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Abstract

A family of polynomials is robustly stable if each member of the family is stable, meaning all its zeros lie in
the open left half plane. Consider a one dimensional affine family of polynomials, visualised as a line segment. For
some such families, it is known the family is robustly stable if and only if the two end points are stable. Indeed, a
sufficient condition is for the line segment to be parallel to what is called a convex direction. This paper extends
this result to nested polynomial families. Specifically, a set of directions is found such that, if the line segment is
parallel to one of these directions, then any nested family obtained by composing a fixed polynomial with the line
segment is robustly stable if and only if its end points are stable. Moreover, it is proved this set of directions is the

largest possible. An extension to higher dimensional families is also derived.
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1 Introduction

A polynomial p over either the real or the complex field is said to be Hurwitz stable, or simply Hurwitz or stable,
if all its zeros lie in the open left half plane. By convention, a polynomial of degree zero is not Hurwitz stable. A
family P of polynomials is robustly stable if every polynomial in P is stable. Given a family P and a polynomial

¢, the associated nested polynomial family is
N =¢(P)={¢op: peP} (1)

where o denotes composition. This paper restricts attention to nested polynomial families of the form (1), where
the polynomials in the base family P have real coefficients. The fixed polynomial ¢ can have complex coefficients.

Proving an arbitrary nested family A is robustly stable in general necessitates verifying each and every polyno-
mial in N is stable. Of interest then are classes of families for which the whole family can be proved to be robustly
stable simply by verifying a finite number of strategically chosen elements of the family are stable [3, 5, 12]. To

this end, this paper proves the following two results. For clarity, Corollary 1 is stated instead of Theorem 13.

Corollary 1 Let pg and py be two polynomials with real coefficients. It is assumed

sin(20)

— if sin(26) > 0,
46 <{ (2)
dw — sin(20) .

— otherwise

holds for all w > 0 for which 6(w)arg{p1(jw) — po(yw)} is defined, that is, for which pi(jw) # po(yw), and the

degree of every element of the line segment
P={p: p=Ap1+ (1= Npo, A€0,1]} (3)

is the same and greater than zero. Let ¢ be an arbitrary polynomial with possibly complex coefficients. Then the

one dimensional nested family N'= ¢(P) is robustly stable if and only if both ¢(po) and ¢(p1) are stable.

Corollary 1 extends to the following class of higher dimensional families. The class is larger than the ones

considered in [13, Theorem 2] and [18, Theorem 3]. First, for i = 1,--- , n, define the interval polynomial families
Ai=<p: p(s) = Za;l)sj, a;l) € [a,g-li),a;lﬂ] CcR (4)
=0

where it is assumed d; > 0 and 0 ¢ [a&i_),agﬂ], so the degree of every element of A; is d;. Then, for fixed

polynomials ¢, - - - , g, with real coefficients, define the family

P = {p : p<5) = Q1(5)a1(8) + -+ Qn(s)an(s)v al(s) € Aiv 1=1,-- vn} (5)



of linear combinations of the interval polynomials. Finally, define the nested family N = ¢(P) where ¢ is an

arbitrary polynomial with possibly complex coefficients.

Theorem 2 Consider the nested family N defined above. Define 0;(w) = arg{q;(jw)}. It is assumed, for all

t=1,---,n and for all w > 0 for which 0;(w) is defined,

d01 Sin(29i)

— < . 6

dw — dw (6)
It is also assumed the degree of every polynomial in P is the same and greater than zero. Let K}, --- K} denote

the Kharitonov polynomials [16] associated with the family A;, namely

Kl(s) = a(()r) + agif)s + agﬁ)sz + a§i+)83 + aiz‘f)84 + agi—)s5 + aéi+)56 + a§i+)s7 T (7)
Kf(s) _ a(()r) + agﬁ)s + aéH)SQ + aéif)s?, + al(;‘f)s4 + aéi+)s5 + aéH)sG + a(7i7)87 T (8)
Kf(s) _ a(()¢+) + agz'—)s + aéi—)82 + a:(;'+)83 + ai¢+)s4 + ag‘—)ss + aéi—)sﬁ i a$+)s7 . )
Ki(s) = a(()¢+) + ag¢+)s + ag'—)s2 + aéi—)sza + ai¢+)s4 + aé¢+)85 + ag_)SG + a(7¢_)87 . (10)

and define the finite family
P= {p: p(s) =qi(s)ai(s) + -+ qn(s)an(s), ai(s) € {K},-- | K!}, i=1,--- ,n}. (11)
Then N is robustly stable if and only if N' = ¢(P) is robustly stable.

Motivation for considering these robust stability problems is now given. The set of stable polynomials forms
a subset of the set of polynomials. The shape or geometry of this subset depends on the particular parameteri-
sation (or coordinate system) used. If, for example, monic polynomials are parameterised by their roots, so that
(A1,--+, Ap) represents the polynomial p(s) = (s — A1) --- (s — \p), then the set of stable polynomials is simply the
space {(A1, -+ ,Ap) s RN\, <0, i=1,---,p}. In this geometry, stability results for polytopes of polynomials are
trivial; the whole family is robustly stable if and only if every extreme point of the family is stable. Unfortunately,
many practical problems do not result in families forming polytopes under this geometry.

Another natural parameterisation of polynomials is via their coefficients, so that (ao,--- ,ap) represents the
polynomial p(s) = aps? + - -- + ag. In this geometry, the straight line segment connecting the polynomials pg and
p1 is given by {p: p=Ap1 + (1 — N)po, A € [0,1]}. Although the shape of the set of stable polynomials in this
geometry is hard to visualise, and hence robust stability results are often non-trivial, it is known [19, Theorem 2]

that if p; — po satisfies a certain phase growth condition similar to (2) then the line segment joining po and p; is



fully contained in the set of stable polynomials if and only if its end points, pg and p;, are stable. Directions p; — pg
for which this is true are called convex directions [3, 5].

The usefulness of convex direction like results is, given a polytopic family of polynomials (under the coefficient
geometry described above), if every edge is a convex direction then the whole family is robustly stable if and only
if its extreme points are stable [19]. Such families have been found to arise in practice.

Several pointers to the literature are now provided. For an overview, see [3, 5, 16, 19]. Kharitonov’s Theo-
rem [12] states the family of interval polynomials A; in (4) is robustly stable if and only if the four Kharitonov
polynomials (7)—(10) are stable. The graphical significance of the Kharitonov polynomials was discovered by Das-
gupta [9] and used in [16] to give an elementary proof of Kharitonov’s theorem. The theorem remains true in the
presence of a degree drop [22]. Similar extreme point results to Kharitonov’s, but for polytopes of polynomials
and under necessarily restrictive conditions (see the counter-example in [1]), are presented in [19], which build on
the work of [4] and others. Multilinear families are considered in [2, 17, 21]. At the other extreme, very general
structures are studied in [23]. Nested families of interval polynomials, which arise in stability analysis of uncertain
uniform systems [18], are considered in [13]. Very recently, robust stability of multivariate polynomials has been
investigated [14]. Frequency response arcs of Hurwitz polynomials are known to be convex [11, 15, 10].

The remainder of this paper is organised as follows. Section 2 states preliminary results while Section 3 presents
the main technical result. Corollary 1 and Theorem 2 are proved in Section 4. Several applications are mentioned

in Section 5 while Section 6 concludes the paper.

