an analytical expression for Pd under the
Fisher’s method based mixture detector.

B. Weighted z-Transform

According to the weighted z-transform, each p-value is first
mapped to a point in the standard normal curve to produce a
z-value as [43]

zED = F−1
Z (pED), (44)

zST = F−1
Z (pST ), (45)

where F−1
Z (.) is the inverse of the cumulative distribution

function of the standard normal random variable Z . As the
z-value goes from negative infinity to infinity, the p-value will
go from 0 to 1, and any value of p will uniquely be matched
with a value of z and vice versa. Next, we proceed to weight
each z-value before combining them to produce the mixture
detector test statistic. It is important to note that weighting is
often proposed to cater for different sample sizes in the tests

being combined [41]. Here, we have no such issue as we con-
sider the same sample, but we are using two different tests of
two different powers. The energy detector with estimated noise
power requires noise power estimation. Hence, its accuracy
is reduced relative to energy detection with a known value
of noise power. For these reasons, weighting is an obvious
option to explore. As such, each test is assigned a weight and
combined to produce the mixture detector test statistic as

TZT =
√

αzST +
√

1 − αzED, (46)

where α is chosen to maximize the performance of the
mixture detector. In this paper, we do not go into details
of how α should be chosen. Ideally each test is weighted
proportional to the effectiveness of the test, although
quantifying such weights is an unknown research problem.
As long as the structure of the test statistics remain constant,
the optimal α that maximizes the performance of the mixture
detector will remain constant. In Section VI we use an adhoc
method, where we change α from zero to one and check
the performance of the mixture detector under the weighted
z-transform. To determine H0 or H1 admits

TZT

H0

≷
H1

ζ. (47)

Under the null-hypothesis, the p-values take a uniform
distribution between zero and one and as a result, TZT has a
standard normal distribution. Hence, an analytical expression
for Pfa under the weighted z-transform based mixture detector
can be derived as

Pfa = 1
2

[
1 + erf

(
TZT√

2

)]
. (48)

Under the non-null hypothesis, p-values do not take a uniform
distribution and the analytical expression for Pd is intractable
under the weighted z-transform based mixture detector.

For completeness, we summarize the main steps of the
proposed mixture detector as follows.

Steps of the proposed mixture detector

1. Secondary user collects the signals received over N
time samples.
2. Calculate the p-values: For the energy detector
calculate pED using (37) and for the sphericity test
calculate pST using (39).
3. Combine the p-values to produce the mixture
detector test statistic: Under the Fisher’s method, TFM

is calculated using (41). Under the weighted z-transform,
map the p-values to the corresponding z-values using (44)
and (45). Then combine the z-values based on a chosen α
to produce TZT as given in (46).
4. Compare the test statistics with ζ to admit H0

or H1.

V. DISTRIBUTED SPECTRUM SENSING

So far we have considered a network with a single secondary
user terminal. In this section, we extend our analysis to
consider cooperative spectrum sensing where Q secondary
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Fig. 2. System model for distributed spectrum sensing.

user terminals are tasked with cooperatively determining the
presence of P primary users, as illustrated in Fig. 2. The
secondary user terminal q is equipped with Kq antennas
and each secondary user terminal is connected to a central
processor,2 that cooperatively detects the presence of primary
users. In the following, we present two novel cooperative
spectrum sensing techniques based on meta analysis.

A. Energy Detector Based Cooperative Spectrum Sensing

As the first cooperative spectrum sensing technique, we con-
sider the energy detector based on the estimated noise power.
Based on the measurements over N time samples, each
secondary user terminal calculates the p-values. The p-value
at the secondary user terminal q is given by

pq = Pr[TEDq ≥ TEDq |H0], (49)

where TEDq is the random variable representing the energy
detector test statistic at secondary user terminal q and TEDq

is the observed value of this test statistic. Following the same
steps as in the derivation of (38) we can derive an analytical
expression for pq as

pq = B̃
(

MKq, NKq,
MKq

MKq + NKqTEDq

)
. (50)

Having computed the p-value, each secondary user terminal
sends it to the central processor. The central processor collects
all the p-values from the Q secondary user terminals and
combines them according to Fisher’s method to produce a
global test statistic as

DISTED = −2
Q∑

q=1

ln(pq). (51)

We determine H0 or H1 in the meta analysis test as

DISTED

H1

≷
H0

ζ. (52)

An analytical expression for Pfa under the above cooperative
spectrum sensing technique can be derived using [26, eq. (43)]

2One of the secondary user terminals could be selected as the central
processor.

as

Pfa = 1 − Pr[χ2
2Q ≤ ζ]. (53)

However, due to the complexity of the derivation, an analytical
expression for Pd under the Fisher’s method based mixture
detector is intractable.

