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Abstract

The Gaussian process (GP) model is a powerful tool for
regression problems. However, the high computational
costs of the GP model has constrained its applications
over large-scale data sets. To overcome this limitation,
aggregation models employ distributed GP submodels
(experts) for parallel training and predicting, and then
merge the predictions of all submodels to produce an
approximated result. The state-of-the-art aggregation
models are based on Bayesian committee machines,
where a prior is assumed at the start and then updated
by each submodel. In this paper, we investigate the
impact of the prior on the accuracy of aggregations.
We propose a query-aware Bayesian committee machine
(QBCM). The QBCM model partitions the testing data
(i.e., queries) into subsets, and incorporates a query-
aware prior when merging the predictions of submodels.
This model improves the prediction accuracy, while
retaining the advantages of aggregation models, i.e.,
closed-form inference and parallelizability. We conduct
both theoretical analysis and empirical experiments on
real data. The results confirm the effectiveness and
efficiency of the proposed model QBCM.

Keywords Gaussian process, Aggregation meth-
ods, Bayesian committee machine

1 Introduction.

The Gaussian process (GP) [1, 2] is an important and
powerful non-parametric learning model. This model
has shown strong capability in various applications,
e.g., regression [3], classification [4], optimization [5, 6],
time-series data modelling [7], anomaly detection [8,
9], and visualization [10]. However, the standard
GP model needs to compute a covariance matrix over
the input data set of n data points. This leads to
high computational and memory costs, i.e., O(n3) and
O(n2), respectively. These high costs have hindered the
applicability of GP to large-scale datasets.

To scale GP to large-scale datasets, approxima-
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tion methods have been proposed [11, 12, 13, 14].
One stream of approximation methods are the in-
ducing points methods which replace the full covari-
ance matrix with a size-m (m � n) set of induced
points [12, 13]. The computational complexity is then
reduced to O(nm2) for training and O(nm) for predict-
ing. However, the inducing points methods reduce the
full GP (i.e., performing GP based on the full covariance
matrix over n data points) to a degenerate model where
only m linearly independent functions are assumed. An-
other stream of methods exploit the existing structure
of the covariance matrix for fast training and predict-
ing [15]. Although efficient, these methods usually re-
quire the input of GP to conform a special distribution
(e.g., grid structure), making them inapplicable for most
real-world datasets.

This paper focuses on a third stream of GP approx-
imation methods, i.e., aggregation models [16, 17, 18].
Such models provide a practical and parallelizable solu-
tion to scalable GP. Aggregation models partition the
input dataset into subsets and allocate them to a set of
submodels. When predicting, each submodel provides
an independent prediction, which is then merged with
the predictions of other submodels to form a final pre-
diction. The aggregation criteria used in merging pre-
dictions is crucial to the accuracy of aggregation mod-
els. The state-of-the-art aggregation criteria are based
on Bayesian committee machines (BCM) [17, 19, 20].
BCM uses a typical Bayesian framework, which assumes
a prior distribution at the start, and then updates the
posterior using the prediction of each submodel. Differ-
ent priors have been used in the literature. For example,
Tresp et al. [17] and Deisenroth et al. [19] use the orig-
inal prior of testing points as the prior; Liu et al. [20]
use the posterior of one submodel as the prior. These
studies use the same prior for all testing points.

In this paper, we show that (i) using different prior
for different testing points significantly improves the ac-
curacy of the aggregation; and (ii) the best prior is query
dependent. Then, we propose a efficient Query-aware
BCM (QBCM) that improves the aggregation accuracy
via incorporating a query-aware prior. Specifically, the
proposed QBCM partition the testing points into dis-
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joint clusters. Then for each cluster of testing points,
it uses the submodel that provides the most confident
prediction as the prior, which is then updated by other
submodels. The contributions of this paper are three-
folds.

1. We perform a theoretical analysis on the impact
of prior on the accuracy of aggregation models for
scalable GP.

2. We propose a novel query-aware Bayesian commit-
tee machine (QBCM) that provides a more accu-
rate approximation than the state-of-the-art aggre-
gation models.

3. We conduct extensive experiments on both syn-
thetic and real datasets. Experimental results show
that our proposed QBCM model improves the pre-
diction accuracy by up to 23.3% comparing with
the state-of-the-art GP approximation models and
is more robust to the growth in the number of sub-
models.

2 Preliminaries and related work.

We start with a brief review over Gaussian process re-
gression and existing aggregation models for approxi-
mate Gaussian process.

