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Abstract

This paper presents the receptivity process at the nozzle-lip to
an external forcing in the configuration of under-expanded su-
personic impinging jets. The nozzle-lip is considered as a linear
transformer. Therefore, the linearised three-dimensional Navier
Stokes equations in cylindrical coordinate are considered. The
mean flow fields are obtained from large-eddy simulations. An
impulse response analysis of the linearised system is performed
which allows a wide range of frequencies to be excited. The
transfer function at the nozzle-lip is used to characterisethe re-
ceptivity process. The sensitivity of the transfer function to the
pulse location and the azimuthal wave number is performed.

It is found that external forces at the vicinity of the infinite lip
and with Strouhal numbers in the ranges of 0.7 to 6.5 have the
highest amplification. This is consistent for all the azimuthal
wave numbers in the nozzle-to-wall distance of 2d but not for
the azimuthal wave number two for the nozzle-to-wall distance
of 5d. For this case, external forces located at angles between
15◦ and 50◦ from the jet centreline also have high amplification
in contrast to the nozzle-to-wall distance of 2d. Based on these
results, the region close to the infinite lip is found to be a promi-
nent candidate to control instabilities in this configuration.

Introduction

The under-expanded jets which form when the static pressure
at the nozzle exit is higher than the ambient pressure, occur
in engineering applications such as an exhaust of aircraft and
rockets, mixing process in supersonic combustors and acci-
dental leakage of pressurized fluid. An impingement is in-
evitable in the short take-off and landing aircrafts. The impinge-
ment adds complexity to this very enriched flow. An acoustic-
hydrodynamic instability is known to cause self-sustainedoscil-
lations in this configuration. These oscillations of the flowhave
been observed in subsonic impinging jets [6], a resonance tube,
an edge-tone and a plate with cavity [16]. The feedback loop
analogy of Powell [15] is the main existing and commonly ac-
cepted theory explaining these oscillations. The feedbackloop
is based on interactions of the sound and the jet flow. The shear-
layer disturbances develop in the form of Kelvin-Helmholtzin-
stabilities and interact with the oblique shock, Mach disk and
stand-off shock. These interactions displace the shocks which
creates high-intensity acoustic waves at the shock locations and
the impingement. These acoustic waves travel upstream. As the
boundary of the jet is expanded upon exit from the nozzle, some
or all of these acoustic waves might be blocked. These waves
are also reflected by the surrounding structures. Either there-
flected waves from the surrounding surfaces or upstream prop-
agation waves, reach the nozzle lip and by perturbing the shear
layer at nozzle lip close the feedback loop. The appearance of

coherent structures in the shear layer of the jet and their down-
stream convection have been observed in many experimental
and numerical studies of impinging under-expanded supersonic
jets [15, 1, 4]. A prevailing belief is that the acoustic waves
scattered by the nozzle lip through the receptivity processin-
ternalise as shear layer Kelvin Helmholtz instabilities and form
these coherent structures [10, 5, 15, 9]. Receptivity is defined as
the process of shear layer instabilities being excited by external
disturbances and has been studied since 1970’s. A vortex-sheet
model of infinite extent was commonly used to study the recep-
tivity of trailing edge of the splitter plate [7, 2, 12]. Despite
the restriction of the model to a band of low frequencies [3],
it provides useful qualitative information. The physical inter-
pretation of the excitation of the shear layer by acoustic waves
is presented by Tam [18] where it was stated that the overlap
of the spatial and temporal wavenumbers of the acoustic waves
and the shear layer instabilities is a condition required for re-
ceptivity.

The previous studies have mainly focused on receptivity in a
rather simple configuration of mixing layer formed by splitter
plate. There is very little study of the receptivity in self-excited
jet flows and to the best of our knowledge, there is even less
study on receptivity in under-expanded supersonic jets. There
have been numerous experimental and numerical studies of su-
personic impinging jets; however, these studies have only fo-
cused on large coherent structures and far too little attention
has been paid to the mechanism by which these structures are
initialised. Therefore, the primary objective of this paper is to
fill this gap by analysing the receptivity process in the under-
expanded supersonic impinging jets.