B. Mixture Detector Based Cooperative Spectrum Sensing

As the second cooperative spectrum sensing technique,
we consider the Fisher’s method based mixture detector. The
mixture detector test statistic at the secondary user terminal q,
which is calculated using measurements over N time samples,
is given by

TqF M = −2 [ln(pqED ) + ln(pqST )] , (54)

where pqED = Pr[TEDq ≥ TEDq |H0], and pqST = Pr[TSTq ≤
TSTq |H0], with TSTq denoting the random variable represent-
ing the GLRT at the secondary user terminal q as given in (11)
and TSTq is the observed value of this test statistic. Based on
TqF M each secondary user terminal calculate another p-value
that represents the extreme value probability of the mixture
detector output as

pqMix = Pr[TqF M ≥ TqF M |H0], (55)

where TqF M represents the observed value of the mixture
detector test statistic. An analytical expression for pqMix can
be derived using (43) as

pqMix = 1 − Pr[χ2
4 ≤ TqF M ]. (56)

Having computed the p-values, each secondary user terminal
sends them to the central processor. The central processor
collects all Q p-values from the Q secondary user terminals
and combines them according to Fisher’s method to produce
a global test statistic as

DISTMix = −2
Q∑

q=1

ln(pqMix). (57)

We determine H0 or H1 in the meta analysis test as

DISTMix

H1

≷
H0

ζ. (58)

Similar to (53), an analytical expression for Pfa under the
above cooperative spectrum sensing technique can be derived
using [26, eq. (43)] as

Pfa = 1 − Pr[χ2
2Q ≤ ζ]. (59)

However, due to the complexity of the derivation, an analytical
expression for Pd under the Fisher’s method based mixture
detector is intractable.
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Fig. 3. Probability of false alarm and probability of detection characteristics of the ideal energy detector (ED) and the energy detector with estimated noise
power (ENP ED).

C. Remark

Similar to the above two cooperative spectrum sensing
techniques the sphericity test based cooperative spectrum sens-
ing was proposed and analysed using meta analysis in [26].
In both cooperative spectrum sensing techniques proposed in
this paper, only the p-values calculated at the secondary user
terminals are sent to the central processor. More specifically,
Q p-values from the Q secondary user terminals are sent to
the central processor to generate a global test statistic. Thus,
the amount of information exchanged between the central
processor and the secondary user terminals is much less when
compared to the global sphericity test considered in [23],
[25], [34], which requires the sharing of all raw data received
at the secondary user terminals with the central processor.
The amount of information exchange of the proposed meth-
ods would be the same when compared to a global energy
detector which requires the calculation of the total energy
received at the central processor. However, as illustrated next
in Section VI, the performance of the mixture detector based
cooperative spectrum sensing technique outperforms the global
energy detector. We also highlight that while meta analysis
require some local processing at the secondary user terminal
the p-value and the test statistic have a one-to-one mapping.
Therefore, the additional processing requirements at the sec-
ondary user terminals are negligible.

Meta analysis provides a unique approach to fusion as it has
a rigorous basis and can be applied both within a secondary
user terminal and across multiple secondary user terminals.
It is ideal for implementation as the communication overheads
are minimal and the sensing procedures it builds on (sphericity
test and energy detector) are both simple and well-known.
However, meta analysis is not a detector in its own right
and relies for its success on fusing the results of established
detection techniques. Also, despite its rigorous basis, it is not
based on any optimality criterion and may be difficult to extend
to multiple, non-independent tests at a single secondary user
terminal.

Fig. 4. Probability of false alarm vs the detection threshold for the mixture
detectors.