2.1 Gaussian process. A Gaussian process is a col-
lection of random variables such that any finite subset
of these variables conform a joint Gaussian distribution.
Let D be a dataset that consists of input feature vectors
X = {x1, . . . ,xn} and its corresponding real-valued
targets y = {y1, . . . , yn}. Without loss of generality, we
assume zero mean of the GP, then we can model a distri-
bution over functions f(x) ∼ GP(0, k(x,x′)), where any
set of function values forms a joint Gaussian distribu-
tion characterized by the covariance mapping function
k(·, ·). One of the most well-known covariance functions
is the squared exponential (SE) covariance function:

(2.1) k(x,x′) = λ2 exp(−1

2

d∑
i=1

(xi − x′i)2

l2i
)

where λ is the output scale amplitude, li is an input
length-scale along the i-th dimension and d is data
dimensionality. Assuming noisy observation y(x) =
f(x) + ε where the i.i.d. noise follows ε ∼ N (0, σ2

ε ),
the predictive distribution for a testing point x∗ condi-
tioned on the dataset D, i.e., p(y∗|D,x∗), conforms the
Gaussian distribution N (µ(x∗), σ

2(x∗)), where

(2.2) µ(x∗) = k>f∗[Kff + σ2
εI]−1yf

(2.3) σ2(x∗) = σ2
∗∗ − k>f∗[Kff + σ2

εI]−1kf∗ + σ2
ε

Here, we use σ2
∗∗ to present k(x∗,x∗), yf to represent

the full input target, kf∗ to denote k(x∗,X), and Kff

to denote k(X,X) for simplicity.

2.2 Aggregation models. The aggregation models
form an important family of approximate methods for
scalable GP [16, 17, 19, 20, 21, 22]. In general, such
models employ a set of submodels (GP experts), each of
which is trained on a subset of the full training dataset.
For a testing point to be inferred, an aggregation
model produces the final prediction by aggregating the
predictions from all submodels according to certain
criterion.

Most aggregation models share the same training
process, named factorized training. Assuming m sub-
models, an aggregation model divides the complete
dataset D into m disjoint subsets, D1, . . . ,Dm. Let
Di = {Xi,yi} be the subset allocated to submodel
Mi. The marginal likelihood of Di, p(yi|θ,Xi) =
N (0,Kii + σ2

εIi). Here, Kii represents the covariance
matrix of Xi, Ii the order-ni identity matrix, and ni
the number of instances in Di, respectively. The fac-
torized training process assumes independence between
submodels (zero covariance between the subsets). The
exact marginal likelihood of D can be approximated by
the product of the marginal likelihood of all submodels:

(2.4) p(yf |θ,Xf ) ≈
m∏
i=i

p(yi|θ,Xi)

where yf and Xf represent the original input y and X
in full GP. Thus, the factorized training approximates
the training process as maximizing the summation of
the log-likelihood functions of all submodels, where
the hyperparameters θ for all submodels are assumed
to be the same. Assuming equal partition of D,
the complexity of the training process is reduced to
O(m( nm )3), which can be significantly lower than that
of the full GP (i.e., O(n3)) in practice.

To make predictions, aggregation models first use
each submodel to generate a prediction based on its
training dataset. Let Mi be a submodel and x∗
be a testing point to be inferred. The predicted
distribution of x∗ produced by Mi has p(y∗|Di,x∗) =
N (µi(x∗), σ

2
i (x∗)) where

(2.5) µi(x∗) = k>i∗[Kii + σ2
εIi]

−1yi

(2.6) σ2
i (x∗) = σ2

∗∗ − k>i∗[Kii + σ2
εIi]

−1ki∗ + σ2
ε

Here, ki∗ represents the covariance vector of x∗ and
Xi. The main difference among existing aggregation
models lies in their criteria for combining the predictions
provided by all submodels.

Next, we briefly discuss six state-of-the-art aggre-
gation models: Product-of-Experts (PoE) [16] and its
generalized form (GPoE) [21], Bayesian committee ma-
chine (BCM) [17], robust Bayesian committee machine
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(RBCM) and its generalized form (GRBCM) [20], and
nested pointwise aggregation of experts (NPAE) [22].

PoE models. PoE assumes that the final prediction
of a testing point x∗ is the product of the predictions of
x∗ provided by each submodel:

(2.7) p(y∗|D,x∗) ≈
m∏
i=1

pβi(y∗|Di,x∗)

Thus, the aggregated predicted mean and variance can
be written as follows.

