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Abstract

We report direct numerical simulations (DNS) of turbulent flow
through an open channel over spanwise-alternating patches of
smooth and rough surfaces. The width of the patches is varied
from s/h ≈ 0.40 to s/h ≈ 12.72, where h is the height of the
channel. The roughness elements are fully resolved; here, they
are three-dimensional sinusoids with fixed height k/h = 0.056
and fixed wavelength λ = 7.1k. The friction Reynolds num-
ber based on the global wall shear stress is 590. As the patch
width increases, we find that the skin-friction coefficient de-
creases and the contrast between the rough and smooth wall
shear stresses decreases. An intermediate patch size s/h≈ 3.18
is identified that separates the cases with significant spanwise
heterogeneity from those near the homogeneous limit.

Introduction

Extensive research has been conducted over the past century to
understand how surface roughness affects turbulent flow. Skin
friction on ships and heat distribution in atmospheric bound-
ary layers are just two of many important applications. Though
significant advances have been made in our understanding of
flow over spatially homogeneous roughness, rough surfaces in
applications are often spatially heterogeneous. While the direc-
tion of heterogeneity depends on application, here we inves-
tigate the idealised configuration of spanwise-varying rough-
ness, where the rough walls are homogeneous in the stream-
wise direction. Past studies of this configuration initially fo-
cused on secondary flows, where large-scale counter-rotating
mean streamwise vorticity in the streamwise-normal plane arise
from local production-to-dissipation imbalances of turbulent ki-
netic energy [1, 6]. More recently, studies investigated the
effect of changing the spanwise spacing of roughness hetero-
geneity [4, 8, 12, 13]. Though spanwise-varying roughness has
already been studied experimentally [8, 12] and computation-
ally [4, 13], resolved flow data down to the roughness elements
are still lacking, precluding direct investigation of the link be-
tween the aforementioned secondary motions and the wall shear
stress. On the one hand, experiments have been subject to res-
olution limitations near the wall, especially for local measure-
ments of wall shear stress; on the other hand, simulations have
been subject to modelling assumptions that parametrise the ef-
fect of roughness elements on the near-wall flow. This study
overcomes these limitations by using direct numerical simula-
tion (DNS) that fully resolves the flow down to the wall, includ-
ing the roughness elements. As a result, the wall shear stress
distribution is directly quantified.

Flow Setup and Numerical Method

Let {x1,x2,x3} ≡ {x,y,z} denote the streamwise, span-
wise and wall-normal coordinates, respectively, with
{u1,u2,u3} ≡ {u,v,w} the corresponding velocities. The
simulation is governed by the Navier–Stokes equations:
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Here, ρ is the density, p the pressure, ν the kinematic viscosity,
Π > 0 the driving pressure gradient and fi the direct forcing of

Figure 1: The computational domain is an open channel tiled
with streamwise-aligned rough and smooth walls with vary-
ing patch widths: (a) s/h ≈ 0.40 and (b) s/h ≈ 1.59. The
inset shows that the z-coordinate origin is defined relative to
the smooth wall and that the rough wall varies between ±k in
height, where k = 0.056h is the semi-amplitude of the sinu-
soidal roughness.

the immersed-boundary method such that the volume-of-fluid
interpolation of ui is zero inside a solid cell [5, 10].

Figure 1 presents a schematic of the computational domain,
which is an open channel whose bottom wall is characterised
by spanwise-alternating patches of smooth and rough surfaces
that are streamwise homogeneous. The width of both smooth
and rough patches are equal to s, which is the parameter of in-
terest in this paper. The rough walls are tiled by ‘egg-cartons’
described by zw = k sin(2πx/λ)sin(2πy/λ) [2]. Here, zw is the
local height of the bottom wall, k = 0.056h the roughness height
and λ = 7.1k the roughness wavelength. z = 0 is defined at the
smooth wall, which is (4/3)k above the bottom of the compu-
tational domain and is aligned to the mean height of the rough
patches. The streamwise and spanwise grid spacing is uniform,
while the wall-normal computational grid spacing is uniform
for z ≤ k, i.e. below the roughness crest, and is stretched using
a hyperbolic tangent mapping up to z = h. As detailed in ta-
ble 1, the domain length is fixed at Lx ≈ 6.36h to accommodate
an integer number of roughness wavelengths while ensuring it is
large enough to capture accurate one-point statistics [7]. For the
same reason, the width is Ly ≈ 3.18h for the simulations with
s/h . 1.59. For the simulations where s/h & 3.18, the domain
width is Ly = 2s so that it can fully contain one smooth patch
and one rough patch. The stress-free (∂u/∂z = ∂v/∂z = 0) and
impermeable (w = 0) boundary conditions are imposed at the
top surface (z = h). Periodic boundary conditions are imposed
in the streamwise (x) and spanwise (y) directions.