VI. NUMERICAL EXAMPLES

In this section, we present numerical examples illustrating
the accuracy of our analysis and the performance gains of the
proposed mixture detectors. In Fig. 3 to Fig. 5 we consider
single user detection where a single secondary user terminal
detects the presence of primary users. In Fig. 7 we con-
sider cooperative spectrum sensing where two secondary user
terminals cooperatively detect the presence of primary user
terminals. For simulations, primary user signals and channel
fading components are drawn from an independent complex
Gaussian distribution and for simplicity we consider equal
transmit powers from all primary users. Unless otherwise
stated, we assume the presence of P = 2 primary users and
the received SNR is set to −10 dB. We also assume that
each secondary user terminal is equipped with four antennas.
The simulation curves are generated using the Monte-Carlo
simulations with 10000 random realizations.
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Fig. 5. A comparison of the ROC of different spectrum sensing techniques.

In Fig. 3 we compare the performance of the ideal energy
detector and the energy detector with estimated noise power.
In subplot (a) and subplot (b) we illustrate Pfa versus the detec-
tion threshold ζ and the Pd versus the detection threshold ζ,
respectively. The number of samples used for noise power
estimation is 400. We change the number of observations,
by setting N = 20 and 100. Under the null hypothesis,
the analytical curves for the ideal energy detector and the
energy detector with estimated noise power are generated
using the expressions in (4) and (23), respectively. Under
the non-null hypothesis the analytical curves for the ideal
energy detector and the energy detector with estimated noise
power are generated using the approximations in (5) and (34),
respectively. The figure illustrates that the analytical curves
closely follow the simulation curves. As we increase N
from 20 to 100 the gap between the false alarm probability
performance as well as the detection probability performance
of the energy detector with estimated noise power and the
ideal energy detector increases. This gap can be reduced by
increasing M and bringing the performance of the energy
detector with estimated noise power closer to that of the ideal
energy detector. We also note that when we increase N from
20 to 100, Pfa in the upper tail increases while that in the
lower tail decreases. This is expected as the test statistics
are defined such that the received SNR is normalized with
respect to N . A similar observation can be made for Pd in
subplot (b).

Fig. 4 plots Pfa versus ζ for the mixture detectors proposed
in Section IV. The number of samples used for noise power
estimation is 400 and N = 100. The analytical curves for
Pfa based on Fisher’s method and the weighted z-transform
method are generated using the expressions in (43) and (48),
respectively. The figure illustrates that the analytical curves
closely follow the simulations in both methods. It is important
to note that this plot does not provide a performance compar-
ison of the two methods. This is because the two methods use
different test statistics and we cannot fix the threshold and
compare the Pfa values for the two methods.

Next, in Fig. 5 we compare the performance of the energy
detector based on estimated noise power, the sphericity test and
the two mixture detectors proposed in the paper. In subplot (a),
we illustrate four ROC curves for the four spectrum sensing
techniques. The number of samples used for noise power
estimation is 200. For the mixture detector based on the
weighted z-transform we set α = 0.5 (while the best value of
α can change in each channel realization, through simulations
we have found that for this example scenario the best value of
α is 0.5). The plot illustrates that, the two mixture detectors
outperform the energy detector and the sphericity test. It is
interesting to note that the performance of Fisher’s method
based mixture detector is very similar to that of the weighted
z-transform when α = 0.5.

Subplot (a) in Fig. 5 is generated for one random realiza-
tion of channel values. In subplot (b) we present the ROC
curves averaged over one hundred channel realizations. For
the weighted z-transform method we generate three ROC
curves by setting α = 0.1, 0.5 and 0.9. We observe that
when averaging over the channel all three cases have similar
performance. We also observe that the Fisher’s method and
the weighted z-transform method have similar performance
while they both outperform the sphericity test and the energy
detector. Interestingly, there is no evidence that the weighted
z-transform method is better than the Fisher’s method. Hence,
we prefer the Fisher’s method as it does not require any
weights to be calculated, is easier to implement and simpler.
We also compare our results with the recently proposed maxi-
mum eigenvalue GoF algorithms [28]. Specifically, we include
MAE and MET detectors. To ensure a fair comparison,
we implement the MAE algorithm with the estimated noise
power variance,3 and denote it by MAE ENP. The results
in subplots (a) and (b) both show that the mixture detectors
outperform both MAE ENP and MET.

3We take the MAE test statistic in [28] and replace σ2 by its estimate
exactly as we do for the ideal ED in (18).
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Fig. 6. Probability of false alarm and the probability of detection as functions
of the SNR for different spectrum sensing techniques.