(2.8) µpoe(x∗) = σ2
poe(x∗)

m∑
i=1

βiσ
−2
i (x∗)µi(x∗)

(2.9) σ−2poe(x∗) =

m∑
i=1

βiσ
−2
i (x∗)

The original model PoE assumes βi = 1,∀i ∈ [1,m].
The generalized model GPoE introduces a varing βi
so as to weigh the importance of different submodels
in aggregation. The weight βi for submodel Mi is
computed as the difference in the differential entropy
between the prior of x∗ and the posterior of x∗ given
Di, i.e., βi = 0.5(log σ2

∗∗ − log σ2
i (x∗)). Thus, the

more informative submodel contributes more to the final
prediction, while a distant submodel contributes little
(βi → 0 as σ2

i → σ2
∗∗). PoE becomes over-confident (too

small variance) if the number of submodels increases,
e.g., σ2(x∗) → 0 as m → ∞. For GPoE, if x∗ is far
away from all submodels (σ2

i (x∗) → 0), the prediction
variance will not converge to its prior (σ2(x∗) → ∞).
As such, it has been suggested that βi = 1/m yields the
best prediction result.

BCM models. Based on the Bayesian inference
framework, BCM models incorporate the prior of x∗ in
its aggregation criteria. The original BCM model [17]
assumes conditional independence of any two submodels
given the target value of x∗. Thus, the closed-form
aggregated distribution p(y∗|D,x∗) can be written as:

(2.10) p(y∗|D,x∗) ≈
∏m
i=1 p

βi(y∗|Di,x∗)
p
∑

i βi−1(y∗|x∗)

The original BCM model assumes βi = 1 for all submod-
els, whereas its variant, RBCM [19], varies βi to weigh
the importance of submodels. However, both models
have been shown to produce over-confident predictions
when the data area is dense (n → ∞) [20]. To address
this issue, Liu et al. [20] proposes GRBCM. GRBCM
uses a global submodel (prior submodel) Mg and then
enhances each other submodel (Mi) by combining Di
and Dg. The predictions of these enhanced submodels
are then merged assuming conditional independence of
the non-global submodels given Mg and y∗. Thus, the

aggregated distribution of x∗ in GRBCM can be written
as:

(2.11) p(y∗|D,x∗) ≈
∏m−1
i=1 pβi(y∗|Di,Dg,x∗)
p
∑

i βi−1(y∗|Dg,x∗)

NPAE model. Rullière et al. [22] propose a nested
pointwise aggregation experts (NPAE) model, which ex-
ploits a hierarchical structure. In NPAE, each node ag-
gregates the predictions of its child nodes, and the root
node makes the final prediction. Suppose v1, . . . , vk are
the k child nodes of vp. To aggregate the predictions
of child nodes, vp treats their predictions as well as
the testing point x∗ as random variables that conform
a nested GP. Although NPAE incorporates the depen-
dency among the submodels when producing the final
prediction, it requires a different GP for every testing
point, leading to expensive prediction costs. Assuming
a two-layer structure with

√
n submodels and n′ testing

points, its time complexity for prediction is O(n2n′).

3 Query-aware Bayesian committee machine.

The key advantage of BCM models over PoE models is
the incorporation of prior knowledge of testing points
into the aggregation process. In this section, we first
investigate how the prediction accuracy of BCM models
is affected by the choice of priors (Section 3.1). Then,
we introduce our query-aware BCM (QBCM) model
(Section 3.2).

3.1 Impact of prior. We use the relative entropy
(Kullback-Leibler divergence) as the metric to analyze
the deviation of an aggregation model from the full GP.
Given two probability distributions p1(x) and p2(x), the
relative entropy of p1 w.r.t. p2 is formulated as:

(3.12) DKL = −
∫
x

p2(x) log
p1(x)

p2(x)
dx

Usually, DKL → 0 if p1(x) and p2(x) have very similar
distributions, while DKL → ∞ if p1(x) and p2(x)
behave in such a different manner that the expectation
given p1(x) becomes zero. Note that DKL > 0 for any
two distributions.

Let x∗ be a testing point, an effective aggrega-
tion model should yield a posterior distribution of x∗
that has small deviation from the posterior of full GP
(DKL → 0). In what follows, we measure the approxi-
mation effectiveness of an aggregation model using the
relative entropy of its predicted posterior distribution
for x∗ w.r.t. the posterior distribution produced by a
full GP.

