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Abstract

This talk and paper draw heavily on related published work by
this author reviewing flow control and especially the use of re-
solvent analysis to characterize and design control approaches.
In particular, a range of almost identical material was presented
at the 12th International ERCOFTAC Symposium on Engineer-
ing Turbulence Modelling and Measurements [21].

The financial and environmental cost of turbulence is stagger-
ing: manage to quell turbulence in the thin boundary layers on
the surface of a commercial airliner and you could almost halve
the total aerodynamic drag on existing platforms, dramatically
cutting fuel burn, emissions and cost of operation, and enabling
new aircraft designs. Consequently, there have been large in-
vestments around the world in research into means to reduce
and control turbulence [6]. However practical implementation,
especially of active control schemes, has remained either im-
practical or not economically viable given relatively small net
gains. A brief review of historical and current flow control ef-
forts targeting skin friction reduction is given.

Systems-level tools to model scale interactions and control tur-
bulence are given more detailed treatment. The resolvent analy-
sis for turbulent flow proposed by McKeon and Sharma (J. Fluid
Mech, 2010) [23] provides a simple, but rigorous, approach by
which to deconstruct the full turbulence field into a linear com-
bination of modes which interact through the nonlinear term
to provide self-sustaining turbulence. A review of analysis of
the linear resolvent operator and the nonlinear feedback, or the
inter-connection between different scales which provides the
forcing required for self-sustaining turbulence, is provided, then
the formulation is extended to include control through modifi-
cations to the wall boundary conditions. After considering the
information given by the resolvent operator about the relative
physical locations of input and corresponding response, framed
in the context of flow control, the specific examples of experi-
mental manipulation of both the linear response and the triadic
scale interactions using dynamic roughness actuation, opposi-
tion control and compliant wall design for global drag reduc-
tion are considered. A brief statement on the outlook for mod-
eling and control of turbulent flows using this approach is also
presented, focusing on possibilities related to a more general
shaping of flow properties, or “designer turbulence”, enabled
by more detailed understanding of the mechanisms of turbu-
lence sustenance.

Introduction to control of wall shear flows

Control of wall turbulence using passive or active means - as
a sub-topic of the broader study of general flow control - has
been a topic of scientific and especial practical interest for many
years given the ubiquity of the phenomenon. Overviews of
various approaches have been given by Gad-el-Hak [7], Kim
[13, 14] and Kim and Bewley [15]. There have been various
more recent efforts, as summarized by, e.g., McKeon, Jacobi
and Duvvuri [22] as part of an AIAA Journal Special Issue on
Flow Control. Henceforth in this contribution we focus specifi-
cally on the potential to use resolvent analysis for a system-level

approach to flow control.

Closed Loop Resolvent Formulation

The resolvent formulation for wall turbulence has been de-
scribed in detail in previous publications, e.g. [23, 24, 20].
The essential outline of the closed-loop resolvent analysis is
shown in Figure 1, and the development here is for turbu-
lent channel (plane Poiseuille) flow in a domain which is pe-
riodic in the streamwise and spanwise directions, x and z, re-
spectively, with no-slip and no-penetration wall boundary con-
ditions. Defining fluctuations relative to the spatio-temporal
turbulent mean (which is assumed to be known from, e.g.,
experimental data, simulations or an eddy viscosity model),
U(x,y,z, t) = U(y) + u(x,y,z, t), and Fourier transforming the
Navier-Stokes equations in (x,z, t):

û(kz,kz,ω;y) =∫ ∫ ∫
∞

−∞
u(x,y,z, t)e−i(kxx+kzz−ωt)dxdzdt

Rearranging, and formulating in velocity-vorticity form, (v,η),
we arrive at
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Here ĝv and ĝη represent a forcing of the linear terms at k =
(kx,kz,ω) arising from the nonlinear interactions between scales
and the H operators constituting the resolvent (transfer func-
tion) are related to the well-known Orr-Sommerfield and Squire
operators as follows, where κ2 = k2

x + k2
z , D2 is the Laplacian

and U ′ is the local mean shear:

Hvv =
(
−iω+(κ2−D2)−1LOS

)−1
(2)

Hηη =
(
−iω+LSQ

)−1 (3)

Hηv =−ikzHηηU ′Hvv (4)

Input-output analysis of this form was described by Jovanovic
and Bamieh [12] for laminar flow, and several other studies have
considered the characteristics of the linear resolvent operator
using an eddy viscosity rather than the explicit nonlinear term
to provide a closure, e.g. Hwang and Cossu [10], or under a
shaped stochastic forcing input, e.g. Zare, Jovanović and Geor-
giou [32].

