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Abstract
It is common in wireless communications to perform some form of linear precoding operation on the source signal prior to
transmission over a channel. Although the traditional reason for precoding is to improve the performance of the communication
system, this paper draws attention to the fact that the receiver can identify the impulse response of the channel without any
prior knowledge of the transmitted signal simply by solving a system of polynomial equations. Since different precoders lead
to different systems of equations, this paper addresses the fundamental issue of determining which classes of linear precoders
lead to a system of equations having a unique solution. In doing so, basic properties of polynomial equations which are
useful for studying other identiﬁability issues commonly encountered in engineering and the applied sciences are presented.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
The need often arises for the estimation of the
impulse response {h0 , . . . , hl } of the noise-corrupted
convolutive channel
yi =

l


hk xi−k + wi ,

i = . . . , −1, 0, 1, . . . ,

(1)

k=0
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∞
where {xi }∞
i=−∞ is the transmitted signal, {yi }i=−∞ the
∞
received signal and {wi }i=−∞ an unobserved noise
signal, typically assumed to be white Gaussian.
Since the transmitted signal is unknown to the
receiver, this channel identiﬁcation problem can
only be solved if the receiver knows some property about the transmitted signal, such as a statistical property [7,18] or ﬁnite alphabet property [5,9,19] of {xi }∞
i=−∞ . This paper studies a
new method of identifying the channel based
on prior knowledge of the algebraic structure of
{xi }∞
i=−∞ .
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The motivation for this work is that the use of
linear precoders in wireless transmission systems is
quite common; see [8,11–13,15,20] and the references
therein. As noted in [10,15,20], linear precoders introduce an algebraic structure which can be exploited
at the receiver to estimate (or reﬁne a previously obtained estimate of) the channel. Estimating the channel in this way is called algebraic channel identiﬁcation because no statistical, ﬁnite alphabet or any other
properties besides the algebraic structure of the transmitted signal are assumed.
The main contribution of this paper is to further the
understanding of what classes of linear precoders introduce sufﬁcient algebraic structure to make it feasible for the receiver to identify the channel.
This paper differs from others in two important
respects. Often the main mathematical tools used
to study precoders are linear algebra and z-domain
analysis, hence only a restricted class of precoders
can be studied [20]. The present paper uses results
from algebraic geometry to study arbitrary linear precoders. Moreover, the deﬁnition of identiﬁability is
often based on whether or not a speciﬁc algorithm can
identify the channel whereas the present paper takes
the deﬁnition to be whether or not it is theoretically
possible to identify the channel.
As will be shown in subsequent sections, the algebraic channel identiﬁability problem reduces to
determining if a system of polynomial equations is
invertible. This fundamental problem is known to be
non-trivial [17]. Therefore, the secondary contribution of this paper is to review a number of results
from algebraic geometry which facilitate the determination of the invertibility of a system of polynomial
equations.
The paper is organised as follows. Section 2
states the algebraic identiﬁability problem. Section 3
sketches fundamental properties of polynomial maps
required in later sections. Section 4 derives the ﬁrst
main result, Theorem 7, which states the original
identiﬁability problem (complete with additive noise
and scale ambiguity) can be reduced, without any loss
of generality, to a signiﬁcantly simpler identiﬁability
problem (one without ambiguity and without noise).
The second main result, Proposition 8 and Theorem
9, is presented in Section 5. It is proved that, with the
exception of some non-generic precoders, the ability
of a precoder to enable the receiver to identify the

channel depends only on the size of the precoder matrix and not on its elements. Section 6 concludes with
a summary of the main results.

2. System model
The linearly precoded communication system considered in this paper is as follows. Assume p complex
valued source symbols are transmitted over a ﬁnite impulse response channel of order l by ﬁrst linearly precoding them to form n+l symbols. Let s ∈ Cp denote
the p source symbols and x = [x1−l , . . . , xn ]T ∈ Cn+l
the linearly precoded symbols; by deﬁnition, x = P s
for some precoder matrix P ∈ C(n+l)×p . If x is transmitted through a channel whose impulse response is
h̃ = [h0 , . . . , hl ]T ∈ Cl+1 then the received vector
y = [y1 , . . . , yn ]T ∈ Cn of length n is related to x by
the convolution
yi =

l


hk xi−k + wi ,

i = 1, . . . , n,

(2)

k=0

where wi denotes a sequence of random variables
modelling the additive noise. The actual distribution
of the noise is relatively unimportant in this paper; it
sufﬁces for the distribution to be absolutely continuous with respect to Lebesgue measure (see Section
3.3). Note that Gaussian noise satisﬁes this condition.
Remark. The reason for the tilde is that the vector
h = [h1 , . . . , hl ]T is introduced in Section 4 since it
sufﬁces later to assume that h0 = 1 in (2).
It is assumed throughout that the precoder matrix
P has full column rank and that n  p. This is always
the case in practice for otherwise the source vector s
could not be recovered from the output y even if the
channel h̃ were known.
In the literature [18], (2) is often written in matrix form as y = H̃ x + w = H̃ P s + w where H̃ ∈
Cn×(n+l) is the upper triangular Toeplitz matrix having [hl , hl−1 , . . . , h0 , 0, . . . , 0] as its ﬁrst row.
Since it is assumed that only y is known to the
receiver, the equation y = H̃ P s + w is not a linear
equation but a bilinear equation in h̃ and s. To make
this distinction explicit, the function F̃ (s, h̃) = H̃ P s
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is introduced, so that

y = F̃ (s, h̃) + w.