Let D be a training dataset that is partitioned into
m submodels. Based on Eqs. 2.11 and 3.12, the relative
entropy of a GRBCM model can be formulated as:
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(3.13)

DKL =−
∫
y∗

p(y∗|D,x∗)

log

∏m
i=1 p

βi(y∗|Di,Dg,x∗)
p(y∗|D,x∗)p

∑
i βi−1(y∗|Dg,x∗)

dy∗

where p(y∗|D,x∗) is the posterior distribution of
full GP. Submodel Dg is the global submodel (prior
submodel) that is used to enhance other submodels.
The above equation can be rewritten as:
(3.14)

DKL =−
∫
y∗

p(y∗|D,x∗) log
( p∑i βi−1(y∗|D,x∗)
p
∑

i βi−1(y∗|Dg,x∗)

·
m∏
i=1

pβi(y∗|Di,Dg,x∗)
pβi(y∗|D,x∗)

)
dy∗

Expanding the logarithmic term with the product
rule, the above equation becomes:

(3.15) DKL =

m∑
i=1

βiD
Mi,g

KL + (1−
m∑
i=1

βi)D
Mg

KL

where D
Mg

KL represents the relative entropy of the
prediction produced by submodel of Mg w.r.t. that of

full GP and D
Mi,g

KL represents the relative entropy of
the posterior distribution conditioned on Di ∩Dg w.r.t.
that of full GP. For ease of manipulation, we rewrite the
above equation as:

(3.16) DKL =

m∑
i=1

βi(D
Mi,g

KL −D
Mg

KL ) + D
Mg

KL

One important characteristic of GP is that if the
data allocated withMi is a subset of the data withMj

(Di ⊂ Dj), then Mj is a more informative submodel
than Mi. This leads to a more accurate prediction of

Mj than Mi (D
Mj

KL < DMi

KL), and in the meantime, a
more confident prediction of Mj than Mi (σ2

j < σ2
i ).

Here, σ2
j represents the predicted variance of x∗ byMj .

Thus, in the above equation, we have D
Mi,g

KL −D
Mg

KL < 0,
since Mi,g is trained on Di ∩ Dg. Next, we show how
the global submodel Mg affects the accuracy of the
aggregation model. Specifically, we assume two cases:
(i) Among all submodels, at least one submodel (e.g.,
M1) is sufficiently close to x∗ such that DM1

KL → 0; and
(ii) All submodels are a weaker model than the full GP
such that DMi

KL > 0,∀i ∈ [1,M ].
In Case (i), consider two aggregation models, Model

1 and Model 2. Model 1 uses M1 as the global
submodel, i.e., Mg = M1. Model 2 uses a weaker

submodel (e.g., M2 such that DM2

KL > 0) as the global

submodel, i.e., Mg = M2. We formulate the relative
entropies of the two models, D1

KL and D2
KL, as follows.

(3.17) D1
KL =

∑
i 6=1

βi,1(D
Mi,1

KL −DM1

KL ) + DM1

KL

(3.18) D2
KL =

∑
i 6=2

βi,2(D
Mi,2

KL −DM2

KL ) + DM2

KL

We use βi,1 and βi,2 to differentiate the values of
βi when M1 and M2 are used as global submodel,
respectively. Since Mi,1 is more informative than M1,

we have D
Mi,1

KL → 0 as DM1

KL → 0. Based on Eq. 3.17,
we have D1

KL → 0, which means that Model 1 is as
accurate as full GP.

For Model 2, we have D
M1,2

KL → 0, since DM1

KL → 0.
Thus, Eq. 3.18 can be rewritten as:

(3.19) D2
KL =

m∑
i=3

βi,2(D
Mi,2

KL −D
M2

KL )+(1−β1,2)DM2

KL

Since βi,2 = 0.5(log σ2
2 − log σ2

i,2) and σ2
2 > σ2

i,2,
we have βi,2 > 0, where the equality only holds when

σ2
2 = σ2

i,2. Meanwhile, we have D
Mi,2

KL 6 DM2

KL since
submodel Mi,2 is a more informative submodel than
M2. Therefore, the first term of Eq. 3.19 is always
no larger than 0. Next, we consider two scenarios: (1)
β1,2 > 1; and (2) β1,2 6 1. The first scenario represents
that M2 is a much weaker model than M1 (β1,2 =
log σ2

σ1,2
> 1), while the second scenario represents that

M2 is only slightly weaker than M1 (β1,2 = log σ2

σ1,2
6

1). In the first scenario, since DM2

KL > 0, we have
D2
KL < 0. In the second scenario, a prerequisite for

D2
KL = 0 is at least one of the two following conditions

is satisfied: (1) β1,2 = 1, which means σ2 = 2 · σ1,2;

and (2) DM2

KL = 1
β1,2−1 [

∑m
i=3 βi,2(D

Mi,2

KL − DM2

KL )].

