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Abstract 

The interaction of two tandem inverted piezoelectric flags in 
uniform flow is investigated. An immersed boundary method 
based on the multi-block lattice Boltzmann method (LBM) is 
used to study the dynamics of the fluid-structure interaction of 
the tandem flags as well as their energy harvesting 
performance. At a Reynolds number of 100, mass ratio 2.9 and 
bending rigidity 0.26, we consider two values for the piezo-
mechanical coupling parameter (α) and five values for the 
piezoelectric tuning parameter β  and vary the streamwise 
gap distance ( ⁄ ) from 0.1 to 3.2 to study hydrodynamic 
and electrodynamic responses of the inverted flags. It is found 
that the power coefficient of the tandem inverted flags varies 
with β.  Based on the power coefficient, the optimum values 
of  for both flags are found at each streamwise gap distance 
and . The results show that with increasing  in each 
streamwise gap, the optimum value of   increases. In 
addition, the power coefficient changes with the streamwise 
gap distance. The maximum one occurs at 1.8⁄  which 
is attributed to the constructive interaction effect between 
vortices shed from the flags. 

Introduction  

The interaction between a viscous incompressible fluid and a 
flexible structure is ubiquitous in nature such as a flag 
flapping in the air. Flow induced vibration of immersed 
flexible structures has been studied extensively because of its 
fundamental importance and potential applications in 
engineering. Researchers found that flow induced vibration 
could be useful in many applications such as energy 
harvesting [13]. Flexible structures were applied to harvest 
energy. This type of energy harvester is able to generate 
electric energy from fluid currents which are ubiquitous in 
nature without contaminating the surroundings. Among the 
energy harvesters based on flexible structures, the flexible 
plate harvester has attracted growing attention because it could 
vibrate continuously at very low speeds [3,5]. The flexible 
plate harvester consists of flexible plates covered with 
piezoelectric materials, producing electricity through two 
energy conversion processes. First, the flow energy is 
converted to mechanical energy of the flexible plate. Second, 
piezoelectric materials attached to the flexible plate convert 
the mechanical energy of the plate to electrical energy that 
powers a resistive output circuit. [2,10]. Research has shown 
that most of the energy waste happens during conversion of 
the fluid flow energy into mechanical energy of the plates [1]. 
Therefore, several studies focused on different approaches to 
improve the efficiency of this conversion process. Kim et al 
[7] proposed an inverted flag with a free leading edge and a 
clamped trailing edge. They showed that the inverted flag is 
more unstable than the conventional flag clamped at the 
leading edge. As a result, the inverted flag flaps with larger 
amplitude even with a lower incoming flow velocity. 
Furthermore Shoele & Mittal [14] investigated an inverted 
flag coupled with piezoelectric materials numerically at 

Reynolds number 200. They indicated that the peak of 
electrical energy efficiency for the conventional flag is 
approximately an order of magnitude lower than that for the 
corresponding inverted flag.  

Hydrodynamic interaction among multiple flags may improve 
energy harvesting performance of the flags. Some studies have 
been conducted to evaluate the interaction between the 
conventional flags in the tandem arrangement [6,8,12,20]. 
These studies show that the stability of the system is 
determined by  and distances between the flags. Moreover, 
the amplitude of the downstream flag is larger when both flags 
flap. The difference between the drag of the upstream and 
downstream flags is explained by the vortex structures in the 
wake of multiple flags [8]. Vortices merge either 
constructively or destructively. Very recently, Huang et al. [4] 
numerically studied two tandem inverted flags at 200 by 
varying the streamwise gap distance. They found that for the 
simple tandem configuration, the amplitude of the downstream 
flag is smaller than that of the upstream flag.  

In the studies of tandem inverted flags, the coupling with the 
piezoelectric mechanism is not considered. Therefore, these 
studies cannot quantify the energy harvesting performance 
directly and determine the effect of piezoelectric materials on 
the dynamics of the flag. In this work we study the flow 
induced vibration characteristics and energy extraction 
performance of two inverted flags coupled with the 
piezoelectric materials in a uniform flow by using the 
immersed boundary-lattice Boltzmann method [15]. The 
hydrodynamic interaction among the two flags is explored 
with a focus on energy extraction enhancement.   
 
Physical Problem and Governing Equations    

As shown in figure 1, the configuration consists of two 
inverted flags with their leading edges free to flap and their 
trailing edges clamped. The length of the flags is L and they 
are subjected to a uniform flow with velocity U.  

 
Figure 1: Schematic of the two tandem inverted flags in uniform flow. 