Fig. 7. Probability of detection versus the probability of false alarm for the
two cooperative spectrum sensing techniques.

In Fig. 6 we compare the Pfa and Pd versus SNR for the
energy detector with estimated noise power, sphericity test,
the two mixture detectors, MAE ENP and MET. We consider
the same random set of channels used to generate subplot (a)
in Fig. 5 and use 200 samples to estimate the noise. We adopt
the constant false alarm rate (CFAR) strategy and fix
Pfa = 0.2. At very low SNRs the energy detector with
estimated noise power and the MAE ENP performs slightly
better than the mixture detectors but the gap is very small
and Pd is less than 0.5. When the SNR is above -14dB the
mixture detectors give the best detection probabilities with
the Fisher’s method and the weighted z-transform performing
almost the same.

Finally, in Fig. 7 we compare the performance of the
energy detector based cooperative spectrum sensing, mixture
detector based cooperative spectrum sensing (proposed in the
paper) and the sphericity test based cooperative spectrum
sensing in [26, eq.(40)]. We consider a network with Q = 2
secondary user terminals with 4 antennas each. The secondary
user terminals cooperatively detect the presence of P = 3

primary users. The number of samples used for noise power
estimation is 200. The plot illustrates that mixture detector
based cooperative spectrum sensing outperforms the other two
even though they all send the same amount of information,
i.e., two p-values, to the central processor.

VII. CONCLUSION

The performance of the energy detector with estimated noise
power has been analysed for the general case of secondary
user terminals with multiple receiving antennas. Based on
meta analysis we propose two new mixture detectors, namely,
Fisher’s method and the weighted z-transform method, that
combine the outputs of the energy detector and the sphericity
test. Through numerical examples we show that both these
techniques outperform the energy detector and the sphericity
test. We also propose two new cooperative spectrum sensing
techniques based on the energy detector and the Fisher’s
method based mixture detector. We derive simple analytical
expressions for the false alarm probabilities of all the proposed
detectors. Extensive numerical examples are used to illustrate
the accuracy of our analysis. An interesting future extension
of the present work would be the evaluation of the mixture
detector performance when the primary user signals has a
non-Gaussian distribution.

APPENDIX A
DERIVATION OF PD UNDER THE IDEAL ENERGY DETECTOR

Here we present the proof of (5). In the presence of
primary users, xi ∼ CN (0,Σ) where Σ = EsHH† + σ2IK .
By Cholesky decomposition xi has the representation xi =
Σ

1
2 ui where ui ∼ CN (0, IK). Using this, the ideal energy

detector’s test statistic in (2) can be reexpressed as TED =
1

NKσ2

∑K
r=1 λrXr, where λr denotes the r-th eigenvalue

of Σ and Xr =
∑N−1

i=0 |uir|2 with uir denoting the r-th
element of ui. Substituting Xr = 1

2Yr where Yr has a central
chi-square distribution with 2N degrees of freedom, TED can
be further expressed as

TED =
1

2NKσ2

K∑
r=1

λrYr. (60)

The mean and the variance of
∑K

r=0 λrYr are given by
2N tr(Σ) and 4N tr(Σ2), respectively. Next, we are motivated
to approximate

∑K
r=1 λrYr with a single central chi-square

distributed random variable with the same mean and variance.
Let,

∑K
r=1 λrYr ≈ ϑω where ω is a central chi-square distrib-

uted random variable with κ degrees of freedom. Matching
the mean and variance of

∑K
r=1 λrYr with that of ϑω we

derive, κ = 2N tr(Σ)2

tr(Σ2) , and ϑ = tr(Σ2)
tr(Σ) . Substituting the above

approximation to (22) we can derive an approximation for Pd

as given in (5).