The global friction Reynolds number of the flow
Reτ0 ≡ huτ0/ν = 590, where the friction velocity uτ0 ≡

√
τ0/ρ.

Here, τ0 is the average wall shear stress and hence satisfies the
relation τ0 = hΠ.

The spatial and temporal discretisation schemes of the govern-
ing equations are detailed in [3]. Briefly, the governing equa-
tions are spatially discretised on a staggered grid using a fourth-
order finite-difference scheme that conserves mass, momentum
and energy. Time marching is achieved using a low-storage
third-order Runge–Kutta scheme, in which the fractional-step
method is applied at each sub-step to ensure a divergence-free
velocity field.



Case Marker s/h Lx/h Ly/h nx ny Nx Ny Nz ∆
+
x,R ∆

+
y,R ∆

+
z,R Tuτ0/h

HS Homogeneous
smooth

6.28 3.14 384 384 318 9.77 4.89 0.34–6.93 10

HR Homogeneous
rough

6.36 3.18 24 48 384 384 400 9.77 4.89 0.35–6.98 10

S1 0.40 6.36 3.18 16 32 256 256 200 17.42 8.71 0.83–16.58 10
S2 0.80 6.36 3.18 16 32 256 256 200 17.86 8.93 0.85–16.99 10
S4 1.59 6.36 3.18 16 32 256 256 200 17.64 8.82 0.84–16.78 10
S8 3.18 6.36 6.36 16 32 256 512 200 17.10 8.55 0.82–16.27 10
S16 6.36 6.36 12.72 6 12 96 384 100 42.26 21.13 1.08–58.84 12
S32 12.72 6.36 25.45 6 12 96 768 100 40.82 20.41 1.05–56.84 15

Table 1: Simulation cases at Reτ0 = 590. Spanwise-varying cases are identified by the letter ‘S’ followed by the number of sinusoids
in the width of each rough patch. nx and ny are the number of grid points per sinusoid in the streamwise and spanwise directions,
respectively. Nx, Ny and Nz are the number of grid points in the streamwise, spanwise and wall-normal directions, respectively. ∆

+
x,R,

∆
+
y,R and ∆

+
z,R are the corresponding grid spacings scaled by ν/

√
τR/ρ, where τR is the average wall shear stress at the rough walls

except for case HS, where τR is just the average wall shear stress. Tuτ0/h is the normalised duration over which statistics are collected
after simulation transients are discarded.
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Figure 2: Profiles of (a) the mean velocity and (b) the mean ve-
locity defect. Legend is consistent with table 1. ‘+’ full channel
profile at matched Reτ0 [9].

All statistics are ensemble averaged over duration T detailed in
table 1. Quantities averaged in the streamwise direction are de-
noted using uppercase letters, as in U(y,z) ≡ 〈u〉x, where the
subscript xi indicates averaging in the xi direction. The mean
streamwise velocity profile is denoted U(z) ≡ 〈U〉y = 〈u〉xy.
Note that averaged quantities are superficially averaged; that is,
they are averages taken by zeroing the velocity in the solid.

Results and Discussion

Mean Quantities

The mean velocity profiles are presented in figure 2a, where
U+ ≡U/uτ0 and z+ ≡ zuτ0/ν. We observe that the heteroge-
neous roughness cases (s/h & 0.40) group close together but do
not entirely collapse between the homogeneous smooth (HS)
and homogeneous rough (HR) cases with matched Reτ0. The
velocity defect profiles in figure 2b shows outer-layer collapse
for s/h . 3.18. For s/h & 6.36, where s is almost an order of
magnitude larger than h, outer-layer similarity does not hold.