Following the development of Rosenberg and McKeon [27], we
further decompose the relationships above to reflect the poten-
tial independence of unforced Squire modes:
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Figure 1: Schematic of the resolvent approach, after McKeon, Sharma & Jacobi [24].
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Separate singular value decompositions (SVD) of the transfer
functions for the Orr-Sommerfield and Squire modes can be
used to obtain a set of forcing and associated response modes
ranked by gain (respective singular values). The work of Rosen-
berg and McKeon outlines how this analysis is superior to the
SVD of equation 1 in terms of providing a basis for recon-
struction of the full turbulent field. The resolvent operator has
been found to be surprisingly low-rank in the wavenumber-
frequency range where turbulence is energetic (Moarref et al.
[25]), such that only a low number of resolvent response modes
are required to capture key physical features. The appropriate
weights, χ j(kx,kz,ω), for each basis function can be determined
either by consideration of the nonlinear interaction of response
modes at other k combinations (McKeon, Sharma and Jacobi,
[24]) or from data (Moarref et al, [25]; Gomez et al, [8]; Bened-
dine et al, [1]), allowing the full velocity field to be expressed as
in equations 10-11. Thus this approach permits both the study
of the most amplified response at each wavenumber pair and
wavespeed (ck = ω/kx) and the importance of each nonlinear
interaction.

Conceptually, open loop excitation can be viewed as adding an
additional, external component to f in the schematic of Fig-
ure 1. The formulation can be modified to admit formal lin-
ear control, simply added here by implementing a wall bound-
ary condition appropriate to the control law under considera-

tion. These approaches have been advanced empirically and
experimentally using dynamic roughness actuation at individ-
ual frequencies in a turbulent boundary layer (see, e.g., [24])
as well as more formally incorporating the true boundary con-
dition change. Luhar, Sharma and McKeon [17] investigated
opposition control (Choi, Moin and Kim, [2]) with a general-
ized (complex) amplitude, Ad , by implementing a wall-normal
velocity at the wall of the opposite sign to the signal detected at
an off-wall detection plane at height, yd :

vk(0)+Advk(yd) = 0 (8)

A similar approach was used by Nakashima, Fukugata and
Luhar [26], who investigated the effects of suboptimal control
based on the shear stress measured on the wall, implementing
wall transpiration proportional to the streamwise or spanwise
wall shear stress.

Luhar, Sharma and McKeon [18] considered the interaction of
simple compliant walls with turbulent channel flow. Consis-
tent with earlier studies on compliant surfaces in the transi-
tional flow regime, the dynamical wall boundary condition (for
small deflections, constrained to be in the wall-normal direc-
tion only) was modeled using a complex admittance relating
the wall-normal velocity and pressure at the wall,

Y =
vk(0)
pk(0)

(9)

The analysis was subsequently expanded and developed as a
potential design tool for compliant walls in Luhar, Sharma and
McKeon [19].
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The studies outlined above all pertain to changes to the (bound-
ary conditions on the) linear operator, but note that Luhar
[16](2017) has also modeled the consequences of simple wall
geometry changes on the nonlinear interactions in the resolvent
framework.

Sensitivity to Forcing

With regards to physical insight into where actuation could in-
fluence a particular response mode, or the sensitivity of modes
to forcing, Symon et al. [29] outlined the relationship between
the locations of forcing and response in the resolvent for a range
of different physical phenomena, as shown in the cartoon of Fig-

ure 2. For the turbulent channel flow, in which the mean profile,
U(y), is one-dimensional, the Orr-type mechanism is active,
with amplification arising due to both the mean shear (lift-up
effect) and the presence of a critical layer, where U(y) = ck.
Both forcing and response are concentrated around the criti-
cal layer, with the former inclined upstream and the latter in
the downstream direction. As shown in panels (i-l), a con-
vective instability, as often associated with a two-dimensional
mean flow leads to forcing and response modes with differing
physical footprints: overlap of the modes reflects an effective
wavemaker where actuation would be expected to be influen-
tial. Note that we do not formally address controllability and



observability in this simple explanation.

Sharma et al [28] investigated direct excitation of the first forc-
ing mode at individual k values using (off-wall) body forcing in
a channel flow direct numerical simulation. Yeh & Taira [31]
used resolvent analysis of uncontrolled separating flow over an
airfoil to inform a frequency and spanwise wavelength for ef-
fective actuation using open-loop thermal actuation at the wall.
Most practical actuation schemes are likely to be implemented
at the wall and we detail next some results from schemes in
which control has been applied to wall turbulence via the resol-
vent analysis.