Problem formulation and numerical methods

Governing equations

The compressible conservation equations of mass, momentum,
and total energy in cylindrical coordinates are the governing
equations that apply to supersonic under-expanded impinging
jets. These equations are non-dimensionalised with respect to
the ambient conditions. The linearised Navier Stokes equations
(LNSE) are derived by superimposing small amplitude distur-
bances on a mean flow. Denoting the mean flow variables as
(...) and perturbations as(...)′, the linearised Navier Stokes
equations are given as
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and the linearised version of the equation of state is
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Finally, the viscosity and thermal conductivity are given by
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These equations are commonly presented in the concise matrix
form

∂q′

∂t
= Aq′, (7)

whereq′ is the perturbations (ρ′,u′x,u
′
r ,u

′
θ,e

′) , andA is the lin-
ear operator advancing the small perturbation in time.

Configurations and numerical method

The configuration is an under-expanded impinging jet with
nozzle–to–wall distances ofh = 2d and 5d where d is the jet
diameter. The size of the domain in radial direction is 12d. The
mean inlet axial velocityUin is specified using the hyperbolic-
tangent function given by
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whereU j is the jet inlet velocity,r j the jet inlet radius andδin
the inlet momentum thickness. The inlet momentum thickness
is equal to 0.04d j in these simulations. The inlet velocity is free
of any synthetic turbulence. The Reynolds number is 50,000,
the Mach number is 1.0, and the ratio between the stagnation
pressure measured in the jet plenum and the ambient pressure
(NPR) is 3.4.

An in-house developed high-fidelity LES parallel code that has
been tested and validated in previous studies [17, 8] is usedto
solve the filtered partial differential equations with the subgrid
scale terms being computed using Germano’s dynamic model
with the adjustment proposed by [13]. A sixth-order central
finite difference method is applied in the smooth regions in
the spatial directions while a fifth-order weighted essentially
non-oscillating scheme with local Lax-Friedrichs flux splitting
is used in the discontinuous regions. The temporal integra-
tion is performed using a fourth-order five-step Runge-Kutta
scheme [11]. The locally one-dimensional inviscid compress-
ible boundary condition proposed by [14] is employed at the
outflow boundaries. In addition, a sponge region is employed
near the outflow boundaries to minimise the reflections from
the outflow boundaries.

Framework of the receptivity analysis

Using the mean flow fields obtained from temporal averaging of
the LES results, the linearised Navier Stokes are solved with the
same LES resolution in a smaller domain in the radial direction.
A sixth-order central finite difference method and fourth-order
five-step Runge-Kutta are used for the spatial discretisation and
temporal integration, respectively [17, 10]. The forcing is an
acoustic initial pressure pulse described by,
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where ’A’ is the amplitude of the pulse;xo andro are the stream-
wise and radial location of the centre of the pulse, respectively;
σx andσr are the radii of the pulse in the streamwise and radial
directions, respectively. m is the azimuthal mode. To studythe

Figure 1:Schematic of the impinging jet with relevant parameters of
the receptivity analysis (pulse is located with in a radius of Rp = 0.4h
from the nozzle and angle ofθp from jet axis.).

Table 1:Numerical and physical parameters of the receptivity analysis
Radius of the pulse location (Rp) 0.4h
Angular position of the pulse (θp) 10◦ - 85◦

The radii of the pulse in the streamwise (σx) 0.05d

The radii of the pulse in the radial direction (σr ) 0.05d
Amplitude of the pulse (A) 0.01Patm

Input location on the s coordinate (sin) −0.07d

Output location on the s coordinate (sout) 0.06d
Azimuthal mode (m) 0,1,2

sensibility of the pulse location on amplification of the incom-
ing wave by nozzle lip, the centre of the initial pulse is located
with a radius ofRp = 0.4h from the nozzle lip and an angle
of θp from jet axis. This corresponds to the location of the
pulse in the axial and the radial directions asxo = Rp sin(θp)
andro = Rpcos(θp). Detail of the configuration is presented in
figure 1.