Integrating the momentum equation in (1) for i = 1 relates the
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Figure 3: Effect of patch width s/h on: (a) C f ( ), the skin-
friction coefficient, and C f ,R (5) and C f ,S (4) defined in
(4); (b) τR/τS, the ratio of the rough and smooth wall shear
stresses each averaged over their respective patches; and (c)
K+ ≡ K/u2

τ0, where K, the average kinetic energy of the sec-
ondary motion is defined in (6).

average wall shear stress τ0 to the immersed boundary force f1.

τ0 ≡
ρ

LxLy

∫ Ly

0

∫ Lx

0

(∫ h

−(4/3)k
f1 dz

)
dx dy = hΠ (2)

The skin-friction coefficient is given by C f ≡ τ0/(ρU2
b /2),

where Ub ≡ 〈U〉z. C f is plotted in figure 3a, from which we
observe that it reduces as patch size s/h increases.

Wall Shear Stress Distribution

In the presence of surface heterogeneity, the wall shear stress
distribution depends greatly on the surface geometry. We define
τR and τS as the streamwise wall shear stresses averaged over
the rough walls (R) and over the smooth walls (S), respectively.

τR,S ≡
ρ

Lx(Ly/2)

∫
y∈R,S

∫ Lx

0

(∫ h

−(4/3)k
f1 dz

)
dx dy (3)



We can subsequently define the skin friction coefficient over the
smooth and rough walls as

C f ,R,S ≡
τR,S

ρU2
b,R,S/2

, where Ub,R,S ≡
∫

y∈R,S
〈u〉x,z dy. (4)

Despite the ratio τR/τS changing greatly with s/h in figure 3b,
figure 3a shows that C f ,R and C f ,S are remarkably close to C f
for the homogeneous rough and homogeneous smooth cases,
respectively. The underlying mechanism causing this behaviour
remains unresolved.

Figure 3b shows that τR/τS decreases and approaches unity for
increasing s/h. A similar trend is observed in the open chan-
nel large-eddy simulations (LES) of [13], where the maximum
wall shear stress over the higher roughness patch decreased as
its width increased. τR/τS = 1 is the limiting case where both
patches impose the same amount of drag to the fluid, and its
tendency to unity for increasing s/h hints to the existence of
a spanwise distance beyond which the wall shear stress can
be effectively ‘transported’ across a change in surface rough-
ness. Where the patch size is relatively small (s/h . 3.18), the
flow over a patch is ‘fully aware’ of the neighbouring patches
and will subsequently lead to a non-uniform distribution of
wall shear stress. Contrast this with large patch size cases
(s/h & 12.72), where the computational domain is just the con-
catenation of two independent channels (one smooth and one
rough) but with a small mixing region between them. As a re-
sult, the wall shear stress over each patch predominantly bal-
ances with the driving pressure gradient with little consideration
of the flow over its neighbouring patches.

To further probe the distribution of wall shear stress, we cal-
culate τ̃x(y) and τ̃y(y), the local streamwise and spanwise wall
shear stresses, by integrating f1 and f2, respectively.

τ̃x,y(y) =
ρ

Lxλ

∫ y+λ/4

y−λ/4

∫ Lx

0

(∫ h

−(4/3)k
f1,2 dz

)
dx dy (5)

The integration domain in (5) has width λ/2 corresponding to
the width of a half-sinusoid. The spanwise distributions of τ̃x
and τ̃y are shown in the left and right columns of figure 4, re-
spectively. We observe that the magnitude of τ̃y is about an
order of magnitude lower than that of τ̃x, consistent with the
open channel LES of [13] with friction Reynolds numbers or-
ders of magnitude larger than the present simulations. Whereas
the aforementioned LES [13] observed that the peaks in the
spanwise wall shear stress occur within the rough patch, we ob-
serve that the peaks occur at the wall transitions y/s = ±0.5.
One likely reason for this difference is the implementation of
surface roughness. The roughness elements in the simulations
presented herein are fully resolved with spanwise wavelength
λ ≈ 0.40h; contrariwise, the surface roughness in the LES of
[13] is parameterised by the surface drag approximated via the
equilibrium logarithmic law in the absence of a physical rough-
ness geometry. Consequently, near-wall flow around the rough-
ness elements will differ and lead to a different distribution of
wall shear stress.