(3)

Given only y, the channel h̃ can be estimated in the
ˆ
least-squares sense by ﬁnding an h̃ which minimises
ˆ
inf ŝ y − F̃ (ŝ, h̃)2 ; an algorithm for doing so is given
in [10]. Roughly speaking, the channel will be said
to be algebraically identiﬁable if the least-squares estimate is unique. However, there are two reﬁnements
that must be made to this deﬁnition. The ﬁrst reﬁnement is to allow for an unknown scaling factor in the
ˆ
channel estimate; if h̃ is a least-squares estimate then
ˆ
so too is h̃ for any non-zero  ∈ C, a consequence
of the equality F̃ (s, −1 h̃) = F̃ (s, h̃). The second reﬁnement is to take into account the dependence on the
actual symbols transmitted. For instance, if s is the
zero vector then it is impossible to identify the channel. These reﬁnements are made in Section 4 since the
results of Section 3 are required.
3. Polynomial maps
Since F̃ in (3) is a bilinear map, and hence a polynomial map, the study of such maps is the key to understanding the intricacies of channel identiﬁcation.
Although the results in this section are known in
the algebraic geometry community and are thus stated
here without proof, it is not easy to ﬁnd explicit statements of them in the literature. The reader is referred
to [4,6,14,16] for more information.
Throughout,  ·  denotes the Euclidean norm and
B(z; r) denotes the open ball centred at z with radius
r. Topological concepts such as openness and denseness are with respect to the usual topology (and not
with respect to the Zariski topology [3] often used in
algebraic geometry).
3.1. Generic number of pre-images and generic
points
Let F : Cm → Cn be a polynomial map. The preimages of a point y ∈ Cn under F are the elements of
the set {z ∈ Cm : y = F (z)}. Theorem 1 states that,
for most y, the number of pre-images is constant, and
moreover, that the pre-images behave in a predictable
way if y is perturbed slightly.
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Theorem 1. Let F : Cm → Cn be a polynomial map
and let V = F (Cm ) ⊂ C n denote the closure of its
image. There exists a unique number N , possibly inﬁnite, and a polynomial h: Cn → C used to deﬁne the
set W = {y ∈ V : h(y)  = 0}, which satisﬁes the following. (1) The set W is open and dense in V. (2) For any
y ∈ W , there are precisely N pre-images of y under F.
(3) If N is ﬁnite, let z1 ∈ Cm be such that F (z1 ) ∈ W
and let z2 , . . . , zN be the other N − 1 pre-images,
that is, F (z1 ) = · · · = F (zN ). Then for any  > 0
there exists a  > 0 such that for any z ∈ B(z1 ; )
there are precisely N pre-images of F (z), and moreover, each set B(zi ; ) contains a pre-image of F (z)
for i = 1, . . . , N.
Remark. Part 3 of Theorem 1 can be replaced by the
stronger requirement that the restriction of F to the
set{z: F (z) ∈ W } is a covering map; see [1, Section
10.4] for the deﬁnition of a covering map.
Pre-images of F (z) under F for a given point z ∈
Cm feature prominently in this paper. Deﬁne N and
h as in Theorem 1; it follows that the polynomial
g: Cm → C deﬁned by g(z) = h(F (z)) is not the zero
polynomial, and moreover, if g(z)  = 0 then F (z) has
precisely N pre-images. This motivates the following
deﬁnitions.
A property which holds for all z for which g(z)  = 0
for some non-zero polynomial g is said to hold for
generic z; note that {z ∈ Cm : g(z)  = 0} is open and
dense in Cm . The number N in Theorem 1 is called the
generic number of pre-images of F . Any z for which
there exists a W deﬁned as in Theorem 1 and such that
F (z) ∈ W is called a generic point of F . A generic
point should be thought of as a well-behaved point
in the sense that part 3 of Theorem 1 holds about a
generic point.
Sometimes, it is convenient to partition z as z =
(z1 , z2 ). If a property holds for generic z1 and z2 then
it clearly holds for generic z. Lemma 2 states the converse; if a property holds for generic z then, for a
generic z1 , it holds for generic z2 (and, for a generic
z2 , it holds for generic z1 ).
Lemma 2. Let g: Cm × Cn → C be a non-zero
polynomial. There exists a non-zero polynomial
g1 : Cm → C such that, for all z1 ∈ Cm satisfying g1 (z1 )  = 0, there exists a non-zero polynomial