APPENDIX B
DERIVATION OF PD UNDER THE ENERGY DETECTOR

WITH ESTIMATED NOISE POWER

Here we present the proof of (28) in detail. Based on (27)
the probability of detection with the energy detector with
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estimated noise power can be written as

Pd = Pr
[
T̂ED|H1 > ζ

]
, (61)

which, after substituting (28) and applying some mathematical
manipulations can be re-written as [44, p.100]

Pd =
∫ ∞

y0=0

∫ ∞

w=0

Pr [Ysum >ξw−βy0] fY0(y0)fW (w)dy0dw,

(62)

where ξ = Nζ/Mσ2, fY0(y0) is the probability density
function of Y0 and fW (w) is the probability density func-
tion of W . Since Ysum has a central chi-square distribution
Pr [Ysum > ξw − βy0] = 1 for ξz − βy0 ≤ 0. Therefore,
we can separate the integral in (62) in to two integrals given
by

Pd = Pd1 + Pd2 , (63)

where

Pd1 =
∫ ∞

y0=0

∫ ∞

w=0︸ ︷︷ ︸
ξw−βy0≤0

fY0(y0)fW (w)dy0dw, (64)

and

Pd2

=
∫ ∞

y0=0

∫ ∞

w=0︸ ︷︷ ︸
ξw−βy0>0

Pr [Ysum > ξw − βy0] fY0(y0)fW (w)dy0dw,

(65)

Next, we proceed to solve the integrals in (64) and (65) in
closed-form. First, let us focus on the integral in (64) which
can be re-written as

Pd1 =
∫ ∞

y0=0

fY0(y0)FW

(
βy0

ξ

)
dy0, (66)

where FW (βy0
ξ ) is the cumulative distribution function of W

at βy0
ξ . Since Y0 has a central chi-square distribution with 2N

degrees of freedom and W has a chi-square distribution with
2L degrees of freedom, the integral in (66) can be reexpressed
as given by (67).

Pd1 =
∫ ∞

y0=0

1
2N (N − 1)!

e−y0/2yN−1
0

×
(

1 − e−βy0/2ξ
L−1∑
κ=0

1
2κκ!

(
βy0

ξ

)κ
)

dy0, (67)

Reexpressing (67) as Pd1 = 1 − 1
2N (N−1)!

∑L−1
κ=0

1
2κκ!

(
β
ξ

)κ ∫∞
y0=0 e−y0/2yN−1

0 e−βy0/2ξyκ
0 dy0, and solving the

above integral using ! the identity [32, eq. (3.351, 3)], the final
expression of Pd1 can be derived in closed-form.

Next, let us focus on the integral in (65) which can be
re-written as

Pd2 =
∫ ∞

y0=0

∫ ∞

w=
βy0

ξ

(1 − FYsum (ξw − βy0))

×fY0(y0)fW (w)dwdy0, (68)

where FYsum (ξw − βy0) is the cumulative distribution func-
tion of Ysum at ξw−βy0. Since Ysum has a central chi-square
distribution with 2N(K − 1) degrees of freedom, the integral
in (68) can be rewritten as given in (69).

Pd2 =
N(K−1)−1∑

κ=0

1
2κ+N+Lκ!(N − 1)!(L − 1)!

×
∫ ∞

y0=0

∫ ∞

w=
βy0

ξ

e−w(x+1
2 )e−y0( 1−β

2 )

× yN−1
0 wL−1(ξw − βy0)κdwdy0, (69)

Using the binomial expansion to reexpress (ξw − βy0)κ and
applying mathematical manipulations to the resulting summa-
tion, we can simplify (69) as given in (70).

Pd2

=
N(K−1)−1∑

κ=0

1
2κ+N+Lκ!(N−1)!(L−1)!

κ∑
r=0

(
κ

r

)(
2

ξ+1

)r+L

×
r+L−1∑

s=0

(r + L − 1)!
s!

(
β(ξ + 1)

2ξ

)s

ξr(−β)κ−r

×
∫ ∞

y0=0

yN−1+κ−r+s
0 e−y0( ξ+β

2 )dy0, (70)

Solving (70) using the identity [32, eq. (3.351, 3)] the final
expression for Pd2 is derived in closed-form.

APPENDIX C
INDEPENDENCE OF TEST STATISTICS

Under the null hypothesis, the energy detector test statistic
in (2) can be written as

TED =
∑K

i=1 λ̃i

NKσ2
, (71)

where λ̃1, λ̃2, . . . , λ̃K are the eigenvalues of R. Similarly the
sphericity test test statistic in (11) can be written as TST =
�K

i=1 λ̃i

( 1
K

�
K
i=1 λ̃i)K . Introducing the variables, t =

∑K
i=1 λ̃i and

zi = λ̃i/t we can write

TED =
t

NKσ2
, (72)

TST = KK
K∏

i=1

zi = KK
K∏

i=1

zi

⎛
⎝1 −

K−1∑
j=1

zj

⎞
⎠ . (73)

In [45], it was shown that t is independent of z1, z2, . . . , zK−1

and so TED and TST are independent. This result also applies
to the energy detector with estimated noise power procedure
as the noise samples used in noise power estimation are also
independent of TED.