Some Examples of Flow Control via Resolvent Analysis

Experiments using dynamic roughness actuation

Building on the results of Jacobi and McKeon [11], Duvvuri and
McKeon [3, 4] utilized a spatially-impulsive oscillating span-
wise strip - a dynamic roughness element - to provide external
excitation at individual frequencies to a zero pressure gradient
turbulent boundary layer, configuration which can be analyzed
using the resolvent framework. The linear response of the flow
was determined by phase-averaging downstream hot-wire and
particle image velocimetry measurements with respect to the
phase of the dynamic roughness. It was determined that the re-
sponse, which decayed in the downstream direction, was dom-
inated by a single streamwise wavelength for each frequency.
Figure 3, from [3], shows the experimental configuration and
summarizes the linear and nonlinear responses observed for
a two frequency input, i.e. forcing at k1 = (kx1,0,ω1) and
k2 = (kx2,0,ω2) which was shown to identify the sum and dif-
ference frequencies via the quadratic nonlinear interactions of
the excited synthetic modes.

An extended summary of the results of these studies is given
in [22]. In ongoing work (Huynh and McKeon, [9]), we are
investigating the response of a compliant wall downstream of
a dynamic roughness element using the framework of Luhar,
Sharma and McKeon [18].

Opposition control in DNS

The generalized opposition control described by equation 8 was
implemented on a scale-by-scale basis in turbulent pipe flow by
Luhar, Sharma and McKeon [17]. For modes with a footprint in
v at the detection plane, for example for the mode most closely
corresponding to the near-wall cycle of turbulence (Figure 4),
control modified both the response velocity field and the singu-
lar value (gain). Maximal gain reduction was obtained for dif-
ferent phases of control amplitude, Ad , for modes with different
wavespeeds, ck. This behavior was captured by sweeps over
k for the first response modes, i.e. a rank-1 approximation of
the resolvent. Using the FIK identity (Fukugata, Iwamoto and
Kasagi, [5]) to characterize the reduction in turbulent Reynolds
stress (a proxy for the true drag reduction which includes a con-
tribution from the laminar base flow) for traditional opposition
control, Ad = 1, it was shown that the variation of the drag re-
duction trends with detection plane location were captured by
the resolvent analysis. Further, an optimal drag reduction sig-
nificantly larger than for the traditional parameters could be ob-
served for control with |Ad |= 1 and 6 Ad ≈ π/4.

Note that these results were obtained employing the uncon-
trolled turbulent mean in the formulation of the resolvent. In
ongoing work, we have compared the predictions of the rank-
1 linear analysis detailed above with the output of DNS at
matched conditions, i.e. the full nonlinear solution (Toedtli,
Luhar and McKeon, [30]). Not only are the trends in drag re-
duction matched across detection plane and actuation phase, but

there is surprisingly good agreement between the conditions
for optimal drag reduction. The sweep through this parame-
ter space using the resolvent approach can be performed using
desktop computing power rather than high performance com-
puting capabilities, close to two orders of magnitude faster than
for the DNS for this one-dimensional base flow. Further, the
approach can be applied to Reynolds numbers beyond the ca-
pability of current DNS codes, however the gains decrease as
the complexity of the base flow increases, e.g. through a two-
dimensional base flow. Nonetheless, these results point to the
potential to use resolvent analysis as a design tool to evaluate
the likely efficacy of flow control techniques and the physics
underlying them before devoting large computational resources
at a particular control point.

Conclusions and Outlook

This paper has provided a brief introduction to current efforts
to control wall turbulence. Some implementations of the full
resolvent analysis framework in the context of flow control have
been introduced. The approach configured for a no-slip and no-
penetration wall boundary condition can be easily modified to
account for various linear control laws. Examples of (spatially
impulsive) dynamic roughness actuation of single frequencies
and triadic interactions, and optimized opposition control have
been briefly summarized.

The results described herein were generated using desktop com-
puting power and Matlab c©, i.e. without resort to high per-
formance computing. The approach provides a means of de-
veloping insight into the physics underlying unperturbed flows
and mechanisms of self-sustenance of turbulent flows in gen-
eral. The discussion here has focused on wall turbulence, but
the technique is now being widely applied to a range of different
flow configurations. In the context of flow control, the approach
appears to have the potential to be used effectively as a design
tool for evaluating and optimizing control schemes, as well as
investigating questions related to practical implementation, for
example the effects of limited spatial and temporal resolution
(by restricting the range of k to which control can be applied),
and sensing constrained to the wall. Combined with insight ob-
tained from resolvent analysis with regards to the mechanisms
of turbulence self-sustenance, it is proposed that there is an op-
portunity to use this tool to create “designer turbulence”, or to
shape the global properties of a flow in a systematic way.
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