128

J.H. Manton et al. / Systems & Control Letters 54 (2005) 125 – 134

g2 : Cn → C (possibly depending on z1 ) such that
g2 (z2 )  = 0 implies g(z1 , z2 )  = 0.
3.2. Invertible, rationally invertible and full rank
maps
A polynomial map F is invertible if, for all z, F (z)
has one pre-image. It is rationally invertible if F (z)
has one pre-image for generic z. It has full rank if the
generic number of pre-images of F (z) is ﬁnite. It is
known that F is invertible if and only if there exists a
polynomial map G such that G ◦ F , the composition
of G and F , is the identity map. Similarly, F is rationally invertible if and only if there exists a rational
function G such that G ◦ F is the identity map over
its domain of deﬁnition [3,14]. Proposition 3 below
justiﬁes the term full rank; it requires the following
deﬁnitions.
Let f1 , . . . , fn be polynomials from Cm to C and
deﬁne the polynomial map F : Cm → Cn so that
F (z)=(f1 (z), . . . , fn (z)) ∈ Cn for z ∈ Cm . The Jacobian matrix J of F is a polynomial matrix whose ijth
entry is the polynomial *fi /*zj . It has a well-deﬁned
rank as a matrix over the ring of polynomials.
Proposition 3. Let J be the Jacobian matrix of the
polynomial map F. The generic number of pre-images
of F is ﬁnite if and only if J has full column rank.
Remark. Proposition 3 is a consequence of the
stronger result that the rank of J equals the largest
number of algebraically independent polynomials in
the set {f1 , . . . , fn }; see [14].
The evaluation of the Jacobian matrix at a point
z is denoted by Jz and is a complex valued matrix. The rank of Jz never exceeds the rank of J ,
and for generic z, the ranks are equal. Thus, F has
full rank if and only if there exists a z such that Jz
has full column rank. Another practical test is the
following.
Proposition 4. Let F : Cm → Cn be a polynomial
map and assume there exists a point y ∈ Cn such
that the number of pre-images N of y under F satisﬁes
1  N < ∞. Then F has full rank, and moreover, if
m = n then the generic number of pre-images of F is
greater than or equal to N.

Unfortunately, testing for rational invertibility is
harder [14,17] because it does not sufﬁce to show that
there is a single pre-image of F (z) for a particular
z. One complication is the possibility of a pre-image
hiding at inﬁnity.1 Later, in Proposition 12, a sufﬁcient condition for a map to be rationally invertible is
derived.
Remark. Testing for invertibility is also non-trivial;
it has long been conjectured that a polynomial map
F : Cn → Cn is invertible if and only if the determinant of its Jacobian matrix is a non-zero constant [2].
3.3. Randomness and least-squares solutions
In the presence of additive noise w, the polynomial
equation y = F (z) + w is often solved in the leastsquares sense: ﬁnd ẑ to minimise y − F (ẑ)2 . A fundamental question is whether or not there is a unique
minimum. Proposition 5 implies that provided w is
chosen at random, the number of minimising points
is equal to the generic number of pre-images of F
almost surely. As will be seen later, this means that
it sufﬁces to ignore the additive noise when studying
identiﬁability issues.
A vector w ∈ Cn is chosen at random if the vector [RwT IwT ]T formed from the real and imaginary
components of w is a realisation of a 2n-dimensional
real random vector whose probability distribution is
absolutely continuous with respect to 2n-dimensional
Lebesgue measure.
Proposition 5. Let F : Cm → Cn be a polynomial
map, let z ∈ Cm be chosen arbitrarily and let w ∈ Cn
be chosen at random. Deﬁne  ⊂ Cm to be the set of
all points ẑ ∈ Cm which minimise F (z)+ w −F (ẑ)2 .
Then, with probability one, there exists a ȳ in the image
of F such that  = {ẑ ∈ Cm : ȳ = F (ẑ)}. Furthermore,
for any polynomial h: Cn → C which is not identically
zero on the image of F, h(ȳ)  = 0 with probability one.