Notation: If z € C then Rz, 3z and z denote the real part, imaginary part and complex conjugate respectively.
The symbol 7 denotes v/—1. Strictly positive real numbers are denoted by R*. A non-constant polynomial is one
whose degree is greater than zero, a real polynomial is one whose coeflicients are real valued, and similarly for a
complex polynomial. A prime always denotes differentiation with respect to s, even if the argument is jw. For

example, if p(s) = s? + 5s then p/(s) = 25 +5 and p'(jw) = 2w + 5.

2 Preliminaries

2.1 Hurwitz Stability

If p(s) is a polynomial, or indeed any complex analytic function, the number of zeros p(s) has in a region 2
containing the origin equals the winding number of p(s) along the boundary of . If Q is the open left half plane

then, for the purposes of computing the winding number, its boundary can be taken to be the imaginary axis



(=700, 700) and the semi-circle re?? where 0 € [r/2,37/2] and r — oco. If p(s) is a polynomial of degree d then the
contribution to the winding number along the semi-circle is d/2. Thus, p(s) has all d zeros in the open left half
plane if and only if p(yw) # 0 for all w € (—o0, 00) and % arg {p(yw)} increases by d/2 as w goes from —oo to co.
A direct proof of this from first principles appears in [16].

Showing - arg {p(jw)} increases by d/2 is not always easy. An alternative is to investigate the values of w when
p(jw) crosses the real axis and the imaginary axis; as long as these values strictly interlace, p(jw) must encircle the
origin the required number of times. This classical result is now stated formally; see [5] for a proof. The condition

ag—1a4 + bg—1bg > 0 ensures p(jw) encircles the origin in the correct direction.

Lemma 3 (Hermite-Biehler Theorem) Let p(s) = Zf:o (a; + 7b;)s® with a;, b; € R be a complex polynomial of

degree d > 1. Define the polynomials

uw(w) = Np(jw) = ag — bhyw — asw? + bsw® + - -, (12)

v(w) = Sp(Jw) = by + a1w — baw® — azw® + - - - . (13)

Then p(s) is stable if and only if ag—1a4 + ba—1bq > 0 and the zeros of u(w) and v(w) are all simple and real and

interlace as w runs from —oo to oo.

Corollary 4 is Lemma 3 specialised to real polynomials.

Corollary 4 Let p(s) be a real non-constant polynomial. Decompose p(s) uniquely as p(s) = u(s?) + sv(s?). Then
p(s) is Hurwitz if and only if its leading two coefficients are non-zero and have the same sign, and the roots of u(t)

and v(t), denoted by x; and y; respectively, are simple, real, negative and interlace in the following way:
0>z >y1 >x>9y2> - (14)
Lemma 5 is a simple extension of [16, Property 2]. Lemma 6 follows from Lemma 3.

Lemma 5 If p(s) is a complex Hurwitz polynomial then arg {p(yw)} is smooth and strictly increasing in w.

Lemma 6 If p(s) is a real Hurwitz polynomial of degree at least two then Q = {w > 0: Rp(yw) = 0} is non-empty

and finite.

The stability of a nested polynomial depends in a straightforward way on the roots of the outer polynomial.

Lemma 7 If ¢(z) =[]\, (z — z;) then ¢(p(s)) is stable if and only if p(s) — z; is stable for i =1,--- ,n.

n

PROOF.  The lemma, which appears in [13], follows from the factorisation ¢ (p(s)) = [Tr~; (p(s) — zi). 0



2.2 Convex Directions

Let po(s) and d(s) be polynomials and define S to be the set of A € R for which po(s) + Ad(s) is stable. In general,
little can be said about S. For certain d(s) though, known as convex directions, S is an interval. Two convex

direction results are stated. The first corrects an erroneous statement and proof in [5].

Lemma 8 Let §(s) be a real polynomial and let d # 2 be any positive integer greater than or equal to the degree of

d(s). The following two statements are equivalent.

1. There exists an wg € R™ such that §(ywo) # 0 and

darg {6(jw)}

J |sin(2arg {6(wo)})
dw .

2(4]0

(15)

w=wq

2. There exists a real polynomial po such that po(s) + Ad(s) has degree d for A € [0,1] and po(s) + Ad(s) is

Hurwitz for A € {0,1} but not for all X € [0,1].
Furthermore, if d < 2 then Statement 2 is false.

PROOF.  The equivalence of the statements is proved in [19] when d > 4. It was erroneously extended to d > 1
in [5]. However, the proof in [5] that Statement 2 implies Statement 1 for d > 1 is correct, and also follows from
the results in [19]. The remaining cases are proved in Appendix A. O

If §(s) is such that Statement 2 of Lemma 8 is false then d(s) is called a convex direction for real Hurwitz

polynomials of degree d. The analogous result for complex Hurwitz polynomials is Lemma 9.

Lemma 9 Let 6(s) be a complex polynomial and let d > 1 be any integer greater than or equal to the degree of

d(s). The following two statements are equivalent.

1. There exists an wy € R such that 6(jwo) # 0 and

darg {6(yw)}

: 1
o >0 (16)

w=wq

2. There exists a complex polynomial py such that po(s) + Aé(s) has degree d for X € [0,1] and po(s) + Ad(s) is

Hurwitz for A € {0,1} but not for all X € [0,1].

PROOF.  This is proved in [19] for d > 2. The case d = 1 is proved in Appendix A. O



2.3 Rate of Change of the Phase

A formula for the frequently arising function % arg {p(yw)} is derived. Note that since p’(s) is the derivative with

respect to s then

dp(jw)
dw

=0’ (Jw). (17)

By using the identity arg p(jw) = Slog p(yw) or otherwise, it follows that

; e
o e {p(w)} T S p(ng)_wg (18)
_ P’ (Jwo)
= { p(Jwo) } ' (19)

Lemma 10 gives a lower bound on (19) and follows from the proof of [19, Lemma 11].

Lemma 10 If p(s) is a real Hurwitz polynomial then

L g {p(w)} (20)

dw

S sin (2 arg{p(gwo)}) ‘
- 2w

w=wqo
for all wy € RY. Moreover, equality is obtained if and only if p(s) has degree 1.

2.4 Root Location and Continuity

Lemma 11 is usually called Lucas’ theorem [6]. It implies that if p(s) is Hurwitz then so too is p’(s).

Lemma 11 Let p(s) be a complex polynomial. All the roots of p’(s) are contained in the closed convex hull of the

set of roots of p(s).

Part B of Lemma 12 is the Zero Exclusion Principle [19, Proposition 1] and follows from Part A.

Lemma 12 Let p(s;A) be a polynomial in s whose coefficients depend continuously on A € R™, m > 1. For
A CR™, define P ={p: p(s) =p(s; ), A € A}. Assume every p € P has the same degree. A) If A is open and
p(z;A) = 0 for some z € C and X\ € A, then for any § > 0 there exists an € > 0 such that a root of p(s; \) is within
§ of z if N\—= X < e. B) If A is connected and there exist py,p2 € P with p1 Hurwitz but py not, then there exist

ps € P and w € R such that p3(jw) = 0.

3 A Convex Direction Result for Nested Polynomials

The key technical result is Theorem 13.



Theorem 13 Let §(s) be a real polynomial and d > 1 any integer greater than or equal to the degree of 6(s). The

following three statements are equivalent.

1. There exists an wg € R™ such that §(ywo) # 0 and

sin(2 arg{d(ywo) }) . .
dag (o)} | )T ge i sinQ@ag{i(eo)h) 20, o
" o —sin@arsldlwol)  otherwise.
wo

2. There exist non-constant real polynomials pg and ¢ such that po(s) + No(s) has degree d for A € [0,1] and

d(po(s) + A(s)) is Hurwitz for X € {0,1} but not for all X € [0, 1].