ACKNOWLEDGMENT

The authors gratefully acknowledge the input received from
Prof. Marco Chiani from the University of Bologna and
thank him for making them aware of the literature on noise
estimation.

Authorized licensed use limited to: University of Melbourne. Downloaded on June 14,2020 at 06:26:09 UTC from IEEE Xplore.  Restrictions apply. 



SENANAYAKE et al.: MIXTURE DETECTORS FOR IMPROVED SPECTRUM SENSING 4347

REFERENCES

[1] A. Ali and W. Hamouda, “Advances on spectrum sensing for cognitive
radio networks: Theory and applications,” IEEE Commun. Surveys Tuts.,
vol. 19, no. 2, pp. 1277–1304, 2nd Quart., 2017.

[2] S. Haykin, “Cognitive radio: Brain-empowered wireless communica-
tions,” IEEE J. Sel. Areas Commun., vol. 23, no. 2, pp. 201–220,
Feb. 2005.

[3] I. F. Akyildiz, W.-y. Lee, M. C. Vuran, and S. Mohanty, “A survey
on spectrum management in cognitive radio networks,” IEEE Commun.
Mag., vol. 46, no. 4, pp. 40–48, Apr. 2008.

[4] T. Yucek and H. Arslan, “A survey of spectrum sensing algorithms for
cognitive radio applications,” IEEE Commun. Surveys Tuts., vol. 11,
no. 1, pp. 116–130, 1st Quart., 2009.

[5] H. Urkowitz, “Energy detection of unknown deterministic signals,” Proc.
IEEE, vol. 55, no. 4, pp. 523–531, Apr. 1967.

[6] A. Mariani, A. Giorgetti, and M. Chiani, “Effects of noise power
estimation on energy detection for cognitive radio applications,” IEEE
Trans. Commun., vol. 59, no. 12, pp. 3410–3420, Dec. 2011.

[7] R. Zhang, T. Lim, Y.-C. Liang, and Y. Zeng, “Multi-antenna based
spectrum sensing for cognitive radios: A GLRT approach,” IEEE Trans.
Commun., vol. 58, no. 1, pp. 84–88, Jan. 2010.

[8] J. W. Mauchly, “Significance test for sphericity of a normal n-variate
distribution,” Ann. Math. Statist., vol. 11, pp. 204–209, Jun. 1940.

[9] R. J. Muirhead, Aspects of Multivariate Statistical Theory. Hoboken,
NJ, USA: Wiley, 1982.

[10] F. Digham, M. S. Alouini, and M. K. Simon, “On the energy detection
of unknown signals over fading channels,” in Proc. IEEE Int. Conf.
Commun. (ICC), vol. 5, May 2003, pp. 3575–3579.

[11] S. Kandeepan, A. Giorgetti, and M. Chiani, “Periodic spectrum sensing
performance and requirements for detecting legacy users with temporal
and noise statistics in cognitive radios,” in Proc. IEEE Globecom
Workshops, Nov. 2009, pp. 1–6.

[12] D. Torrieri, Principles of Spread-Spectrum Communication Systems.
Bazel, Switzerland: Springer, 2005.

[13] S. Atapattu, C. Tellambura, and H. Jiang, Energy Detection for Spectrum
Sensing in Cognitive Radio. New York, NY, USA: Springer-Verlag,
2014.

[14] S. K. Tiwari and P. K. Upadhyay, “Estimate-and-forward relaying
in diffusion-based molecular communication networks: Performance
evaluation and threshold optimization,” IEEE Trans. Mol. Biol. Multi-
Scale Commun., vol. 3, no. 3, pp. 183–193, Sep. 2017.

[15] T. M. Getu, W. Ajib, and R. Landry, “Performance analysis of energy-
based RFI detector,” IEEE Trans. Wireless Commun., vol. 17, no. 10,
pp. 6601–6616, Oct. 2018.

[16] X. Zhou, R. Zhang, and C. K. Ho, “Wireless information and power
transfer: Architecture design and rate-energy tradeoff,” IEEE Trans.
Commun., vol. 61, no. 11, pp. 4754–4767, Nov. 2013.