1 By deﬁnition, F (z) has a pre-image at inﬁnity if there is a
sequence {zk }∞
k=1 which diverges (zk  → ∞) yet F (zk ) → F (z).
For instance, F (z1 , z2 ) = (z1 z2 , z2 (z2 − 1)) generically has two
pre-images but F (z1 , z2 ) = (1, 0) has only one solution. The other
solution is hiding at inﬁnity; F (k, 1/k) = (1, 1/k(1/k − 1)) →
(1, 0).
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Remark. In fact, the ȳ in Proposition 5 is the Euclidean projection of y onto theclosure of the image
of F .

where H ∈ Cn×(n+l) is the upper triangular Toeplitz
matrix with ﬁrst row [hl , hl−1 , . . . , h1 , 1, 0, . . . , 0].
Note that y = F (s, h) is simply (2) with h0 = 1.
To motivate the theorem, consider the four sets

4. Algebraic channel identiﬁability

X1 (y) = {(s, h̃): F̃ (s, h̃) = y},
X2 (y) = {h̃: ∃s, F̃ (s, h̃) = y},

(6)

X3 (y) = {(s, h): F (s, h) = y},
X4 (y) = {h: ∃s, F (s, h) = y},

(7)

This section uses the results of the previous section
to deﬁne precisely the concept of algebraic identiﬁability introduced in Section 2. A technique for converting the original identiﬁability problem into a simpler
one without scale ambiguity or additive noise is given.
As in Section 2, let y = F̃ (s, h̃) + w be the received
vector. For a given y, deﬁne  ⊂ Cl+1 to be the set
of all least-squares estimates of the channel. That is,
h̃ˆ ∈  if and only if there exists an ŝ ∈ Cp such that
(ŝ, h̃ˆ ) is a global minimum of the cost function
ˆ
y − F̃ (ŝ, h̃)2 .

(4)

Note that uniqueness of ŝ is not required.
ˆ
ˆ
Since h̃ ∈  implies h̃ ∈  for any non-zero  ∈
C (see Section 2), it is more interesting to study equivalence classes of , where h̃1 , h̃2 ∈  are equivalent
if there exists a non-zero  ∈ C such that h̃1 = h̃2 .
(Such equivalence classes of Cl+1 with the origin
omitted form l-dimensional complex projective space
[3,10].) Deﬁne N(s, h̃, w) to be the number of elements up to equivalence of ; here the dependence of
 on y, and hence on s, h̃ and w, is made explicit.
Observe that, for a given source vector s, channel
vector h̃ and noise vector w, if N (s, h̃, w) = 1 then
the receiver can identify the channel h̃ uniquely up to
an unknown complex valued scaling factor based only
on the received vector y = F̃ (s, h̃) + w by computing
the least-squares estimate of h̃. It is important then to
study how N (s, h̃, w) depends on s, h̃ and w. Theorem
7 below proves that N (s, h̃, w) is constant for almost
all s, h̃ and w, and moreover, that this constant value
can be determined by studying a related but simpler
identiﬁability problem.
The statement of the theorem requires the polynomial map F : Cp+l → Cn deﬁned as
F (s, h) = F̃ (s, [1 hT ]T ) = H P s,
s ∈ Cp , h = [h1 , . . . , hl ]T ∈ Cl ,

(5)