3. There exists a real polynomial py and a non-constant complex polynomial ¢ such that po(s)+ Ad(s) has degree

d for X € [0,1] and ¢(po(s) + N6(s)) is Hurwitz for X € {0,1} but not for all X € [0,1].

In view of the equivalence of Statements 2 and 3 of Theorem 13, it is not necessary to distinguish between ¢
being a real or a complex polynomial. Therefore, a real polynomial 6(s) for which Statement 1 of Theorem 13 is
false is simply called a convex direction for nested polynomials.

The proof of Theorem 13 is broken into several parts. Lemma 15 proves the equivalence of Statements 2 and 3.

Lemma 14 If p(s) is a real polynomial and B € R then p(s) + 38 is Hurwitz if and only if p(s) — 30 is Hurwitz.

PROOF.  Since p(s) has real coefficients, p(s) = p(s). If p(s) + 38 = a[[_;(s — ), where @ € R and ~; € C,

then p(s) — 38 = p(5) + 18 = a[[i—, (5 —v) = a[[;—,(s — %), proving the roots of p(s) — 73 are the complex

conjugates of the roots of p(s) + 78. The lemma follows. O

Lemma 15 Statements 2 and 3 of Theorem 18 and the following statement are all equivalent.

4. There exists a real polynomial py and a S € R such that po(s) + No(s) has degree d for A € [0,1] and

po(s) + Ad(s) + 383 is Hurwitz for A € {0,1} but not for all X € [0,1].

PROOF.  Statement 2 clearly implies Statement 3. If ¢(s) = ¢ []\; (s + a; + 38;), where ¢ € C and a4, 3; € R,
then ¢(p(s))c[I, (p(s) + a; + 36;) is Hurwitz if and only if (p(s) + a;) + 78; is Hurwitz for all 4. Thus, if
Statement 3 is true, there exists an ¢ such that (po(s) + ;) + Ad(s) + 98; is Hurwitz for A € {0,1} but not
for all A € [0,1], implying Statement 4. Finally, assume Statement 4 is true and define ¢(s) = s + 32. Then
d(po(s) + A8(s)) = (po(s) + Ad(s) + 38) (po(s) + Ad(s) — 33). Lemma 14 implies this ¢(s) satisfies Statement 2. O

Lemma 16 proves Theorem 13 for d = 1. If d > 3, Lemma 17 proves the top condition in (21) implies Statement

4 above. The other cases, being more involved, are proved in Sections 3.1 to 3.4.



Lemma 16 If d =1 then Statement 1 of Theorem 18 and Statement 4 of Lemma 15 are false.

PrOOF.  Either 0(s) is a constant or d(s) = v(s + «). The right side of (21) is never less than zero. If 4(s) is a
constant then the left side of (21) is zero. If (s) = (s + «), where v 7 0, then the left side of (21) equals z%.
0

If @ < 0 then this is negative, while if & > 0 then the right side of (21) also equals . In all cases, Statement 1

[e]
a?iw?
cannot hold. In Statement 4, since po(s) + Ad(s) = a1s+ ag + 30+ A(n1s+no) has constant degree, as A increases,
the sign of a1 + Ay is constant while the sign of a4+ Anp can change at most once. Thus, the root of po(s) + Ad(s)

can cross the imaginary axis at most once, so Statement 4 is false. a

Lemma 17 In Theorem 13, if the top inequality in (21) holds and d > 3 then Statement 4 of Lemma 15 holds.

ProOOF. From Lemma &, there exists a pg satisfying Statement 4 with g = 0. a

3.1 Local Examples

Let H denote the set of Hurwitz polynomials of the form p(s) + j8 where p(s) has real coefficients and 5 € R.
Addition of polynomials endows H with an affine structure. Statement 4 of Lemma 15 asserts there exists, in
the direction §(s), a line segment with its endpoints in H but which is not wholly contained in H. Whether or
not this can occur is a global consideration in that it depends on the overall shape of the boundary of H. If the
boundary of H is well behaved though, it can be anticipated the property of being a convex direction is only a
local consideration, in a sense explained below. Rantzer expresses this fact in [19, Figure 1], but for a different set
of polynomials, by saying convex directions are identical to inner tangent directions.

Consider a non-Hurwitz polynomial p(s) + 38 lying on the boundary of H, with a simple root at jwo and the
others in the open left half plane. Note p’(jwo) # 0. Let §(s) be a polynomial whose degree is less than or equal
to that of p(s). By the implicit function theorem, there exists a smooth function s(u) satisfying s(0) = jwo and

p(s(p)) +28+p8(s()) = 0 for |u| sufficiently small. If §(jwo) = 0 then s(u) = jwo and is uninteresting. Otherwise,

@
dp
s
du?

n=0 - _p/(ij)’ (22)

() (o -59) @

pn=0
A sufficient condition for there to exist an € > 0 such that p(s) 4+ 38 + pd(s) is Hurwitz in the punctured neigh-

bourhood 0 < |u| < € of the origin is for the real part of (22) to equal zero and the real part of (23) to be less than

1 1

zero. In this case, p(s) + 78 is called a local example of §(s) not being a convex direction. Note pg = 5-p(s) — 39(s)

will then satisfy Statement 4. This motivates Lemma 18.



Lemma 18 For a given d > 1, let §(s) be a real polynomial of degree at most d and let wg € R be a scalar
satisfying 6(ywo) # 0. If there exist a real polynomial p(s) of degree d and a 8 € R such that i) p(s) + 38 has a
simple Toot at jwy and the others in the open left half plane, i) sin(2arg{p’(Jwo)}) = —sin(2arg{d(ywo)}), and

iii) £ arg {p’(j(,u)}h):w0 <24 arg {5(]w)}|w:wO, then Statement 4 of Lemma 15 holds.

PRrOOF.  The condition that the real part of (22) equals zero is equivalent to arg {0(jwo)} = arg {p'(jwo)} + 5 +nm
for some integer n. This is also equivalent to condition (ii). Since the real part of (22) is zero, the condition that
the real part of (23) is less than zero is equivalent to R {% - %} > 0. Using (19), this is equivalent
to condition (iii). Therefore, conditions (i) to (iii) imply p(s) + 70 is a local example of §(s) not being a convex

direction and Statement 4 holds. O

These ideas in reverse lead to the following lower bound on % arg {(yw)}.

Lemma 19 If the real polynomials p(s),d(s) and the scalars v,wo € R satisfy i) 6(ywo) # 0, ii) p(s) + 7y has a

simple root at ywo, and iii) there exists an € > 0 such that the roots of p(s)+7y+upd(s) are in the closed left half plane

if || < e, then sin(2arg {p'(Jwo)}) = —sin(2arg {0 (jwo)}) and % arg {5(]z,u)}‘w:u}0 > % % arg {p’(jw)}‘w:wg.

PRrROOF.  The conditions imply the real part of (22) is zero and the real part of (23) is less than or equal to zero.

An argument analogous to the proof of Lemma 18 now applies. O

3.2 The Forward Implication

Lemma 18 is used to prove the bottom condition in (21) implies Statement 4 of Lemma 15. This is accomplished
by choosing p(s) to make = arg {p/(jw)} as small as possible while enforcing conditions (i) and (ii) in Lemma 18.
Because condition (i) implies p’(jwo) # 0, it follows from Lemma 11 that p’(s) is Hurwitz, hence Lemma 10 lower

bounds % arg {p'(Jw)}. Lemma 20 proves this bound is tight under certain conditions. Its proof is deferred.

