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Abstract

Flow-induced vibration of a flexible structure is a common
phenomenon which has recently attracted significant attention
due to its fundamental and importance in engineering. Previous effort has been made to study the dynamic response of a
flexible plate in uniform flows. In order to consider the interaction between a flexible plate and a wall boundary layer,
this work presents a numerical study of fluid–structure interaction of a flexible plate vertically fixed in a laminar boundary
layer over a rigid wall by using an immersed boundary method.
The Reynolds number, structure-to-fluid mass ratio and bending
rigidity have been considered. The vibrations of the plate have
been discussed. Due to the interplay of the inertial, elastic and
viscous forces as well as shear flow near the boundary, the plate
exhibits much richer phenomena compared to flag vibrations in
uniform flows. Specifically, the plate experiences steady state,
periodic vibration of multiple frequencies, and chaotic vibration
within the parameters considered. When the bending rigidity of
the plate increases, the plate switches from periodic vibration to
chaotic vibration, and then to periodic vibration.
Introduction

Flow-induced vibration of a flexible structure is a common phenomenon, such as swimming fish, flying insects and flapping
flags [26]. The dynamic response of a flexible plate in flows
has attracted much attention in recent years because of its fundamental and importance in engineering [29, 16, 10, 22, 23, 20,
17, 13].
Extensive experiments [9, 26, 8, 7], theoretical analyses [9, 4]
and numerical simulations [29, 5, 3, 20] have studied the flowinduced vibration of a flexible plate in uniform flows, suggesting that the Reynolds number, structure-to-fluid mass ratio S, and non-dimensional bending rigidity of the plate determine the dynamic response of the flexible plate. Specifically, a
lower mass ratio tends to stabilise the flexible plate-fluid system [9, 8, 7], and a massless plate in a uniform flow would
maintain its equilibrium state even in the presence of large initial perturbations [29, 17]. The plate may become unstable and
develop a flapping motion when the mass ratio increases [8, 7].
In addition, a larger bending rigidity tends to stabilise the system [16, 1, 8, 7, 20]. Consequently, a flexible plate with lower
bending rigidity is more likely to start the vibration. Finally,
a sufficiently high Reynolds number is necessary for the flow
to become unstable. Recently, flow-induced vibration of multiple plates in side-by-side arrangement has been reported in
Refs. [26, 14, 12, 2, 22, 23, 17]. By varying the separation between plates, in-phase, out-of-phase and erratic coupling flapping modes are observed for two plates. Additional coupling
modes regarding frequency ratio between inner plate and external ones are observed for the case of three and more flexible
plates [23].

More recently, Dai et al. [6] investigated the effects of a wall on
the self-propelled movement of a flexible plunging plate; Lei et
al. (see e.g. Refs. [25, 27, 11]) have studied the effects of a
short non-metallic thin fin on heat transfer. Motivated by these
two groups’ work, this work studies the dynamic behaviours of
a flexible plate vertically fixed in a laminar boundary layer over
a rigid wall by using an immersed boundary method.
Physical Model, Mathematical Formulation and Numerical
Method
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Figure 1: Schematic description of a flexible plate vertically
fixed in a laminar boundary layer over a rigid wall. The inset
shows the coordinate system and the tip deflection of the plate.
A flexible plate of unstretched length L vertically fixed in a laminar boundary layer over a rigid wall is considered, as shown in
Fig. 1. The dynamics of the plate can be described by the following nonlinear equation [21, 24],

d2 X
∂
ms 2 =
τt + qn + f,
(1)
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dt
where ms is the linear density of the plate, X = [x, y] is a material point on the plate, l is the arc length from the fixed point, t
is the unit tangent vector pointing in the direction of increasing
l, n is the unit normal vector, τ is the tension, q is the transverse
stress, and f the hydrodynamic load. The tension and transverse
stress are given by
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where ES is the stretching coefficient of the plate and is large
for the nearly inextensible plate, EB is the bending modulus, κ
is the local curvature, and l0 is the arc length in the unstretched
state. The boundary conditions at l = 0 are given by,
∂X
= [0, 1].
∂l
At the trailing edge, κ = 0 and ∂κ/∂l = 0.
X = (0, 0),

(3)

The flow dynamics is governed by the incompressible viscous
Navier–Stokes equations,
1
∂u
+ ∇ · (uu) = − ∇p + ν f ∇2 u,
∂t
ρf

∇ · u = 0,
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The computational domain has a size of 30L × 10L. The distance from the inlet to the plate is 5L. The entire domain consists of a nonuniform Cartesian grid of 441 × 207 points. The
mesh contains a horizontal band of width 2L and a vertical band
of width 1.5L in which the grid points are uniformly and densely
distributed such that the grid spacing ∆x = ∆y = 0.01L. A total
number of 101 nodes are used to discretise the plate. The time
step size is ∆t = 0.0025L/U0 . All simulations are carried out
until periodic or continuous erratic vibrations are observed.
Results and Discussion

In this work, we consider the effects of Re (from 100 to 800),
m∗ (from 1.5 to 3.0) and EB∗ (from 0.1 to 1.6) on the dynamic
behaviours of the flexible plate.
Effects of the Reynolds Number