where s ∈ Cp , h̃ ∈ Cl+1 and h ∈ Cl . Observe that,
in the noise free case (w = 0), X2 (y) equals the set
of least-squares channel estimates . When noise is
present then Proposition 5 implies that, with probability one, there exists a ȳ such that the set of global
minima of (4) equals X1 (ȳ), hence  = X2 (ȳ).
Deﬁne N2 (y) to be the number of elements in X2 (y)
up to equivalence and deﬁne N3 (y) and N4 (y) to be
the number of elements in X3 (y) and X4 (y) respectively. As is reasonable to expect, Lemma 6 proves
that for most y, N3 (y) = N4 (y). Moreover, provided
ˆ
none of the channel estimates h̃ ∈ X2 (y) have their
ﬁrst element equal to zero, N2 (y) = N4 (h). Theorem 7
proves that this is almost always the case; the number
of least-squares channel estimates up to equivalence
almost surely equals the number of pre-images of y
under F .
Lemma 6. Deﬁne F (s, h), X3 (y), N3 (y) and N4 (y)
as above. Deﬁne N to be the generic number of preimages of F. There exists a polynomial h which is not
identically zero on the image of F and such that, for
any y in the closure of the image of F, h(y)  = 0 implies
that N3 (y)=N4 (h)=N . Furthermore, if F has full rank
then it sufﬁces to choose h as in Theorem 1, in which
case both the s-coordinates and the h-coordinates of
the points in X3 (y) are distinct if h(y)  = 0.
Proof. Assume ﬁrst that F has full rank and choose h
as in Theorem 1, so that h(y)  = 0 implies N3 (y) = N .
Assume to the contrary that there exist distinct points
(s1 , h1 ), (s2 , h2 ) ∈ X3 (y) with either s1 = s2 or h1 =
h2 .Due to the bi-afﬁne structure of F , if h1 = h2 then
F (s1 , h1 ) = F (s1 + (s2 − s1 ), h1 ) for all  ∈ C. Similarly, if s1 = s2 then F (s1 , h1 )=F (s1 , h1 + (h2 − h1 ))
for all  ∈ C. Both cases contradict N3 (y) = N < ∞,
proving that the s and h coordinates are distinct, in
turn proving that N3 (y) = N4 (y).
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Assume now that F does not have full rank. Deﬁne
the variety W = {(s, h): rank {H P } < p} and note that
dim W < p + l because it is assumed in Section 2 that
P has full column rank. Deﬁne h as in Corollary 16
(Appendix A) so that h(y)  = 0 implies that there are
an inﬁnite number of pre-images of y lying outside
W . Let (s1 , h1 ) and (s2 , h2 ) be two such pre-images,
that is, F (s1 , h1 ) = H1 P s1 = H2 P s2 = F (s2 , h2 ) with
both H1 P and H2 P having full column rank. Clearly,
if h1 = h2 then s1 = s2 . Thus N4 (y) = ∞ = N . 
Theorem 7. As above, let N (s, h̃, w) denote the number of least-squares estimates of the channel up to
equivalence. Deﬁne N to be the generic number of
pre-images of the polynomial map F deﬁned in (5).
If there is no noise (w = 0) then, for generic s and
h̃, N(s, h̃, 0) = N . If additive noise is present then,
for w chosen at random and for arbitrary s and h̃,
N(s, h̃, w) = N with probability one.
Proof. The proof continues on from the discussion
preceeding Lemma 6. It is proved below that there
exists a polynomial h which is not identically zero
on the image of F̃ such that, for any y in the closure of the image of F̃ , h(y)  = 0 implies N2 (y) = N.
This proves the theorem in the noise free case because
N(s, h̃, 0)=N2 (F̃ (s, h̃)), and moreover, Lemma 2 implies that, for generic s and h̃, h(F̃ (s, h̃))  = 0.It also
proves the theorem when noise is present because,
with probability one, N (s, h, w) = N2 (ȳ) where ȳ is
deﬁned in Proposition 5, and moreover, Proposition 5
proves that h(ȳ)  = 0 with probability one.
Consider ﬁrst the case N = ∞. Deﬁne W to be the
set of all points (s, h̃) with the ﬁrst element of h̃ zero.
Corollary 16 applied to F̃ proves that there exists a
polynomial h1 such that h(y)  = 0 implies that y is
contained in the image of F . Lemma 6 proves that
there exists an h2 such that, provided y is in the image
of F , h2 (y)  = 0 implies N4 (y) = ∞. Deﬁne h(y) =
h1 (y)h2 (y). Then h(y)  = 0 implies N4 (y) = ∞ which
in turn implies N2 (y) = ∞ because N2 (y)  N4 (y).
The case of N ﬁnite is similar but requires the
stronger condition in Corollary 16. It is proved below
that dim F̃ (W ) < dim F̃ (Cp+l+1 ) if N is ﬁnite. (Note
that the N in Corollary 16 is still inﬁnite because F̃
cannot have full rank due to the scale ambiguity.) Thus,
since N2 (y) = N4 (y) if no element of X1 (y) lies in W ,
Corollary 16 shows that there exists a polynomial h1

such that h1 (y)  = 0 implies N2 (y) = N4 (y). Deﬁne h2
as in Lemma 6 so that h2 (y)  = 0 implies N4 (y) = N .
Thus, h(y) = h1 (y)h2 (y)  = 0 implies N2 (y) = N , as
required.
To prove dim F̃ (W ) < dim F̃ (Cp+l+1 ) if N is ﬁnite,
deﬁne the sets
U1 = {y: y = F̃ (s, [0 0 hT ]T ), s ∈ Cp , h ∈ Cl−1 },
(8)
U2 = {y: y = F̃ (s, [0 1 hT ]T ), s ∈ Cp , h ∈ Cl−1 },
(9)
U = {y: y = F̃ (s, [0 hT ]T ), s ∈ Cp , h ∈ Cl },

(10)

V = {y: y = F̃ (s, [1 hT ]T ), s ∈ Cp , h ∈ Cl }.

(11)