Both conditions are very hard to be satisfied in real
applications.

The above analysis proves that Model 1 is supe-
rior to Model 2. One important observation is that
the relative entropy of Model 2 goes negative given
β1,2 > 1. Although the relative entropy for any two
distributions is presumed to be non-negative, here we
are investigating the relative entropy of an aggregation
of multiple distributions to the predicted distribution
of full GP. In fact, this negativity reflects that Model
2 makes too aggressive aggregation in such scenario,
i.e., over-estimating the contributions (e.g., β1,2 > 1)

of informative submodels (e.g., DM1

KL = 0), when the

prior submodel is imperfect (e.g., DM2

KL > 0). This
finding is a generalized form of that in [20]. In [20],
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Liu et al. show that when all submodels make per-
fect predictions (∀i ∈ [1,m], σ2

i → σ2
f ), the predicted

variance of (R)BCM becomes zero (σ2
(r)bcm → 0) even

if σ2
f > 0, where σ2

f represents the predicted variance
of full GP. Here, we prove that if there is at least one
submodel that makes approximately perfect prediction
(∃i ∈ [1,m], σ2

i → σ2
f ) and if the global submodel that

serves as the prior submodel is a much weaker submodel
(e.g., β1,2 > 1), BCM models produce over-confident
predictions (σ2

(gr)bcm < σ2
f ).

In Case (ii) where each submodel is a weaker model
than the full GP, no submodel is able to make perfect
prediction solely on its own. Thus, BCM models need
to combine the information provided by more than one
submodels to make accurate predictions. BCM mod-
els assume conditional independence of submodels given
the global submodel and the test input. This assump-
tion, on one hand, reduces the overall computation cost,
while on the other hand, incurs error as it does not con-
sider the conditional covariance of non-global submod-
els. Next, we examine how this assumption impact the
result prediction, based on which, we propose a low-cost
solution to reduce the impact.

Let Xg be the input of the global submodel and
Xg′ be [Xg,x∗]. The covariance matrix for Xg′ can be
written as:

(3.20) Kg′g′ =

[
K11 k1∗
k>1∗ k∗∗

]
The covariance of two non-global submodels Mi

and Mj given y∗ and Mg can be written as:

(3.21) cov(Mi,Mj |Mg, y∗) = Kij − kig′K
−1
g′g′k

>
jg′

The conditional independence assumption ofMi ⊥
Mj |Mg,y∗ results in cov(Mi,Mj |Mg, y∗) = 0. This
further leads to Kij = kig′K

−1
g′g′k

>
jg′ . Without loss of

generality, let M1 be the global submodel and M2 to
Mm be the set of non-global submodels, we have

(3.22) K ′ff = Kff + ∆

where Kff represents the original covariance ma-
trix for all training data and K ′ff represents the co-
variance matrix with the conditional independence as-
sumption. Term ∆ represents the change in covariance
matrix:

(3.23) ∆ =

∆1,1 · · · ∆1,m

...
. . .

...
∆m,1 · · · ∆m,m


where

Figure 1: Illustration of QBCM model

(3.24)

∆i,j =

{
0 i = j or i = 1 or j = 1

kig′K
−1
g′g′k

>
jg′ −Kij otherwise

Here, ∆i,j = 0 if i = j, since the internal covariance
is captured by each submodel. Similarly, ∆i,j = 0 if
i = 1 or j = 1, since the external covariances of the
global submodel with every non-global submodel are
captured in GRBCM. Finally, the predicted mean and
variance for x∗ can be given as:

(3.25) µ(x∗) = k>f∗[Kff + ∆ + σ2
ε I]−1yf

(3.26) σ2(x∗) = σ2
∗∗ − k>f∗[Kff + ∆ + σ2

ε I]−1kf∗

Comparing Eqs. 3.25 and 3.26 with Eqs. 2.2 and 2.3,
we can see that error induced by the conditional inde-
pendence assumption is proportional to (1) the actual
external covariance between two non-global submodels
(differences in predicted mean and variance increases
as |∆i,j | increases); and (2) the covariance between x∗
and the non-global submodels (differences in predicted
mean and variance increases as |ki∗| increases). Based
on these two findings, we propose to reduce the error
induced by the conditional independence assumption
by: (1) using locality-aware clustering (e.g., kmeans)
to partition the training dataset so as to reduce the
external covariances between submodels; and (2) using
the submodel with the highest covariance with x∗ as the
global submodel so as to reduce the covariances of x∗
with non-global submodels.