[17] P. Salvo Rossi, D. Ciuonzo, K. Kansanen, and T. Ekman, “Performance
analysis of energy detection for MIMO decision fusion in wireless
sensor networks over arbitrary fading channels,” IEEE Trans. Wireless
Commun., vol. 15, no. 11, pp. 7794–7806, Nov. 2016.

[18] M. Laghate and D. Cabric, “Cooperatively learning footprints of multiple
incumbent transmitters by using cognitive radio networks,” IEEE Trans.
Cognit. Commun. Netw., vol. 3, no. 3, pp. 282–297, Sep. 2017.

[19] R. Tandra and A. Sahai, “SNR walls for signal detection,” IEEE J. Sel.
Topics Signal Process., vol. 2, no. 1, pp. 4–17, Feb. 2008.

[20] D. Torrieri, “The radiometer and its practical implementation,” in Proc.
Mil. Commun. Conf. (MILCOM), Oct. 2010, pp. 304–310.

[21] D. B. Williams and D. H. Johnson, “Using the sphericity test for
source detection with narrow-band passive arrays,” IEEE Trans. Acoust.,
Speech, Signal Process., vol. 38, no. 11, pp. 2008–2014, Nov. 1990.

[22] R. Kakarala and P. O. Ogunbona, “Signal analysis using a multireso-
lution form of the singular value decomposition,” IEEE Trans. Image
Process., vol. 10, no. 5, pp. 724–735, May 2001.

[23] L. Wei and O. Tirkkonen, “Spectrum sensing in the presence of multiple
primary users,” IEEE Trans. Commun., vol. 60, no. 5, pp. 1268–1277,
May 2012.

[24] D. A. Guimarães, R. A. A. de Souza, and G. P. Aquino, “Multiantenna
spectrum sensing in the presence of multiple primary users over fading
and nonfading channels,” Int. J. Antennas Propag., vol. 2015, pp. 1–14,
Jun. 2015.

[25] D. Morales-Jimenez, R. H. Y. Louie, M. R. McKay, and Y. Chen,
“Analysis and design of multiple-antenna cognitive radios with multiple
primary user signals,” IEEE Trans. Signal Process., vol. 63, no. 18,
pp. 4925–4939, Sep. 2015.

[26] P. J. Smith, R. Senanayake, P. A. Dmochowski, and J. S. Evans,
“Distributed spectrum sensing for cognitive radio networks based on the
sphericity test,” IEEE Trans. Commun., vol. 67, no. 3, pp. 1831–1844,
Mar. 2019.

[27] P. J. Smith, R. Senanayake, P. A. Dmochowski, and J. S. Evans, “Novel
distributed spectrum sensing techniques for cognitive radio networks,” in
Proc. IEEE Wireless Commun. Netw. Conf. (WCNC), Barcelona, Spain,
Apr. 2018, pp. 1–6.

[28] C. Liu, J. Wang, X. Liu, and Y.-C. Liang, “Maximum eigenvalue-based
Goodness-of-Fit detection for spectrum sensing in cognitive radio,” IEEE
Trans. Veh. Technol., vol. 68, no. 8, pp. 7747–7760, Aug. 2019.

[29] J. Tong, M. Jin, Q. Guo, and Y. Li, “Cooperative spectrum sensing:
A blind and soft fusion detector,” IEEE Trans. Wireless Commun.,
vol. 17, no. 4, pp. 2726–2737, Apr. 2018.

[30] S. Liu, Y. D. Zhang, T. Shan, and R. Tao, “Structure-aware Bayesian
compressive sensing for frequency-hopping spectrum estimation with
missing observations,” IEEE Trans. Signal Process., vol. 66, no. 8,
pp. 2153–2166, Apr. 2018.

[31] S. Rajendran, W. Meert, D. Giustiniano, V. Lenders, and S. Pollin, “Deep
learning models for wireless signal classification with distributed low-
cost spectrum sensors,” IEEE Trans. Cognit. Commun. Netw., vol. 4,
no. 3, pp. 433–445, Sep. 2018.

[32] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and
Products, 7th ed. New York, NY, USA: Academic, 2007.

[33] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions
with Formulas, Graphs, and Mathematical Tables (National Bureau
of Standards Applied Mathematics), 55th ed. Washington, DC, USA:
Government Printing Office, 1964.