Secondary Motion

The average kinetic energy of the secondary motion K is defined
as follows.

K ≡ 1
Lyh

∫ Ly

0

∫ h

0

1
2
(V 2 +W 2) dy dz (6)

K peaks at s/h ≈ 3.18 (figure 3c), meaning the secondary mo-
tion is likely sustained via some mechanism. This is consis-
tent with the analysis of Townsend [11, pp. 328–331], which
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Figure 4: Spanwise distributions of: (left panels) the streamwise
wall shear stress τ̃x; and (right panels) the spanwise wall shear
stress τ̃y. y is scaled by s so that the spanwise extent of the cases
are comparable. The smooth wall lies in the range |y/s|< 0.5.

predicted that secondary motions are sustained in tandem with
spanwise variations of wall shear stress with characteristic
wavelength of 4.2 boundary-layer thicknesses. In the present
study, s/h≈ 3.18 corresponds to a characteristic wavelength of
6.36h for the wall shear stress. For s/h & 0.80 (figures 5b– f ),
vortex pairs with size comparable to the channel height cover
the domain. At s/h≈ 3.18 (figure 5d), not only do the vortices
appear strongest, there is also a strong diagonal cross-flow at
the roughness transition due to a small vertical offset between
the vortex centre above the smooth wall and that over the rough
wall. These observations hint that s/h ≈ 3.18 is an intermedi-
ate patch size that separates the spatially heterogeneous cases
(s/h & 6.36) from the spatially homogeneous limit, consistent
with the results of a similar study [4]. For large s/h & 6.36
(figures 5e– f ), vortices also appear in the centre of each patch
away from the wall transitions, similar to the tertiary flows that
are identified in the boundary layer experiments of [12] for large
roughness spacing.

As discussed in similar studies [4, 12], the roughness patch
size affects the mean flow, which is shown in figure 5. The
U(y,z) isovels for s/h . 1.59 (figures 5a–c) appear flat and ex-
hibit little spanwise heterogeneity. Contrariwise, the isovels for
s/h & 6.36 (figures 5e– f ) are globally heterogeneous, but are
locally homogeneous above the centre of each patch. s/h≈ 3.18
(figure 5d) is the only patch size for which the flow shows nei-
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Figure 5: yz-plane cross section of the channel scaled by patch
size s in the spanwise direction with mean streamwise contours
(isovels) at U/uτ0 = 5,10,12,14,16,18,20. The in-plane sec-
ondary flow [V,W ]/uτ0 is indicated by the vector arrows, scaled
equally across the panels.

ther the global homogeneity observed for s/h . 1.59 nor the
local homogeneity observed for s/h & 6.36, which is yet an-
other indicator that it is an intermediate patch size between the
two patch size regimes.

Conclusions

Flow over spanwise heterogeneous surfaces with different
roughness patch size s/h is studied in this paper through DNS
of an open channel at friction Reynolds number Reτ0 = 590.
For the three smallest patch sizes where s/h . 1.59, we report
little spanwise heterogeneity in the mean streamwise isovels
despite the presence of in-plane vortices. For the two largest
patch sizes s/h ≈ 6.36 and s/h ≈ 12.72, the primary flow di-
rectly above the centre of the smooth and rough patches ap-
pear locally homogeneous and mix only in a confined region
around the roughness transition. The intermediate patch size
s/h ≈ 3.18 has the most energetic secondary motions and ex-
hibits neither the aforementioned global homogeneity nor local
homogeneity. s/h ≈ 3.18 appears to separate the spatially het-
erogeneous cases (s/h & 6.36) from the spatially homogeneous
cases (s/h . 1.59). In terms of the wall shear stress distribu-
tion, the contrast between the rough and smooth walls (τR/τS)
is as large as 2.63 for s/h ≈ 0.80 and reduces towards unity
as the patch size s/h increases. This limiting value represents
the expected homogenisation of wall shear stress since both the
smooth and rough patches are driven by the same pressure gra-
dient. The skin-friction coefficient is also observed to decrease
with patch size s/h.
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