3.2 QBCM model. The above discussions show
that (i) BCM models make over-confident predictions
if one submodel is able to make an accurate prediction;
and (ii) if each submodel is a significantly weaker model
than full GP, using the submodel with the most confi-
dent prediction as the prior submodel improves the ag-
gregation accuracy. Both findings show that the prior
submodel, which yields the best aggregation accuracy,
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is the submodel that provides the most confident predic-
tion for the testing point among all submodels. Thus,
we propose a query-aware BCM model, which chooses
the best prior submodel for testing points adaptively.

We depict the QBCM model in Fig. 1. To construct
the submodels, we partition the training data into
equisized subsets and allocate each submodel (e.g.,
M1 to M8 in the figure) with a subset (the space
enclosed by dashed circles). The partition is done using
a locality-aware clustering algorithm (e.g., kmeans).
We then store the geometric centers of all submodels
in c. We also add these centres to all submodels.
The training process of QBCM follows the factorized
training adopted by all aggregation models as discussed
in Section 2.2. In the stage of prediction, let X∗ be the
set of testing points. We first allocate the testing points
into different clusters: each testing point is allocated
to its nearest submodel. This can be completed by
comparing each testing point with each geometric center
stored in c. Suppose X1

∗ is a cluster of testing points
allocated to M1. To make predictions of X1

∗ , we
send the allocated training data in M1 (i.e., D1) to
all the other submodels. Then, each submodel (e.g.,
M8) provides an independent prediction based on its
allocated data and the prior dataset: M1 ∩M8. The
predicted results from each submodel (e.g., µ8,1 and
σ2
8,1) are sent back to M1 for aggregation. Based on

Bayesian committee machine, we assume conditional
independence of the submodels given y∗i and Mi. Let
x∗ be a testing point in X1

∗ , we get the final prediction
for x∗ as:

(3.27) p(y∗|D,x∗) ≈
∏
j 6=1 p

βj,1(y∗|D1,Dj ,x∗)
p
∑

j 6=1 βj,1−1(y∗|D1,x∗)

In section 3.1, we have shown that QBCM is able
to provide more accurate result with the query-aware
prior selection. Next, we show that QBCM will also
outperform PoE and GPoE for completeness. Based on
Eq. 2.7, we can write the relative entropy of (G)PoE as
(3.28)

Dpoe
KL = −

∫
y∗

p(y∗|D,x∗) log

∏m
i=1 p

βi(y∗|Di,x∗)
p(y∗|D,x∗)

dy∗

The above equation can be further written as
(3.29)

Dpoe
KL =−

∫
y∗

p(y∗|D,x∗) log
(
p
∑

i βi−1(y∗|Di,x∗)∏m
i=1 p

βi(y∗|Di,x∗)
p
∑

i βi(y∗|D,x∗)

)
dy∗

Expanding the logarithmic expression, the relative
entropy of (G)PoE can be rewritten as

(3.30) Dpoe
KL =

m∑
i=1

βiD
Mi

KL + (

m∑
i=1

βi − 1)H(y∗|D)

where H(y∗|D) represents the information entropy of
y∗ given the entire dataset D. Since H(y∗|D) > 0 and
DMi

KL > 0, PoE is unable to make correct predictions
since it assumes βi = 1,∀i ∈ [1,m]. GPoE assumes βi =
1/m which cancels H(y∗|D) in Eq. 3.30. However, it can
only make correct predictions when every submodel is
perfect, i.e., DMi

KL = 0,∀i ∈ [1,m]. Thus, QBCM is a
more accurate model than both PoE and GPoE.

3.3 Complexity analysis. Suppose a QBCM model
with n input training points, n′ testing points, and
m submodels. Assuming equisized partition of the
training points, let s (s = dn/me) be the number of
training points on each submodel. The training process
of QBCM requires O(ns2) time and O(ns) memory.
When making predictions, QBCM first clusters the
testing points, which requires O(n′m). The process for
all submodels to make predictions requires O(8ns2 −
7s3) (one inverse of the prior submodel requires O(s3)
and (m − 1) inverses of the other submodels requires
O(8(m− 1)s3)). We assume that the testing points are
equally partitioned into k subsets. Then, the process
of aggregating predictions for one cluster of testing
points requires O((4ns − 3s2)n′/k). Thus, the overall
predicting cost is O(k(8ns2 − 7s3) + (4ns − 3s2)n′).
Note that the proposed QBCM model allows parallel
computation which can further reduce the response
time. If each submodel is assigned to a distributed
machine, the training cost per machine can be reduced
to O(s3). The predicting cost per machine can be
reduced to O(8ks2 + 4n′s2). Compared to BCM,
RBCM, and GRBCM, QBCM has equal training cost
and slightly higher predicting cost. Compared to NPAE,
QBCM has equal training cost but is much more efficient
as NPAE needs to perform a nested GP for each testing
point.