Since V is the image of the full rank map F , Lemma 15
implies that dim V̄ =p+l. Lemma 15 also implies that
dim Ū1 < p+l and dim Ū2 < p+l. Since U =U1 ∪U2 ,
dim Ū < p+l too. In particular, dim Ū < dim V̄ . Since
F̃ (Cp+l+1 ) = U ∪ V , F̃ (Cp+l+1 ) = Ū ∪ V̄ = V̄ , the
last equality a consequence of F̃ (Cp+l+1 ) being an
irreducible variety (Lemma 15) and dim Ū < dim V̄ .
Thus dim F̃ (W ) = dim Ū < dim V̄ = dim F̃ (Cp+l+1 ),
as required. 
Remark. Theorem 7 considered the noise free case
as well as the additive noise case because, on its own,
the statement that N (s, h, w)=N with probability one
for arbitrary s and h hides the need for a persistence
of excitation condition on s and a regularity condition
on h if the resulting channel estimate is to be meaningful. Speciﬁcally, assume that the precoder is such
that N = 1 in Theorem 7. If s = 0 and/or h = 0 then
the channel output is just noise: y = w. Even though
(4) will almost surely have a unique minimum up to
scale if w is chosen at random (that is, N (0, 0, w) = 1
almost surely), it is clearly not possible to identify the
channel in any sensible way. This is reﬂected in the
noise free statement that N (s, h, 0)=∞ if s =0 and/or
h = 0. The importance of the noise free result is that it
shows that the persistence of excitation and regularity
conditions are very mild; for generic s and generic h,
N (s, h, 0) = 1 in this example.
The implication of Theorem 7, irrespective of
whether or not additive noise is present, is that the
following three cases are exhaustive. The channel is
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identiﬁable if F in (5) generically has one pre-image,
it is weakly identiﬁable if F generically has more than
one but a ﬁnite number of pre-images, and it is not
identiﬁable if F generically has an inﬁnite number of
solutions. The physical meaning of these deﬁnitions
follows from Theorem 7; in the noise free case, under mild conditions on the source symbols and the
channel, the receiver can determine the channel, up to
an unknown scaling factor, if and only if the channel
is identiﬁable. If additive noise is present, the leastsquares estimate will be unique up to an unknown
scaling factor with probability one if and only if the
channel is identiﬁable. Similarly, if the channel is
weakly identiﬁable then there is more than one but
a ﬁnite number of possibilities for the channel up to
scale.
Remark. Weak identiﬁability is still a useful property; the ﬁnite number of possible channel estimates
might be reduced to a single one by exploiting extra
knowledge gained from a ﬁnite alphabet constraint on
the elements of s or, in an adaptive environment, from
an old estimate of the channel h. (In the latter case,
choose the current estimate to be the one closest to the
old estimate.) Note too that since the Jacobian matrix
of F is linear in s and h, Proposition 3 is a straightforward test for weak identiﬁability.

5. Generic linear precoders
Rather than consider individual precoders, this section considers whole families of precoders and makes
statements about almost all members of each family.
This enables the big picture to be seen. It is proved that
the amount of redundancy that must be introduced to
enable the identiﬁcation of the channel almost always
depends on the size of the precoder matrix and not on
its individual elements.
The following deﬁnitions are introduced for conciseness. For a given channel order l and precoder matrix P ∈ C(n+l)×p , deﬁne F (s, h) = H P s as in (5).
Let N denote the generic number of pre-images of F .
Then P is said to be strong if N = 1, it is weak if
1 < N < ∞, and it is inept if N = ∞. From Theorem
7, it is clear that a strong precoder enables the receiver
to identify the channel while a weak precoder enables
the receiver to identify weakly the channel.
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Remark. The strength of a speciﬁc precoder can be
determined by using symbolic techniques [3] to calculate the generic number of pre-images of F .
A property holds for a generic precoder if there
exists a non-zero polynomial g: C(n+l)×p → C in
the elements of P such that the property holds for all
precoders P satisfying g(P )  = 0. If a property holds
for a generic precoder then it holds with probability
one for a precoder chosen at random.
Proposition 8 and Theorem 9 are the main results
of this section and are proved in Section 5.1. Proposition 8 states that the strength of a generic precoder
depends only on its size and the channel order. Theorem 9 gives necessary and sufﬁcient conditions for
a generic precoder to be strong, weak or inept. The
section concludes with two examples showing that
non-generic precoders not obeying these rules do
exist.
Proposition 8. For any triple (n, p, l) there exists a
number N(n,p,l) such that, for a generic precoder P ∈
C(n+l)×p , the resulting system F, deﬁned in (5), has
N(n,p,l) pre-images generically.
The function F consists of n equations in p + l
variables. Excluding the trivial case p = 1, it might
be anticipated that if n = p + l, a generic precoder is
strong. Theorem 9 shows that this is not the case; if
n = p + l then a generic precoder is weak. Only if the
number of equations exceeds the number of variables
(n > p + l) is a generic precoder strong. This is due
to the special structure of F .
Theorem 9. Deﬁne N(n,p,l) as in Proposition 8. Then
N(n,p,l) = ∞ if n < p + l; 1 < N(n,p,l) < ∞ if n = p + l
and p > 1; or N(n,p,l) = 1 if n > p + l.
The following exceptions to the rule illustrate the
need for considering generic precoders.
Example 10. Choose p and l arbitrarily but set n =
p + l. Consider the precoder P which maps s to
[0, . . . , 0, s1 , 0, . . . , 0, s2 , . . . , sp ] where there are l
zeros both before and after s1 . The elements of the
output vector (given by (2) with h0 = 1) satisfy y1 =
s1 , y2 = h1 s1 , y3 = h2 s1 and so forth. Therefore, P is
strong.
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Adding an extra equation to a weak precoder does
not necessarily make it strong.
Example 11. Set l = 1, n = 4 and p = 3. The precoder
which maps s to [0, s3 , s1 , s2 , s3 ] can be shown to be
weak; the system F generically has 3 pre-images. It
might be expected that the precoder of size n = 5
which maps s to [0, s2 , s3 , s1 , s2 , s3 ] is strong now
since n > p + l. However, the system F still has 3
pre-images generically.
5.1. Proofs of Proposition 8 and Theorem 9
If a system F has full rank then adding an extra
equation will often make the enlarged system rationally invertible (see Example 11 though). Proposition
12 makes this precise.
Proposition 12. Let G(z, v) be a polynomial map decomposable as G(z, v) = (G1 (z), G2 (z, v)) where G1
has full rank. If there exists a point (z̄, v̄) such that
z̄ is a generic point of G1 and G(z̄, v̄) has a single
pre-image then G is rationally invertible.
Proof. A consequence of parts 1 and 2 of Theorem 1
is that it sufﬁces to ﬁnd open sets  and  such that
for all v ∈  and z ∈ , G(z, v) has a single preimage. Let z1 , . . . , zN be the N pre-images of G1 (z̄)
with z1 = z̄. For 1 , 2 > 0 deﬁne the sets
Yi = {G2 (z, v): z ∈ B(zi ; 1 ), v ∈ B(v̄; 2 )},
i = 1, . . . , N.