[34] R. H. Y. Louie, M. R. McKay, and Y. Chen, “Multiple-antenna sig-
nal detection in cognitive radio networks with multiple primary user
signals,” in Proc. IEEE Int. Conf. Commun. (ICC), Sydney, Australia,
Jun. 2014, pp. 4951–4956.

[35] P. G. Moschopoulos and W. B. Canada, “The distribution function of a
linear combination of chi-squares,” Comput. Math. with Appl., vol. 10,
nos. 4–5, pp. 383–386, Feb. 1984.

[36] A. H. Feiveson and F. C. Delaney, “The distribution and properties of
a weighted sum of chi squares,” NASA, Washington, DC, USA, NASA
Tech. Note NASA TN D4575, May 1968.

[37] P. J. Smith, R. Senanayake, and P. A. Dmochowski, “How accurate is
your Gaussian/Gamma approximation?” IEEE Wireless Commun. Lett.,
vol. 7, no. 5, pp. 804–807, Oct. 2018.

[38] K. V. Mardia, J. T. Kent, and J. M. Bibby, Multivariate Analysis.
New York, NY, USA: Academic, 1979.

[39] T. W. Anderson, An Introduction to Multivariate Statistical Analysis.
Hoboken, NJ, USA: Wiley, 2003.

[40] J. J. Lehtomaki, M. Juntti, and H. Saarnisaari, “CFAR strategies for
channelized radiometer,” IEEE Signal Process. Lett., vol. 12, no. 1,
pp. 13–16, Jan. 2005.

[41] F. M. Wolf, Meta-Analysis: Quatitative Methods for Research Synthesis.
Newbury Park, CA, USA: Sage, 1986.

[42] R. A. Fisher, Statistical Methods for Research Workers, 5th ed.
Edinburgh, U.K.: Oliver & Boyd, 1925.

[43] M. C. Whitlock, “Combining probability from independent tests: The
weighted Z-method is superior to Fisher’s approach,” J. Evol. Biol.,
vol. 18, pp. 1368–1373, Sep. 2005.

[44] S. Ross, Introduction to Probability Models, 5th ed. New York, NY,
USA: Academic, 1993.

[45] O. Besson and L. L. Scharf, “CFAR matched direction detector,” IEEE
Trans. Signal Process., vol. 54, no. 7, pp. 2840–2844, Jul. 2006.

Rajitha Senanayake (Member, IEEE) received the
B.E. degree in electrical and electronics engineering
from the University of Peradeniya, Sri Lanka,
in 2009, the BIT degree in information technology
from the University of Colombo, Sri Lanka, in 2010,
and the Ph.D. degree in electrical and electronics
engineering from The University of Melbourne,
Australia, in 2015. From 2009 to 2011, she was with
the Research and Development Team, Excel Tech-
nology, Sri Lanka. From 2015 to 2016, she was with
the Department of Electrical and Computer Systems

Engineering, Monash University, Australia. She is currently a Research Fellow
with the Department of Electrical and Electronics Engineering, The University
of Melbourne. Her research interests are in cooperative communications, dis-
tributed antenna systems, and vehicular communications. She was a recipient
of the Australian Research Council Discovery Early Career Researcher Award.

Authorized licensed use limited to: University of Melbourne. Downloaded on June 14,2020 at 06:26:09 UTC from IEEE Xplore.  Restrictions apply. 



4348 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 19, NO. 6, JUNE 2020

Peter J. Smith (Fellow, IEEE) received the B.Sc.
degree in mathematics and the Ph.D. degree in
statistics from the University of London, London,
U.K., in 1983 and 1988, respectively. From
1983 to 1986, he was with the Telecommunications
Laboratories, General Electric Company Hirst
Research Centre. From 1988 to 2001, he was a
Lecturer of statistics with the Victoria University of
Wellington, Wellington, New Zealand. From 2001 to
2015, he was with the Department of Electrical and
Computer Engineering, University of Canterbury,

Christchurch, New Zealand. In 2015, he joined the Victoria University of
Wellington, as a Professor of statistics. His research interests include the
statistical aspects of design, modeling, analysis for communication systems,
cognitive radio, massive multiple-input multiple-output, and millimeter-wave
systems.

Pawel A. Dmochowski (Senior Member, IEEE) was
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