3.4 A numerical example. We use a one-
dimensional example to show the characteristics of the
aggregation models, where

(3.31) f(x) = 5x3 + ε

where the i.i.d noise ε ∼ N (0, 0.36). We generate
2 × 103 training points within the range of [0, 1], and
5 × 103 testing points within the range of [0, 1.5],
respectively. We compare the proposed model, QBCM,
with aggregation models discussed in Section 2.2. For
all compared models except GRBCM, we partition the
training dataset into 16 subsets using the k-means
algorithm. In GRBCM, we obtain the global subset
using random sampling and the remaining subsets using
k-means [20]. We follow previous studies [19] and [20]
to set βi in GPoE as 1/m where m = 16.
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(a) GPoE (b) BCM

(c) RBCM (d) GRBCM

(e) NPAE (f) QBCM (proposed)

Figure 2: A numerical example of aggregation models.

4 Experiments and results.

In this section, we first use an example to illustrate the
characteristics of the aggregation models discussed and
the proposed model. Then we conduct experiments on
real datasets to evaluate the accuracy and efficiency of
the proposed model. We implement all codes in Matlab
and perform the experiments on a workstation with
27 Intel (R) Xeon (R) E5-2697 2.60 GHz CPUs. We
implement the submodels using the GPML toolbox 1

with the SE kernel as shown in Eq. 2.1. We optimize the
hyperparameters using the conjugate gradients code,
where the maximum iterations is 100.

We present the results in Fig. 2. We use the coral-
colored circles to represent the training data points, the
black solid lines and the grey regions to represent the
mean predictions and 95% confidence intervals of full
GP, the green solid lines and the green dashed lines
to represent the mean predictions and 95% confidence
intervals of aggregation models. For clarity of presen-
tation, we downsample the training data by 20 times.
Due to the page limit, we omit the result of PoE in this
figure since GPoE has been shown to outperform PoE.

1http://www.gaussianprocess.org/gpml/code/matlab/doc/

In terms of variance prediction, GPoE makes conserva-
tive predictions (too large variance) all the time. BCM
and RBCM make over-confident predictions (too small
variance) compared with full GP. GRBCM, NPAE, and
QBCM are all able to make correct variance prediction
when the testing data is tightly enclosed by training
data. However, GRBCM and NPAE make conservative
predictions as soon as the testing data leaves the train-
ing data area. In terms of mean prediction, GPoE has
the worst performance. All BCM models and NPAE
can predict the correct mean values in the training
data area. However, when the testing data leaves the
training data area, the mean predictions of BCM and
RBCM fall quickly to the prior of the model. GRBCM
and NPAE are slightly better, but are still significantly
outperformed by QBCM. In particular, the predicted
mean values for testing point at x = 1.5 produced by
GRBCM, NPAE, and QBCM are 3.17, 2.82, and 9.22,
respectively. This confirms that the proposed model
QBCM can make more accurate predictions even if no
submodel makes perfect prediction.