Here we set m∗ = 3.0 and EB∗ = 0.4 and compare the dynamics
of the plate for Re = 100, 200, 400 and 800. Fig. 2 shows the
time histories of the plate tip deflection (∆xL in Fig. 1) and the
corresponding PSD (power spectral density) which is re-scaled
by the sum of all peaks. Several interesting observations can be
made from this figure. First, the flow is steady and the plate is
stable at the lowest Reynolds number (i.e. Re = 100). Second,
when the Reynolds number increases, the plate vibrates and becomes erratic at large Reynolds numbers (e.g. Re = 800). The
above two observations are similar to the case of flow-induced
vibration of a flag in uniform flows reported in Ref. [5]. Third,
there is no single-frequency vibration for the plate. The plate
experiences sustained vibrations with a few frequencies, as indicated by the PDS of ∆XL at Re = 200. This is due to the
plate-vortex-boundary interaction. Finally, the mean displacement of the plate increases with the Reynolds number which is
consistent with the 3D observation of a flexible plate in uniform
flows in Ref. [19], but in contrast with a 2D plate in uniform
flows studied by Zhu et al. [28]. The most significant difference in flow structures between the current study and Ref. [28]
is that the unsteady vortex shedding occurs here, while the flow
is steady in Ref. [28]. This is a reasonable explanation of the
different Re-mean ∆XL observations.
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The governing equations with boundary conditions are solved
by using an in-house solver. Specifically, the incompressible flow is solved using a sharp-interface immersed-boundary
method with a special treatment to suppress the pressure oscillations associated with the moving boundaries [20, 21, 19, 24].
The plate is discretised by a set of Lagrangian points initially
distributed uniformly along it. A standard central finite difference scheme is used to solve the structure dynamics iteratively.
The fluid–structure interaction is iterated in a partitioned manner [19, 18]. The fluid-structure solver has been extensively validated and applied to a few topics [21, 19, 24, 15]. For brevity,
the validations of the solver are not included in this paper.
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In this work, ES∗ = 6400 so that the plate is nearly inextensible.
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where u is the velocity, ρ f and ν f are respectively the fluid
density and viscosity, and p is the pressure. No-slip and
no-penetration conditions are specified at the surface of the
plate. Other boundary conditions over the computational domain boundaries are shown in Fig. 1. To parameterize the
problem, we define the non-dimensional groups including the
Reynolds number, mass ratio, bending rigidity and stretching
rigidity, given respectively by
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Figure 2: Re effects: (a) ∆XL and (b) PSD.
Regarding the effect of mass ratio, simulations are conducted
at Re = 400, EB∗ = 0.4 and m∗ = 1.5, 3.0 and 6.0. The time
histories of the plate tip displacement and the corresponding
PSD are presented in Fig. 3. For low mass ratio (e.g. m∗ = 1.5),
the plate undergoes vibration with a few discrete frequencies.
The vibration becomes chaotic when the mass ratio increases.
This observation is similar to the flow-induced vibration of a
flag in uniform flows [5].
Effects of the Bending Rigidity

Finally, we consider the effect of the bending rigidity. Here the
computational parameters are Re = 400, m∗ = 3.0 and EB∗ =
0.1 − 1.6. The time histories of the plate tip displacement and
the corresponding PSD are shown in Fig. 4. When EB∗ is varied
from 0.1 to 1.6, the plate first undergoes vibration at discrete
frequencies (e.g. EB∗ = 0.1), then chaotic vibration (e.g. EB∗ =
0.2 and 0.4) and finally vibration at discrete frequencies again
(e.g. EB∗ = 0.8 and 1.6). This observation is different from that
in flag flapping where large EB∗ stabilises the flow. This may
be explained by the effective Reynolds number and vortex-wall
interaction. For small bending rigidity, the deformation of the
plate is large, and thus the front area (see AF in Fig. 1) is small.
Consequently, the effective Reynolds number is small, leading
to a vibration at discrete frequencies. When the bending rigidity
increases, the effective Reynolds number increases, leading to
chaotic vibration. If we further increase the bending rigidity,
the coupled vibration is stabilised.
To further discuss the frequency properties, the frequencies of
EB∗ = 0.1, 0.8 and 1.6 are shown in Fig. 5. In this figure, f0.1 ,
f0.8 and f1.6 are respectively the fundamental frequencies for
EB∗ = 0.1, 0.8 and 1.6 which are very close to their first eigenfrequency. For all the three cases, the frequencies can be explained by n × f0.1,0.8or1.6 /N where N = 1 for EB∗ = 0.1, N = 2
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Figure 3: Mass ratio effects: (a) ∆XL and (b) PSD.

Figure 4: Bending rigidity effects: (a) ∆XL and (b) PSD.

for EB∗ = 0.8 and N = 5 for EB∗ = 1.6. Therefore, the structure
dynamics can be considered as periodic motion with perioddoubling events. This observation is caused by the interplay of
the structure vibration and the vortex dynamics in the wake.

in coupled flags, J. Fluid Mech., 641, 2009, 489–496.

Conclusions

In this paper, an immersed boundary method has been used to
study the fluid–structure interaction of a flexible plate vertically
fixed in a laminar boundary layer over a rigid wall by considering the effects of the Reynolds number, structure-to-fluid mass
ratio and bending rigidity. We have discussed the vibrations
and frequencies of the plate, finding that the plate exhibits much
richer phenomena compared to flag vibrations in uniform flows
as both convective and absolute instabilities are encountered in
this situation, while in traditional flow-induced vibration of a
flag, only convective instability is involved. In addition, varying the bending rigidity of the plate has potential to change the
frequencies.
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