(12)

The continuity of G2 ensures there exist 1 , 2 > 0
such that Y1 ∩ Yj = ∅ for j > 1. Choose  as in part
3 of Theorem 1 so that a change in z̄ of less than 
will change each of the pre-images zi by less than 1 .
Taking  = B(v̄; 2 ) and  = B(z̄; ) completes the
proof. 
Deﬁne p ∈ C(n+l)p to be the vector representation of the precoder matrix P , that is,
P = vec−1 p. The map F in (5) can thus be written as
F (s, h; p) = H (vec−1 p)s. Deﬁne the polynomial map
G: Cp+l+(n+l)p → Cn+(n+l)p to be
G(s, h, p) = (F (s, h; p), p).

(13)

Proof of Proposition 8. Deﬁne N(n,p,l) to be
the generic number of pre-images of G. Since

G(s , h , p ) = G(s, h, p) is equivalent to F (s , h ) =
F (s, h) and P  = P , apply Lemma 2 to conclude
that, for generic P , F (s , h ) = F (s, h) has N(n,p,l)
solutions for generic (s, h). 
Lemma 13. For any l  1, p > 1 and n = p + l, there
exists a weak precoder P ∈ C(n+l)×p .
Proof. Choose P so as to map s to [0, . . . , 0, s1 ,
s2 , 0, . . . , 0, s3 , . . . , sp ] where there are l zeros both
before s1 and between s2 and s3 . The elements of
the output vector (2) thus satisfy the equations y1 =
s1 , y2 = s2 + h1 s1 , y3 = h1 s2 + h2 s1 up to yl+2 = hl s2 .
These represent l + 2 equations in l + 2 unknowns. By
Proposition 4, it sufﬁces to ﬁnd a single output vector for which there is more than one solution. Choose
y1 =−1 then. Repeated substitution shows that s2 must
satisfy s2l+1 − y2 s2l − y3 s2l−1 − · · · − yl+2 = 0. For
generic (y2 , . . . , yl+2 ) there are l + 1 > 1 solutions of
this equation, and it can be veriﬁed that each leads to
exactly one solution of the full system y =F (s, h). 
Proof of Theorem 9. Deﬁne G as in (13) and observe
from the proof of Proposition 8 that N(n,p,l) is simply
the generic number of pre-images of G. If n < p + l
then G has fewer equations than unknowns and hence
an inﬁnite number of pre-images; N(n,p,l) = ∞ if
n < p + l.
Assume n = p + l and p > 1. Lemma 13 proves
that there exists a point (s, h, p) such that G(s, h, p)
has more than one but less than an inﬁnite number of pre-images. Thus, Proposition 4 implies that
1 < N(n,p,l) < ∞.
Assume n > p + l. The following proof that G is
rationally invertible exploits the fact that the last element xn of the encoded vector x = P s affects only the
last element yn of the output vector y = H x. Partition
the matrices H and P as follows:



 
H1 0
H 1 P1 s
P1
, (14)
s= T
HPs = T
u P1 s + vT s
u
1
vT
where uT = [0 · · · 0 hl · · · h1 ] and vT is the last row of
P . Let p1 be the vector representation of P1 , that is,
P1 = vec−1 p1 . Decompose the map G accordingly
G(s, h, p) = (G1 (s, h, p1 ), G2 (s, h, p1 , v)),

(15)

G1 = (H1 (vec−1 p1 )s, p1 ),

(16)
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G2 = ((uT (vec−1 p1 )s + vT s), v).