Lemma 20 For any 6y € (0,7/2), wo € RT and d > 3 there exist a sequence of real polynomials px(s) of degree d

and scalars B, € R satisfying i) pr(s) + 38k has a simple root at jwo and all others in the open left half plane, i)

arg {pj, (Jwo)} = 0o, and iit) limy_, % arg {p}, (jw)}‘ = %

w=wqo

Lemma 21 In Theorem 13, assume there exists an wg € R™ such that §(ywo) # 0 and

darg {6(yw)} ., —sin (2arg {d(ywo)})

dw wewo 4wy

> 0. (24)

If d > 3 then Statement 4 of Lemma 15 holds.



PROOF. Define ¢g = arg{d(ywo)}. Since (24) implies sin(2¢g) < 0, there exists a 0y € (0,7/2) such that
sin(26y) = —sin(2¢g). Therefore, from (24), 2 - arg {5(jw)}|w:wO > % Thus, from Lemma 20, there exists
a p(s) + y0 satisfying all three conditions in Lemma 18. O

Lemma 20 is proved by starting with a sequence of polynomials rj(s) satisfying (ii) and (iii) with rj replacing

Pk, then constructing sequences G, cr € R so pr(s)re(s) + ¢, and By satisfy (i). To make this viable, ry is chosen

0 |rk(jw)| increases for w > 0. Lemmas 22 and 23 prove the required existence results.

Lemma 22 Let p(s) be a real Hurwitz polynomial of degree at least two. Define @ = {w>0: Rp(yw) =0},
wo =minQ and § = —Sp(jwo). If there exists a ¢ € R such that |p(jw) — ¢| strictly increases on the interval [0, 00),

then p(s) 4+ 30 has a simple root at jwo and all other roots in the open left half plane.

PROOF.  Lemma 6 ensures wy is well defined. Since |p(jw) — ¢| is strictly increasing, and S {p(jw) — ¢} = Sp(yw),

if we Q and w > wy then
[Sp(w)| = [Sp(—gw)| > 16]. (25)

Note 3 # 0 because p(s) is Hurwitz. It is claimed the only solution of p(yw) + Ag8 = 0 with A € [0,1] and w € R is
w = wp and A = 1. Indeed, any solution must satisfy |w| € Q and Sp(jw) = —AB. If w = —wy then, since 8 # 0,
A must equal —1. If |w| > wo then, from (25), |A| must exceed unity. This proves the claim. By Lemma 12, as A
increases from 0 to 1, the roots of p(s) + A0 remain in the open left half plane except for a root at jwg appearing

when A = 1. This root at jwq is simple because the roots of p’(s) are in the open left half plane by Lemma 11. O

Lemma 23 Let q(s) = c(s+ )" (s +7) be a real Hurwitz polynomial with n > 1 and ¢ # 0. Let w, be the smallest
wy > 0 satisfying Rq(yws) = 0. Then, for any wo € (0, wy), there exist a real Hurwitz polynomial p(s) and a 8 € R

such that p'(s) = q(s) and the roots of p(s) + 38 are in the open left half plane except for a simple root at jwo.

PrROOF.  Lemma 6 ensures w, is finite. Without loss of generality, it is henceforth assumed ¢ = n + 2. Define
r(s)(s + a)"T(s — n%rloa + Z—ﬁv), so 1'(s) = q(s). Note o > 0 and v > 0 because ¢(s) is Hurwitz. Since p(s) can
differ from r(s) by at most an additive real constant, and since p(jwo) + 700, the only candidates for p(s) and g

are p(s) = r(s) — Rr(jwo) and B = —3p(jwo). Define the polynomials u and v so that r(s) = u(s?) + sv(s?). Note
u(—w?) = Rr(jw), wu(—w?) = Sr(jw). (26)

Therefore, p(s) = @(s?) + sv(s?) where u(t) = u(t) — u(tp) and ty = —w?. Corollary 4 is ultimately used to prove

p(s) is Hurwitz. First, properties of u(t) and v(t) on the interval [t.,0] are determined, where ¢, = —w?. Since
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arg {¢(0)} = 0, Lemma 5 implies arg {¢(jw)} monotonically increases from 0 to 7/2 as w increases from 0 to w..

Therefore, using (17),

ong { T — arg () (27)

=arg{q(w)} + /2 (28)

monotonically increases from 7 /2 to 7. Thus, S7(jw) monotonically increases from zero and Rr(jw) monotonically
decreases. It follows from (26) that on the interval [t.,0], u(t) is strictly increasing and, since it is proved shortly
that v(0) > 0, v(t) is non-zero.

First assume n is odd. Set m = (n + 1)/2. Define u; and v; so (s + )"t = uy(s?) + svi(s?). Note
ur(t) = t™ + -+ o™ and vi(t) = (n + Dat™ L + -+ + (n+ 1)a™. Since (s + a)"*! is Hurwitz, Corollary 4

implies the roots of u1(t) and v1(t), denoted by p; and v; respectively, are real, negative and interlace:

tm < Vm—1 < pim—1 < -+ <11 < pp <0. (29)

Set £ = —%Hoz + Z—ﬁv. Information about the roots of u(¢) and v(¢) is gained through the relations
u(t) = Eup(t) + tor (t), v(t) = u(t) + v (t). (30)
Consider v(t) first. It is a degree m polynomial with leading term ¢"™. Let y1,-- -,y denote its roots. At the

origin, v(0)u1(0) + &v1(0) = (n + 2)a™y > 0. Moreover, v(v;)u1(v;), and since u1(0) = o™t > 0 and the roots of
up and vy interlace, v(v;) < 0 if 4 is odd and v(v;) > 0 if 7 is even. Therefore, precisely one simple root of v(t) is
located in each of the m intervals (—o0,vm—1), (Vm—1,Vm—2), -+, (¥1,0). Order the y; so y; € (v4,v;—1), where
vy =0 and v, = —o0. Note y; <t < to < 0 because v(t) is non-zero for ¢ € [t,0].

Now consider u(t). It is a degree m polynomial with leading term ({4 (n+1)a)t™. Note £+ (n+1)a > 0. From
(30), u(t) = Ev(t) + (t — €%)vy(¢). Thus, for t < 0, the signs of u(y;) and vy (y;) are opposite. Since v; < y; < v;_1
and v1(0)(n 4+ 1)a™ > 0, it follows that u(y;) > 0 if ¢ is even and u(y;) < 0 if ¢ is odd.

Finally, consider @(t). Since u(t) is strictly increasing on [t.,0], @(0) = u(0) — u(tp) > 0. The roots of r(s)
lie on the real axis, hence |r(jw)| strictly increases on the interval w € [0,00). Because y; < to, /—¥; > wp and
lu(to)] < |r(gwo)| < |r(38/=w:i)| = |u(yi)|]. Thus, @(y;) has the same sign as u(y;), that is, @(y;) > 0 if 4 is even
and u(y;) < 01if 4 is odd. Since @(t) has degree m and @(0) > 0, its roots x1,-- - , Ty, satisty z; € (y;,yi—1) where
yo = 0. That is, the roots of @(t) are simple, real, negative and interlace with the roots of v(¢) according to (14).
Direct expansion of 7(s) shows its leading coeflicients are 1 and (n+1)a+£ > 0, so p(s) is Hurwitz by Corollary 4.