4.1 Experiments on real datasets. We conduct
experiments on three real datasets: KIN8NM [23, 24]
(8 dimensions, 8,192 data points), KIN40K [20, 18] (8
dimensions, 1 × 104 training points, and 3 × 104 test-
ing points), POL [18] (26 dimensions, 1 × 104 train-
ing points, and 5 × 103 testing points). For dataset
KIN8NM, we use random sampling to split the dataset
into two partitions for training and testing, respectively.
For all other datasets, we use the original split of the
datasets. We compare the proposed model QBCM with
aggregation models discussed in Section 2.2 and full GP.
In addition, we compare the proposed model with the
state-of-the-art inducing points method: fully indepen-
dent training conditional (FITC) approximation [12].
We follow [20] and set the number of induced points of
FITC as 10% of the total training points in all three
datasets. For aggregation models, we set the number of
submodels as 16, 32, and 64 on KIN40K, 4, 8, and 16 on
KIN8NM, and 16, 32, and 64 on POL, repsectively. To
evaluate the accuracy of the compared models, we adopt
two metrics, namely standardized mean square error
(SMSE) and mean standardized log loss (MSLL) [1],
which represent the accuracy of mean prediction and the
accuracy of variance prediction, respectively. To evalu-
ate the efficiency of the models, we record their run time
for training and predicting, respectively. We present
the results of QBCM, GRBCM, NPAE and FITC on
KIN40K and POL in Table 1, where the best result
is highlighted in bold. We put the result of full GP
on the first line as reference. In this table, we show
the results of aggregation models where the numbers of
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submodels are set as 16 on KIN40K and POL. Results
of these models with different numbers of submodels
are shown in Fig. 3(a)- 4(b). The complete experiment
results are provided in supplementary information, in-
cluding all the results (G)PoE and (R)BCM and the
results on dataset KIN8NM. The results in Table 1 con-
firm that QBCM is able to provide better approximation
of full GP compared to the state-of-the-art models. On
all datasets, QBCM consistently outperform all baseline
models in both SMSE and MSLL. In particular, com-
pared to GRBCM, QBCM reduces SMSE by 11.5%, and
23.3%. In terms of variance prediction, QBCM outper-
forms GRBCM by 4.3%, and 6%.

Table 1: Comparison in SMSE and MSLL

Dataset KIN40K POL

Model SMSE MSLL SMSE MSLL

full GP 0.0117 -2.3557 0.0121 -2.5228

QBCM 0.0169 -2.1458 0.0125 -2.4209

GRBCM [20] 0.0191 -2.0586 0.0163 -2.2846

NPAE [22] 0.0224 -2.0093 0.0182 -2.1002

FITC [12] 0.0543 -1.575 0.0319 -2.1452
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Figure 3: Comparison of accuracy by varying number
of clusters on KIN40K
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Figure 4: Comparison of accuracy by varying number
of clusters on POL

We compare the robustness of the aggregation mod-
els by increasing the number of clusters in Fig. 3 and 4.
The results on both datasets show that QBCM is the
most robust than all baseline models. The accuracy de-
grades very slowly with the increase in the number of
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Figure 5: Comparison of training and predicting time
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Figure 6: Comparison of predicting time by varying
number of clusters

clusters. NPAE and GRBCM are very close in their
accuracies, while NPAE is slightly more robust than
GRBCM. BCM has the worst performance, due to its
constant βi in its aggregation process.

We compare the time cost for training and predict-
ing between aggregation models, FITC, and full GP
in Fig. 5, where QB, GB, NP, FG and FT represent
QBCM, GRBCM, NPAE, Full GP and FITC, respec-
tively. In terms of training cost, full GP and FT have
much higher time cost than aggregation models, note
the log scale of the figure. Benefiting from factorized
training, all aggregation models require much less train-
ing time. In terms of predicting cost, NPAE is most
expensive. QBCM requires much less time than NPAE
in predicting, but has slightly more cost than GRBCM.
FITC is most efficient in predicting. However, this is
at the cost of much more expensive training. Overall,
QBCM strikes a good balance in training and predict-
ing costs, compared to NPAE and FITC. It has slightly
higher cost than GRBCM, however, it provides more ac-
curate prediction than GRBCM, as shown in the above
results.

Finally, we vary the number of clusters and compare
the time cost for predicting between aggregation models
in Fig. 6. We do not compare the training time
cost as all aggregation models use factorized training,
leading to almost the same time costs. The results
show that the predicting times of all aggregation models
increase when the number of clusters increases. RBCM
is most efficient in predicting, at the cost of poor
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prediction accuracy. GRBCM has slightly higher time
cost. NPAE is most expensive in predicting, since it
has to do a nested GP for each testing point. QBCM
has slightly higher cost than GRBCM but is much more
efficient than NPAE. In the meantime, QBCM is able
to provide more accurate prediction than both NPAE
and GRBCM.

5 Conclusion

In this paper, we propose a query-aware Bayesian com-
mittee machine for scalable Gaussian process regression.
The proposed model introduces a query-oriented sub-
model, which improves the aggregation process of BCM
models by (i) alleviating over-confident prediction when
testing point is tightly enclosed by training data; and
(ii) improving the accuracy of submodels when testing
point leaves the training data area. We perform empir-
ical experiments on both synthetic and real datasets.
The results confirm that the proposed model consis-
tently outperforms the state-of-the-art approximation
models for GP.
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