(17)

Notice that G1 is identical to G in (13) if the precoder
P1 were used instead of P . Proposition 4 implies that
G1 has full rank since for any n > p + l there exists a
P1 ∈ C(n+l−1)×p which is a weak precoder (take for
instance the precoder in Example 10 with n−(p+l)−1
zeros appended). In order to apply Proposition 12, let
(s̄, h̄, p̄1 ) be a generic point of G1 and deﬁne (si , hi )
so that
{(s1 , h1 ), . . . , (sN , hN )}
= {(s, h): G1 (s, h, p̄1 ) = G1 (s̄, h̄, p̄1 )}.

(18)

Note that the last sentence of Lemma 6 ensures that
si = sj for i = j . For each (si , hi ) the ﬁrst component of G2 takes the value uTi P̄1 si + vT si (where ui
depends only on hi ). These values can be made distinct by a judicious choice of v. By Proposition 12, G
is rationally invertible. 
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Remark. Whether or not N(n,p,l) = N(n,p,l) holds for
all (n, p, l), where N(n,p,l) is deﬁned in Proposition
8, is not investigated here.

6. Conclusion
This paper drew attention to the fact that, in a linearly precoded wireless communication system, the
impulse response of channel (1) can often be determined by solving a system of noise-corrupted polynomial equations. In Section 4 it was proved that the
number of channel estimates obtained by solving this
system of equations in the least-squares sense can be
determined by studying the generic number of solutions of a related polynomial equation. Standard results from algebraic geometry were then applied in
Section 5 to prove that the feasibility of the receiver
identifying the channel is governed primarily by the
size of the precoder matrix and not, in general, on the
individual elements of the precoder matrix.

5.2. Generic zero preﬁx precoders
A zero preﬁx precoder is a precoder P ∈ C(n+l)×p
whose ﬁrst l rows are zero. Such a precoder sets the
initial state of the channel to zero, that is, x1−l = · · · =
x0 = 0 in (2). This is arguably a nice thing to do. Since
a randomly chosen precoder will not have a zero preﬁx
with probability one, there is no reason for Proposition
8 and Theorem 9 to hold for zero preﬁx precoders.
Moreover, it is plausible that the condition n > p + l
in Theorem 9 can be relaxed for zero preﬁx precoders.
However, this is not the case. This is formalised below.
A property holds for a generic zero preﬁx precoder
if there exists a non-zero polynomial g: C(n+l)×p →
C such that the property holds for all precoders P
satisfying g(P )  = 0 and whose ﬁrst l rows are zero.
Theorem 14. For any triple (n, p, l) there exists a
zp
number N(n,p,l) such that, for a generic zero preﬁx precoder P ∈ C(n+l)×p , the system F deﬁned in (5) has
zp
zp
N(n,p,l) pre-images generically. Moreover, N(n,p,l) =
zp
∞ if n < p+l; 1 < N(n,p,l) < ∞ if n=p+l and p > 1;
zp
or N(n,p,l) = 1 if n > p + l.

Proof. By design, only a minor modiﬁcation of the
proofs in Section 5.1 is required. 

Appendix A. Technical results on polynomial
maps
The following known results on polynomial maps
are not included in Section 3 because knowledge of
these results is not essential on a ﬁrst reading. These
results require the deﬁnitions of a variety,2 an irreducible variety, and the dimension of a variety, all of
which can be found in [3].
Lemma 15. Let F : Cm → Cn be a polynomial map
and let W ⊂ Cm be a variety. Then U = F (W ),
the closure of the image of W , is also a variety.
Moreover, if W is irreducible then so too is U . Also,
dim U  dim W . If W = Cm then dim U = m if and
only if F has full rank.
Corollary 16 is an extension of Theorem 1 and can
be deduced from Lemma 15. Note that N is allowed
to be inﬁnite.
2 The word variety is used here to mean an algebraic set and
is consistent with the usage in [3]. However, the reader should be
aware that this differs from the modern terminology which deﬁnes
a variety to be an irreducible algebraic set.
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Corollary 16. Let F : Cm → Cn be a polynomial
map which generically has N pre-images and let
W ⊂ Cm be a variety with dim W < m. There exists
a polynomial h: Cn → C which is not identically
zero on F (Cm ) and such that, for any y ∈ F (Cm ),
h(y)  = 0 implies that there are N pre-images of y
under F that lie outside W. This can be strengthened
ifdim F (W ) < dim F (Cm ) (which is always the case
if N is ﬁnite), in which case h(y)  = 0 also implies
there are no pre-images of y under F contained in W.
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