Define Q = {w > 0: Rp(yw) =0}. Then Q = {\/—z1, - ,v/—xm}. Note x1 = to because y1 < to < 0 and

i(to) = 0. Therefore, wo min Q and Lemma 22 completes the proof, for n odd.
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If n is even, set m = n/2. Only minor changes to the above proof are required. Although the leading terms of
u1(t), v1(t), u(t) and v(t) change, the required inequalities still hold. The m roots of v(t) still satisfy y; € (v4, vi—1)
where vy = 0. Note vy, is finite because v; has degree m. The m + 1 roots of @(t) still satisfy x; € (yi, yi—1) where

yo = 0 and y,,41 = —oo. This proves p(s) is Hurwitz and Lemma 22 completes the proof, for n even. |

Proof of Lemma 20. For k=1,2,---, define qi(s) = (tan(6o)s + wo + 1) (&es + 1)~ where & > 0 is chosen

so that arg {gx(jwo)} 6. Since & — 0, limg oo L arg {qe(yw)}|,_, = 22E%). Thus, by Lemma 23, there exist

w=wqo 20.)0

pr and (B with all three properties. O

3.3 The Reverse Implication

Lemma 19 is used to prove Statement 4 of Lemma 15 implies Statement 1 of Theorem 13. First, Lemma 24 proves
Statement 4 implies the existence of a p(s) + yv satisfying the conditions in Lemma 19. Importantly, p(s) is chosen

to be Hurwitz, allowing bounds on % arg {p’(yw)} to be derived. Proofs are deferred.

Lemma 24 For a given §(s) and d > 1, assume po(s) and B satisfy Statement 4 of Lemma 15. If §(s) is a convex
direction for real Hurwitz polynomials of degree d (see Lemma 8) then there exist wg € R, v € R and a real

Hurwitz polynomial p(s) of degree d satisfying conditions (i) to (iii) of Lemma 19.

Lemma 25 Let p(s) be a real Hurwitz polynomial of degree at least two. Define 8(w) = arg{p'(yw)} and Q =

{w>0: Rp(yw) = 0}. Then O(w) is well defined and smooth. Furthermore, if w € Q2 then

d0  —sin(20)

o " . (31)

Lemma 26 Ifd > 3 then Statement 4 of Lemma 15 implies Statement 1 of Theorem 13.

PROOF.  Assume Statement 4 holds. If 4(s) is not a convex direction for real Hurwitz polynomials of degree d

then Lemma 8 implies Statement 1 of Theorem 13 holds. Otherwise, apply Lemma 24 to obtain p(s), v and wyg.

sin(2 arg{p’ (jwo) })
20.)0

Since p(s) is Hurwitz, so too is p’(s) by Lemma 11, and Lemma 10 implies - arg{p’(]w)}h:w() >

> —sin(2ar§§p’(]w0)}) too.

Furthermore, since p(jwo) + v = 0, Lemma 25 is applicable, and % arg{p’ (jw)}|w:u}0

Therefore, Lemma 19 implies Statement 1. O

Lemma 27 If p(s) is a non-constant real polynomial then there exists a 3 € [0,00] such that p(s) + 38 with 3 € R
is Hurwitz if and only if |3| < B. Moreover, if 0 < 3 < oo then both p(s) + 33 and p(s) — 33 have at least one root

on the imaginary axis and all their roots in the closed left half plane.
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PrOOF.  Lemma 9 implies §(s) = j08 is a convex direction, so the set of values of 8 € R for which p(s) + 38
is Hurwitz is a possibly empty interval. Lemma 14 implies the interval is symmetric about the origin. Part A of

Lemma 12 implies the interval is open and Parts A and B complete the proof. O

Proof of Lemma 24.  Since po(s) + 70 and po(s) + 38 + 0(s) are Hurwitz, so too are po(s) and po(s) + 6(s)
by Lemma 27. This implies pg(s) + Ad(s) is Hurwitz for any A € [0, 1] because (s) is a convex direction for real
Hurwitz polynomials of degree d. Referring to Lemma 27, define f(\) so that po(s) + Ad(s) + gy with v € R is
Hurwitz if and only if |y| < f(A). Define v = infy¢jo,1) f(A). Clearly, 0 <y < 3. Note Lemma 27 implies the roots
of both po(s) + 77 + Ad(s) and po(s) — gy + Ad(s) are in the closed left half plane for any A € [0, 1].

Since [0, 1] is compact, there exists a A, € [0,1] such that f(A.) = ~. In fact, A\, € (0,1) because f(0) > 3
and f(1) > 8. Define p(s) = po(s) + A«d(s) and note it is Hurwitz. By Lemma 27, there exists an wg € R such
that p(ywo) + v = 0. Note wp # 0 because p(0) € R and v # 0. Since p(—jwo) — Jy = 0, if wo < 0 then replace
wo with —wp and v with —v so that wy > 0. It is shown conditions (i) to (iii) of Lemma 19 are satisfied. If (i)
does not hold then po(jwo) + v = p(ywo) + 170, implying po(s) + yvy is not Hurwitz. This contradicts f(0) > .
Since p(s) is Hurwitz, so too is p’(s) by Lemma 11, hence p’'(jwp) # 0 and (ii) holds. Finally, (iii) holds with

e=(1/2) min {\,, 1 — A} 0

Proof of Lemma 25. Lemma 11 implies p’(s) is Hurwitz, hence #(w) is well defined since p’(jw) cannot be
zero. Lemma 5 ensures it is smooth. Define the polynomials u(t) and v(t) so that p(s)u(s?) + sv(s?). Then
p'(s) = u(s?) + st(s?) where u(t) = v(t) + 2t (t), 9(t) = 2u(t) and the dot denotes differentiation with respect to
t. Since p'(s) is Hurwitz, Corollary 4 implies 7(t) is not the zero polynomial. Therefore, X (w) = wi(—w?)/u(—w?)
exists and is smooth at all but a finite number of w. For w > 0 such that X (w) exists,

df  darctan X

- 2
dw dw (32)
1 dX
T XA (33)
Therefore, (31) holds if and only if
—gin(2
C(fl— > (14 x2)2Sin(2) (34)
—2X
- = (35)
or equivalently, if and only if
i(—w?)d(—w?) + 2w? [W(—w?)D(—w?) — G(—w?)i(—w?)] > —20(—w?)d(—w?) (36)



Define t = —w?. Substituting for % and ¥ yields
Ba(t) + 26i(6)] v () + 462 (1) (1) — a(t)B()] > 0. (37)

Although the derivation assumed w is such that X (w) exists, the continuity of all relevant terms implies (31) holds
at a point w > 0 if and only if (37) holds at the point t = —w?. Note that if @(t)d(t) > 0 then (31) holds trivially
because X, and hence sin(26), are positive, while Lemma 10 implies the left side of (31) is non-negative. Since
w € Q implies u(—w?) = 0, it suffices to prove (37) holds for all ¢ such that u(¢) = 0 and @(t)d(t) < 0.

Since (37) is linear in both u(t) and v(t), without loss of generality u(t) and v(t) are assumed to be of the form
u(t) = [T, (t + pi) and v(t) = [[;~,(t + v;). Corollary 4 implies 0 < p3 < vy < --- and either m = n —1 or
m=mn. If n=1and m =0, so that u(t) =t + 1 and v(¢) = 1, direct substitution proves (37) holds for all ¢.

Induction is now used. First assume n = m. Define v (t) = Hle(t + vi) [Tiz g2 (t + i) so that

n—1
(t) = u() + Y (Wit — pirr)or()- (38)

k=0
If ¢ satisfies u(t) = 0 and v(t) in (37) is replaced by w(t) then the left side of (37) is zero. By the induction
hypothesis, if v,_1(t) replaces v(t) then (37) holds. By the induction hypothesis and continuity, if vg(t) replaces
v(t) then (37) holds but with possible equality. Since the coefficients vi11 — pg+1 are positive and (37) is linear in

v(t), it follows that (37) holds, as required.