The receptivity analysis tries to quantify the system response
to external forcing. In this study, internalisation of the acoustic
waves into shear layer instability by the nozzle lip. The nozzle
lip acts as an amplifier and hence the process is considered to
be linear. Therefore, the linearised Navier Stokes equations is
used to study the receptivity process in this concept. The mean
flow field is an input for the linearised Navier Stokes equations
(equations 1, 2 and 3) which is obtained from the ensemble av-
erage of flow field over 38 acoustic time units of the LESs’ data.
The linearised Navier Stokes are solved to obtain the time evo-
lution of the imposed initial pressure disturbance as a monopole
acoustic source. To obtain a better understanding of the recep-
tivity and its sensibility to acoustic pulse location, the transfer
function between the input and output energy of the disturbance
is calculated. The input is located on the straight line connect-
ing the source to the nozzle lip (blue dot marked assin in figure
1) and output is located on the shear layer of the jet with a small
distance from the nozzle lip (green dot marked assout in figure
1). A new one-dimensional coordinate is defined ass. It is cen-
tred at nozzle lip marked bys= 0 in figure 1. Any location on
the straight line from the nozzle lip to the acoustic source has a
negative sign increasing towards the source location (s< 0) and
any location on the shear layer has a positive sign in this coordi-
nate which is increasing as distanced from the nozzle lip (s> 0).
The transfer function is defined in the frequency domain as

G(St) =
Êout(St)

Êin(St)
, (10)

whereSt is the Strouhal number,̂E is the Fourier transform of
fluctuations of the density weighted total energy of the flow and
subscribesin and out are input and output locations, respec-
tively. The fluctuations of the density weighted total energy, E,
is defined asE = ρe− ρ̄e. The parameter values chosen for the
analysis are listed in table 1.

The angular position of the initial pulse is varied from near
to the impinging wall (θp = 10◦) to near to the infinite lip
(θp = 85◦) with an incrementation of 5◦. The analysis is also



Figure 2: Ensemble averaged a, d) streamwise velocity, b, e) radial
velocity and c, f) pressure for nozzle to wall distances of 2d (a-c) and
5d (d-f).

limited to the first three azimuthal modes as they are dominant
modes (Not shown here.). To obtain a representative form of
the transfer function for the receptivity process thensin → 0
andsout → 0. However the minimum values ofsin andsout are
limited by the ability to distinguish the input and output signals
at the sample points which in turn is limited by the spatial width
of the initial acoustic wave and grid resolution in the simulation.
Therefore, the values ofsin = 0.07 andsout = 0.06 are selected
in this analysis to fulfil these constrains.

Results and discussion

The characteristics of the mean flow is discussed first before
moving to the receptivity analysis. Figure 2 presents the con-
tour plots of the time-averaged axial and radial velocitiesas
well as time-averaged pressure fields for the nozzle-to-wall dis-
tances of 2d (a-c) and 5d (d-f). The ensemble average of non-
dimensionalised variableφ is computed as simultaneous tempo-
ral and azimuthal means,

φ̄(x, r) =
1

Nt ×Nθ

Nt

∑
i=1

Nθ

∑
j=1

φ(x, r,θ j , ti), (11)

whereNt is the number of datasets over which the average is
computed andNθ is the number of azimuthal grids.

Figure 2a and d show the mean streamwise velocities. The
streamlines are shown in zoomed sub-frame near the nozzle exit
and the impinging wall. The initial expansion of the shear layer
upon exit from the nozzle is clearly visible for both nozzle-to-
wall distances. There is a high level of entrainment near the
nozzle at region marked by ’A’ and ’D’. It is more clear in
the zoomed sub-frame where the streamlines are visualised.A
small Mach disk with a size of 0.1d is also noticed atx/d ≈
1.0 (marked a ’B’ and ’E’). The small size of the Mach disk is
due to the low NPR of 3.4. Other classical features of a super-
sonic under-expanded jet such as a triple point and an oblique
shock are also visible. A clear expansion and contraction of
the jet boundary is also observed which is a characteristic of
under-expanded jets. Upon impingement, a recirculation bub-
ble is observed (labeled as ’C’) for the nozzle-to-wall distance
of 2d while there is no evidence of the recirculation zone for the
nozzle-to-wall distance of 5d (labeled as ’E’). This is more clear
in the streamlines of the flow field in this region as presentedin
the zoomed sub-frame. The contour maps of the radial velocity
are presented in figures 2b and e. The triple point and oblique
shock are easy to perceive in these plots. The negative mean
radial velocity in the region outside of the jet confirms the pres-
ence of entrainment. The formation of a strong wall jet at the

Figure 3: Contour of the logarithm of the transfer function,G, for
the nozzle-to-wall distance of 2d for azimuthal mode numbers a) m =
0, b) m = 1 and c) m = 2 (The 90 and 95 percent of the maximum
value of the transfer function is marked with red and black dashed lines,
respectively.).

impinging wall is visualised. The mean pressure fields are pre-
sented in figures 2c and f. There is a pressure drop before the
Mach disk. There is also high-pressure region at impingement
as the flow is stagnated and a stand-off shock is formed. The
modulation of pressure fields can be seen in both cases; how-
ever, it is stronger for the shorter nozzle-to-wall distance.