Now assume m = n — 1. Define @(t) so that u(t)(t + u,)u(t). Note 4 = v + 2tv, 924 + 2(t + p, )0 and

(34 + 2] v + 482 [ii0 — 0] = (¢ + ) {[30 + 2ti1] v + 462 [ii6 — 6]} + {u (3v — 4625) + 4tit (v + 2t6) 1 (39)
where the argument ¢ is dropped. If ¢ satisfies @(t) = 0 and @(¢)9(t) < 0, the first term in braces is positive by the

2t
t+pn

induction hypothesis while the second term is 4t (v+2tv) = 40 > 0 because —p, <t < —py3 < 0. Therefore,

(37) holds. If t = —pu,, then w024 (v — 2, 0). It is clear from their definitions that @(—pu.,) and v(—pu,,) are non-zero

and have the same sign, and v(—p,) has the opposite sign, so @4(t)v(¢) > 0, completing the proof. O

3.4 The Degree Two Case

This section completes the proof of Theorem 13.

Lemma 28 [Ifd =2 then Statement J of Lemma 15 implies Statement 1 of Theorem 13.
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PROOF.  If §(s) satisfies Statement 1 then so does —d(s), and similarly for Statement 4. Therefore, without loss

of generality, assume 6(s) = 252 + 715 + Yo with 2 > 0. Note

darg {6(yw)} ~ m(v0 +72w?)
@ oy BGw)E 1o

sin (2arg {6(gwo)})  71(v0 — 72w?)
2wo o oGwo)r “

It follows that if §(s) does not satisfy Statement 1 then v; < 0. If 44 = 0, or 73 < 0 and g > 0, then W <0,
so by Lemma 9, Statement 4 is false. Only the case 7o < 0 and y; < 0 remains. If po(s) = azs% + a1s + ag then by

Lemma 3, po(s) + 308 + Ad(s) is Hurwitz if and only if: 1) (aq + Ay1) (a2 + Ay2) > 0, ii) (o + Ayo) (a2 + Ay2) > 0,

and iii) f% < Zgiijyg (a1 + Ay1)?. Assume to the contrary that Statement 4 holds. The degree constraint implies
ag + Ayz is non-zero and does not change sign on the interval A € [0,1]. Therefore, since (i) and (ii) hold for
A € {0,1}, they hold for all A € [0,1]. Assume first g > 0. Then, oy > 0 and @1 > 0 because (i) and (ii) hold
for A = 0. Since 79 < 0 and 71 < 0, the right side of (iii) is non-increasing on the interval A € [0,1]. Since (iii)

holds when A = 1, this implies it holds for all A € [0, 1], the required contradiction. If acz < 0 then it can be shown

analogously the right side of (iii) is non-decreasing, implying Statement 4 cannot hold. O

Lemma 29 If d =2 then Statement 1 of Theorem 18 implies Statement 4 of Lemma 15.

PROOF.  As in the proof of Lemma 28, assume without loss of generality that §(s) = 252 + v15 + 70 where
72 > 0. One way Statement 1 can hold is if there exists an wy € RT such that 6(jwg) # 0 and W >
w=wq

sinZarglolwo)l) > (. This is only possible if 6(s) is not the zero polynomial and, from (40) and (41), if v > 0,

y1 > 0 and 72 > 0. Therefore, there exists an wy > 0 such that §(jwo) # 0 and vy < Yawd. It follows from (40) and

(41) that this wo satisfies W > 7Sin(2a+w > 0.
w=wq
Therefore, if Statement 1 holds, there exists an wg € RT such that §(jwg) # 0 and W‘ > %(02@ >
w=wqo
0, where ¢9 = arg{d(jwo)}. Let 6y € (0,m/2) be such that sin(26p) = —sin(2¢o). Define v = 2%, p(s) =

52 4+ 2vs + w? and B = —2ywy. It is claimed p(s) + 73 satisfies conditions (i) to (iii) in Lemma 18, thus implying
Statement 4. Indeed, (ii) holds because arg {p’(jwo)} = 6o and (iii) follows from -L arg{p’ (jw)}‘wzw0 = Sinz(w—Qfo).

Since p(s) is Hurwitz and r(s) = s? + 2vs + 72 is such that |r(jw)| strictly increases for w > 0, Lemma 22 implies

(i) holds, proving the claim. a

Proof of Theorem 13. From Lemma 15, it suffices to prove Statement 1 is equivalent to Statement 4. If d =1

then apply Lemma 16. If d = 2 then apply Lemmas 28 and 29. For d > 3, apply Lemmas 17, 21 and 26. O
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4 Extreme Point Results

Before proving Corollary 1, it is remarked (2) is invariant to the ordering of py and p1, as it should be. Indeed, if

0(w) arg {po(Jw) — p1(jw)} then § = 0 + 7 and hence g—g% and sin(26) = sin(26).

Proof of Corollary 1.  Define d(s) = pi(s) — po(s) and apply Theorem 13. ad
Although Theorem 13 proves (2) is also a necessary condition for §(s) = p1(s)—po(s) to be a convex direction, (2)
is not a necessary condition in the context of Corollary 1. For example, it can be shown that if p(s) = s3+2s2+45+3
and p;(s) = 83 + 3s% + 65 + 4 then, using the notation of Corollary 1, for any real polynomial ¢, the family A
is robustly stable if and only if both ¢(po) and ¢(p1) are stable. However, (w) = arg {p1(jw) — po(yw)} does not
satisfy condition (2).
The proof of Theorem 2 requires the following definition. If P is a family of polynomials then the value set

P(jw) is defined to be P(jw) = {p(jw) : p € P} C C.

Proof of Theorem 2. First, a set P, satisfying i) P. C P, and ii) for all w € R, the value set P.(jw) contains
the boundary of the value set P(jw), is constructed. By Lemma 12 and the fact £ € R merely shifts the value set
of P —&, it follows P — £ is robustly stable if and only if P, — £ is. For any polynomial ¢, this and Lemma 7 imply
@(P) is robustly stable if and only if ¢(P.) is.

It is a standard result [9, 16] that the value set A;(jw) is a rectangle with edges

B = {r: r(s) = AKX(s) + (1— \)KZ(s), A€ [0,1]}, (42)
E} ={r: r(s) = AKZ(s) + (1 — N K}(s), A€ [0,1]}, (43)
B} = {r: r(s) = AK}(s) + (1= N KX (s), A€ [0,1]}, (44)
B ={r: r(s) = M3(s) + (1= NKL(s), A€ [0,1]}. (45)

Define E; = E} UE? U E3 U E}. For any « € C, aE; is also a rectangle, hence
Pe={p: p(s) =qi(s)b1(s) + -+ qn(s)bn(s), bi(s) € B, i =1,--- ,n} (46)

satisfies properties (i) and (ii) above. Thus, ¢(P) is robustly stable if and only if ¢(Pe) is.

Define 6 (s) = ai(s) [K2(s) — K2(s)], 62(5) = ai(s) [K2(5) — KA(5)], 63(s) = ai(s) [K2(s) — K (s)] and 62(s) =
qi(s) [K3(s) — K}(s)]. Tt is claimed &/(s) is a convex direction for nested polynomials. Note arg {5} (jw)} =
0; + arg { K} (yw) — KZ(yw)} where 6; arg {¢;(yw)}. Moreover, arg { K} (jw) — K?(jw)} equals either 7/2 or —m/2

because only odd powers of s occur in K}(s) — K2(s). Thus, if ¢;(s) satisfies (6) then 6} (s) satisfies (21), proving
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the claim for j = 1. The cases j = 2,3,4 are analogous. (If j = 2 then note arg { K?(jw) — K}(jw)} equals either
0 or 7 because K?2(s) — K}(s) has only even powers of s.)

Since P C P, clearly gb(”ﬁ) is robustly stable if ¢(P.) is. To prove the converse, define

n—k n
Py = {Pi p(s) = Z qi(s)ai(s) + Z 4i(8)bi(s), ai(s) € {K},---  K}}, bi(s) € Ez} : (47)

i=1 i=n—k+1
Note P =Py C Py C--- C P, = P.. It is shown ¢(Pyy1) is robustly stable if ¢(7P}) is, thus proving the theorem.
For any p(s) € Pr4+1, polynomials po(s),pi(s) € Pr can be found such that pi(s) — po(s) = 6i_k+1(s) for some
j €{1,2,3,4} and p(s) lies on the segment joining po(s) and p;(s). Since 5j7k+1 (s) is a convex direction for nested

n

polynomials, if ¢(Py) is robustly stable then ¢(p(s)) is stable, as required. O

5 Applications

This section gives several illustrative applications of the main results of this paper.

5.1 Robust Stability of Uncertain Uniform Systems

In many practical problems, the regulation system can be regarded as consisting of identical elements, for instance,
identical regulators or sensors or servos. Such systems are referred to as uniform systems [18]. Figure 1 shows an
example of a single input single output (SISO) uniform system where P(s) is the transfer function of the identical
components and d; and n; for i = 1,2,--- ,m denote arbitrary gains. If P(s) = ﬁ is an all pole plant then direct

calculation shows the closed loop transfer function is

Cnep™ nap™ gy,
_ N(p®))
~ D(p(s)) )

where D(z) = 2™ + > 1" d;z™ " and N(z) = > ;- n;z™ . By definition, the closed loop system is stable if and
only if the polynomial D(p(s)) is Hurwitz.

In practice, although p(s) is usually not known exactly, it is often possible to determine a family P containing
p(s). It is then natural to ask if D(p(s)), and hence the uniform system too, is stable for all p(s) in P. Several
different families P are now considered in turn.

A polytope of real polynomials is any family of the form

P = {p : p(s) =po(s) + Z ckp(s), cx € [cx C}f]} (50)
k=1
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where py, . .., p, are real polynomials. It is assumed the degree of every element of P is the same. It is shown in [13]
that the robust stability of D(p(s)) can be guaranteed by checking the stability of the exposed edges. Corollary 1
can help reduce the number of edges requiring checking since any edge satisfying the phase growth condition (2) is
stable if and only if its two endpoints are stable.

If p(s) belongs instead to the family in (5) then, by Theorem 2, only the extreme points defined in (11) need
checking provided condition (6) holds.

Another polynomial family studied in the robust stability literature is the diamond of polynomials [20]. It can
be viewed as a dual to the interval polynomials. Whereas the interval polynomial framework is associated with the

[°° norm of the coefficient vector, Tempo [20] considers the /! norm and thus works with the family

n

P= {p: p(s) :Zaisi, Z|ai—bi| <r} (51)
=0

=0

where a;, b; and r are real valued. The polynomial g(s) = > 1 b;s" is called the nominal polynomial of P. It is

assumed the degree of every polynomial in P is the same. It is shown in [13] that for this family, robust stability is

guaranteed if the D(L;(s)) are robustly stable, where L;(s) for i = 1,--- ,8 are the eight critical polynomial edges

Li(s) ={q(s) + A+ (L= XNrs: A€ [0,1]}, Ls(s) = {q(s) + Ars" ' + (1 = A)rs" : A€ [0,1]}, (52)

Lo(s) ={q(s) + Ar — (L= XN)rs: A€ [0,1]}, Lg(s) = {q(s) + Ars" ' — (1 = A)rs" : A€ [0,1]}, (53)

Ls(s) ={q(s) = Ar+ (L =XNrs: A€ [0,1]}, Lz(s) = {q(s) = Ars" ' + (1 = A)rs" : A€ [0,1]}, (54)

Ly(s) ={q(s) = Ar — (L= XN)rs: A€ [0,1]}, Ls(s) = {q(s) = Ars" ' — (1 = A)rs" : A€ [0,1]}. (55)

Direct substitution proves s+ 1, s — 1 and s"~*(s — 1) satisfy condition (2) in Corollary 1, and so does s" (s + 1)

if n is odd. Thus, Corollary 1 implies that if the degree n is odd then D(p(s)) is robustly stable if and only if
D(c;(s)) is stable for i = 1,2,--- ,8, where

c1(s) =q(s) +r, co(s) =q(s) =, cs(s) =q(s)+rs, ca(s)=q(s)—rs (56)

cs(s) = q(s) +rs" 71, co(s) = q(s) —rs" ™, cr(s) = q(s) + 75", cs(s) = q(s) —rs™. (57)

Otherwise, if n is even, then D (p(s)) is robustly stable if and only if D(c;(s)) is stable for i = 1,2,3,4 and D(Lg)

and D(L7) are robustly stable.

Finally, consider the low order case when p(s) belongs to the family
P={p: p(s)=s>+a(A,  , An)s +bA1, -, Aw), Ny €[0,1], i =1,--- ,m} (58)

where a(A1, -+, A) and b(A1,---, \y,) are affine in the ;. If po(s) and pi(s) are two elements of this family

then their difference p1(s) — po(s) is a degree 1 polynomial. Direct substitution shows any polynomial of degree 1
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satisfies the condition (2) in Corollary 1. Therefore, the system is robustly stable if and only if D (p(s)) is stable
for the extreme points p(s) = s2 + a(A1, -+, Am)s + (A1, -+, Ay) where \; € {0,1}.

Note the above results extend to multiple input multiple output (MIMO) uniform systems considered in [18].

5.2 Robust Performance of Uncertain Uniform Systems

This section investigates the H., performance and strict positive real (SPR) property of the uncertain uniform
systems considered in Section 5.1. For the motivation and definitions of H. norm and SPRness of a system, see [5,

Chapter 9]. First, two lemmas from [7, 8] are combined and stated as:

Lemma 30 Let G(s) = % be a proper and strictly stable (real or complex) rational function. Let a,, and b, be

the coefficients of the s™ term in A(s) and B(s) respectively, where m is the degree of A(s). Then ||G(8)||co < 1 if
and only if 1) |bm| < |am|, and 2) A(s) + €’ B(s) is Hurwitz for all 6 € [0,27]. Moreover, G(s) is strictly positive

real (SPR) if and only if i) R { 5O } >0, and %) A(s) + 70B(s) is Hurwitz for all 0 € R.

Lemma 31 is a novel vertex lemma for the robust performance of uncertain uniform systems.

Lemma 31 Define D(-) and N(-) as in Section 5.1. Let pg and p1 be real polynomials and assume D(po) and

D(p1) are stable and the difference polynomial p1 — po satisfies condition (2) in Corollary 1. Then

IR R ®
N (Api+(1-X)po)

D (p1+(1-Npo) is SPR. for all X € 0,1] if and only if o+ T and o + FEY are SPR.