Moving on to receptivity analysis, the transfer function G for
the nozzle-to-wall distance of 2d is presented in figure 3 for az-
imuthal wave-numbers of a) 0, b) 1 and c) 2. The 90 and 95
percent of the maximum value of the transfer function is shown
with red and black dashed lines, respectively. The contour level
is logarithmic to facilitate the discussion. This is clear that the
most amplification of the input signal occurs when the sourceis
located in vicinity of the infinite lip in all three azimuthalmodes
for the Strouhal numbers in the range of 0.5 to 6.2 with maxi-
mum value of the transfer function occurs atSt = 3.0. Moving
the source location towards the jet centreline, less sensitivity of
transfer function to location of the source for the angle between
45◦ and 75◦ is observed while the Strouhal number dependency
still hold with the Strouhal number of the maximum transfer
function shows nearly no dependency on the variation of the
source location. On the other hand, the behaviour is different in
angles in the ranges of 25◦ to 45◦. The Strouhal number of the
maximum transfer function shows no dependency to changes
in the location of the pulse for the symmetric pulse (i.e. m =
0) while it moves towards high Strouhal numbers for other two
azimuthal modes. A more striking behaviour observed for all
azimuthal mode of study when the pulse source is located inθp
less than 20◦. The transfer function is lowest compare to other
θp angles and dropped significantly as location moves towards
the jet shear layer. The maximum amplification of the input
signal (i.e. maximum of transfer function) occurs in very low
Strouhal numbers as low as 0.2 which is clearer for the symmet-
ric azimuthal mode atθp = 10.

Moving to the nozzle-to-wall distance of 5d, the transfer func-
tion G for this nozzle-to-wall distance is presented in figure 4
for azimuthal wave numbers a) 0, b) 1 and c) 2. The 90 and 95
percent of the maximum value of the transfer function is shown
with red and black dashed lines, respectively. The contour level
is same as figure 3. The response to changing the disturbance lo-
cation is different now. The transfer function is much narrower
in frequency domain but is more sensitive in changing the angle
from the jet axis, e.i.θp. The transfer function shows the maxi-



Figure 4: Contour of the logarithm of the transfer function,G, for
the nozzle-to-wall distance of 5d for azimuthal mode numbers a) m =
0, b) m = 1 and c) m = 2 (The 90 and 95 percent of the maximum
value of the transfer function is marked with red and black dashed lines,
respectively.).

mum amplification of the input signal in the first two azimuthal
mode numbers of 0 (axisymmetric mode) and 1 (helical mode)
at both near the infinite lip and 15◦ < θp < 50◦ while for the
azimuthal mode number of 2, the transfer function is maxima
whenθp is in the range of 15◦ and 50◦ in contrast to the nozzle-
to-wall distance of 2d where the maxima is in the regions close
to the infinite lip.

Conclusions

The receptivity process at the nozzle-lip to external forcing in
the under-expanded supersonic impinging jets has been stud-
ied. The instantaneous flow fields are obtained from large eddy
simulations for two nozzle-to-wall distances of 2d and 5d. The
receptivity has been characterised by a transfer function.This
transfer function is defined as the ratio of the output signalto the
input signal. The linearised three-dimensional Navier Stokes
equations are solved with a near field pressure pulse as an ini-
tial condition. The time evolution of the total energy of the
disturbances are used at input and output locations to calculate
the transfer function. The sensitivity of the transfer function to
the pulse location and azimuthal wave number have been per-
formed. It has been demonstrated that the nozzle lip has the
highest transfer function when the acoustic sources are located
near the infinite lip. This is consistent for the first azimuthal
modes of both nozzle-to-wall distances except the m = 2 of the
nozzle-to-wall distance of 5d. It has been also noted that the
transfer function is high for the nozzle-to-wall distance of 5d
when the acoustic forcing is in the region half way between the
infinite lip nozzle and the shear layer (i.e. angle between 15◦

and 50◦). Based on these findings, it is suggested that the fo-
cus should be on the infinite lip and near reflective surfaces to
propose control scenario for these systems.
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