N (Ap1+ (1 = X)po)
D(Ap1 + (1= A)po)

N(p1)
D(pl)

)

max
A€(0,1] I

and, for any o € R, o +

D(po) D(p1)

ProoOF. Note the leading coefficient of N()\pl +(1- )\)po) is that of D(/\p1 +(1- )\)po) multiplied by ng. By
N (Ap1+(1-N)po)
(Ap1+(1—k)po)

Lemma 30, for any A € [0,1] and v > 0, o
is Hurwitz for all § € [0,27], where ¢(z;0) = vD(z) + ¢’ N(z). From Corollary 1, the latter condition holds if

<« if and only if [ng| < v and ¢(Ap1 + (1 — N)po; 6)

¢(p1;0) and ¢(po;0) are Hurwitz for all 8 € [0,2n]. It follows that if ‘ ggggg

< v and H%Hm < 7 then

maxyeio,1] M < «y. This proves (59) because  is arbitrary. The SPR result is proved similarly by
’ (Ap1+(1 A)po)
defining ¢(z;0) = D(z) + 70(aD(z) + N(z)). O

Recall that extreme point results for robust stability were obtained in Section 5.1 for various families P of
polynomials. Lemma 31 allows analogous extreme point results for worst case H, performance and robust SPRness

to be obtained for the same polynomial families.
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5.3 Extreme Point Results for Polygonal Uncertainty Bounds

Consider the closed loop system in Figure 2. It is assumed P(s) = % where p(s) is known to belong to one of

P
the families P considered in Section 5.1. The feedback transfer function A(s) is arbitrary but it is assumed there
exist a finite number of points 1, -, € C such that, for all w € R, A(jw) lies in the convex hull of §q,- -, dg.
Define A to be this convex hull. As in [11, Section V], the system is said to be robustly stable if and only if the
analogous system having a constant gain § in the feedback path is stable for every § € A.

If § € A is the actual feedback gain then the denominator of the transfer function of the system is p(s) + 4.
It follows from Lemma 9 that for a fixed p(s), p(s) + 0 is stable for all § € A if and only if it is stable for
§ € {61, ,0,}. Define ¢;(z) = z + §;. Thus, the system is robustly stable if and only if ¢;(p(s)) is stable for all

i. It is now clear the results of Section 5.1 can be used to help verify the stability of ¢;(p(s)) for p(s) € P.

6 Conclusion

Theorem 13, the key technical result of this paper, extends the convex direction results of Rantzer [19] to nested
polynomial families. This extension is the best possible in that the phase growth condition is both necessary and
sufficient. Theorem 2 uses this result to generalise a theorem in [13] to a larger class of families. Several illustrative

applications appear in Section 5.

A Miscellaneous Proofs

Proof of Lemma 8. Assume d < 2. A real polynomial of degree 1 or 2 is stable if and only if its coefficients
are non-zero and have the same sign. The coeflicients of p(s) = po(s) + Ad(s) are affine functions of A, hence they
change sign at most once in the interval A € [0,1]. The leading coefficient does not change sign because the degree

of p(s) is assumed constant. Therefore, Statement 2 cannot hold. Conversely, if d =1 and d(s) = 15 + [p then

darg {0(jw)} _ fob

dw w=wo B m o
_sin(2arg {0(ywo)})
_ B ’ (61)

so Statement 1 is false. Trivially then, Statements 1 and 2 are equivalent if d = 1. (This is not true if d = 2.)
Assume d = 3 and Statement 1 holds. It is shown in [19, Proof of Theorem 2] that p(s) = (s? +w2)(s+b) is such

that p(s) + ud(s) is stable in a punctured neighbourhood 0 < |u| < € for some € > 0if: i) b > 0, ii) & {jfjo—wfg} =0,
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darg{jw+b} < darg{d(yw)}
d dw

w=wq w=wqo

direction and Statement 2 holds. Define ¢ arg {0(jwo)} and 6 = arg {jwo + b}. Note

and iii) . Thus, if a b satisfying these conditions exists then d(s) is not a convex

darg {jw + b} _ sin(260)
dw o 2w (62)

darg {5(jw)} sin(2¢)
7o . > ey (63)

The second condition, & {%} = 0, is equivalent to § = ¢ + nm for some integer n. Thus, if the first two

conditions hold then so does the third because

darg {6(jw)} sin(2¢)
dw w=wo - 2w (64)
_ sin(20)
= o (65)
_ darg {yw + b}
=% | (66)

w=wq

Note from the definition of 6 that there exists a b > 0 such that § = ¢ + nx if and only if ¢ + nw € (0,7/2), or
equivalently, sin(2¢) > 0. Summarising, if wy > 0 satisfies Statement 1 with sin(2¢) > 0 then Statement 2 holds.

Assume then that Statement 1 holds but with sin(2¢) < 0. It is claimed there exists another wq satisfying
Statement 1 with sin(2¢) > 0, thus proving the lemma. If §(s) = ags® + aas? + a5 + ag then

sin(2¢) (a0 — aswi) (a1 — azwp)

_ , 67
2 S0P o
darg {6(yw)} _ azazwi + (aras — 3apaz)wd + apar (68)
— | 500
_ sin(2¢) = 2wi(ar1as — apas) (69)
2wo [6(3wo)[?
_sin(2¢) 2(azazwi — 2apazw? + apar) (70)
2wo 16 (gwo)[?
Since sin(2¢) < 0, (15) and (69) imply
203 (aran — apag) sin(2¢)
> — > 0. 71
(0P 2y 2 ”

In particular, a;as — agas > 0. Thus, from (69), any wo > 0 satisfying sin(2¢) > 0 and §(jwo) # 0 also satisfies
Statement 1. Since d(s) is not the zero polynomial, §(s) = 0 has a finite number of solutions, hence to prove the

claim, it suffices to find an open sub-interval of wy > 0 on which sin(2¢) > 0. From (67), sin(2¢) > 0 if
(ao — agw?)) (al — agw?)) > 0. (72)

Provided azas # 0, this is a quadratic in w3 with discriminant (oo — apaz)?, which is strictly positive by (71),

hence there exists an open sub-interval of wy > 0 on which (72) holds. If a3 # 0 but as = 0 then ayas — agag > 0
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implies apas < 0, thus (72) holds if wy is sufficiently large. If g = 0 then, since (15) holds with sin(2¢) < 0, (70)

implies agay > 0. Thus, for wg sufficiently small, (72) holds. This proves the claim. O

Proof of Lemma 9. Assume d = 1 and §(s) = 815+ [p. Note

darg (5()}|  _ 301+ Oh0%
dw 6 (gwo)|?

w=wo

(73)

where superscripts r and 7 denote real and imaginary parts. If po(s) = a1 + ap then the real part of the root of

po(s) + Ad(s) is
— (8581 + BuB1)AN* — (agBi + affh + by + o B5)A — (aget + ajed)

. 74
|041 + /\ﬂ1|2 ( )

The numerator is a quadratic in A with discriminant
A = (apB] + o4 By + ap 81 + ai 85)* — 4(Bs 81 + BoBi) (el + ahart). (75)

If Statement 1 is false, so either 8y = 31 = 0 or, from (73), 8567 + 3551 < 0, then the numerator of (74) is convex in
A, hence it is not possible for the sign of (74) to go from negative to positive back to negative again and Statement
2 is false. Conversely, if Statement 1 is true, so 3537 + 853 > 0, then choose ag and a; so that afal + abal >0
and aq is not a real-valued multiple of 8;. The latter condition ensures the denominator of (74) is never zero while
the former condition ensures the numerator of (74) is negative if A = 0 and, since (75) is positive, the numerator
changes sign twice as \ goes from —oo to co. Therefore, the two zeros of the numerator can be brought to lie in

(0,1) by jointly scaling ap and «; by a real number, thereby proving Statement 2. |
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Figure 1: A Uniform System

Figure 2: Standard Feedback Configuration
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