The fluid is governed by the continuity equation and the 
incompressible Navier–Stokes equations:  
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where u is the velocity vector. The inverted flag dynamics is 
governed by the following equation  
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where X(s) is the position of the inverted flag,  is arc length 
along the flag,  is the arc length at the unstretched state,  
is linear density,  is bending rigidity,  is the stretching 
coefficient and F is hydrodynamic traction per unit length.  
The trailing edges of both flags are fixed that the boundary 
conditions are given by  

X=X0,  
∂X

∂s
= -1,0 ,                          (3) 

where  is the location of the clamped edge. At the free 
leading edge , the boundary conditions are  
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The coupled fluid-structure system is governed by four non-
dimensional parameters: mass ratio ∗, non-dimensional 
bending coefficient , Reynolds number Re and non-
dimensional stretching coefficient , defined by 
 

m*= ms ρfL⁄ ,  B= EB ρfU
2L3,⁄  Re= ρfUL μf

⁄ ,		  

S= Es ρfU
2L2.⁄                             (5) 

In this study ∗ 2.9, 0.26 and 100 are used in 
the simulations. These parameters are chosen based on the fact 
that these values lead to the maximum flapping amplitude for 
a single inverted flag without coupling with piezoelectric 
materials [7]. 
 
Following [10], we assume that both surfaces of the flag are 
covered with very small piezoelectric patches with 
segmentation lengths much smaller than L. In addition, a 
purely resistive circuit is considered at the output. The 
governing equations for piezoelectric-structure coupling are 
given by 
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where  is charge transfer per unit length,  is electric 
voltage,	  is linear capacitance of the piezoelectric element,  
is coupling coefficient related to the intrinsic material 
properties of piezoelectric patches,  is resistance of a purely 
resistive circuit and  is total bending moment along the flag. 
In addition to the four non-dimensional parameters in equation 
(5), two new non-dimensional parameters are defined to 
characterize the coupled fluid-structure-electrical system:  

α=ψ Ebc⁄ ,         β= RcU L⁄ .               (7) 
 is piezo-mechanical coupling parameter and dependent on 

the piezoelectric material characteristics. It is a function of 
capacitance and resistance to bending.  is piezoelectric 
tuning parameter and represents the non-dimensional electric 
loads in the electric circuit. 
The power harvested by the piezoelectric flags is quantified 
based on the instantaneous power dissipated in the piezo 
patches and normalized with . Therefore, the electric 
power coefficient is computed by  
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1
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An immersed boundary method based on the multi-block 
lattice Boltzmann method (LBM) [15] is employed to solve 
the fluid-structure-electric interaction system.   In this method, 
the fluid dynamics described by Eq. (1) is obtained by using 
the multi-block lattice Boltzmann method, which has attracted 

growing attention in the recent years due to its high 
computational efficiency and low numerical dissipation [11]. 
In this work, we use D2Q9 (the nine-velocity model in two 
dimensions) LBM model. The structural dynamics is solved 
by using the finite difference method as detailed in [16]. The 
electrical equations are also solved by using the finite 
difference method. The fluid-structure interaction is achieved 
by the immersed boundary method in which the stress exerted 
by the structure on the fluid is spread onto the ambient fluid 
nodes near the flag. Details of the method used have been 
given in the references mentioned, and thus are not repeated 
here. The solver used in this work has been validated and 
verified in our previous works [9,17,18,19]. 
  
Results and Discussion  

For two inverted flags, the computational domain is a 
rectangular box of 42 22  in size with approximately 
2.1 10 	cells.  The minimum mesh size around the flags is 
0.0125  in both x- and y-directions. The non-dimensional 
time step for the block around the flags is ∆ ⁄ 0.0005. A 
uniform grid with 160 points is used to discretise each flag.  

In order to investigate the hydrodynamic interaction of the two 
tandem inverted flags, the streamwise gap separation distance 
⁄  is varied from 0.1 to 3.2 while all the other variables are 

constant. The piezo-mechanical coupling parameter  is 
dependent on the piezo material characteristics. Widely 
available piezoelectric materials such as PZT (lead zirconate 
titanate) exhibit 0.3 and 0.5 [10]. Therefore, we test the 
performance of the tandem inverted flags for these values of 

.  

The relation between harvested power and piezoelectric tuning 
parameter  is shown in figure 2. ̅  is the time average of 
the power coefficient calculated over a period of 
approximately last 15 flapping cycles of the 35 cycles in the 
simulation.  

 

Figure 2. Time average of power coefficient ̅ , at ⁄ 1.4. 

As expected, there is a peak in the ̅  curve. When ≪ 1 and 
≫ 1 the resistance acts as a short circuit or open circuit, 

respectively. In both cases, no energy is dissipated and ̅

0. The maximum ̅  occurs at 1 when 0.3 and at 
1.5 when 0.5. As the variation of ̅  with  is 

similar for different streamwise gap separation distances 
⁄ , only one separation distance ⁄ , =1.4 is plotted here. 

As shown in figure 2, the deformation pattern of the tandem 
flags indicate symmetric flapping of the two flags in the first 
mode of bending.   
 
Figure 3 exhibits the effects of adding piezoelectric coupling 
on the flapping performance of the flags. 0 denotes no 
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piezo coupling. Firstly, for all ⁄  the amplitude of Flag 2 is 
smaller than that of Flag 1 because the downstream flag is 
flapping in the wake of the upstream flag where the available 
flow energy is lower than in the free stream. 

 
Figure 3. Evolution of peak-to-peak flapping amplitude of the leading 

edge, ⁄ . 

Furthermore, it can be seen that adding piezoelectric material 
to the flags decreases the flapping amplitude which decreases 
with increasing  because increasing  increases the rigidity 
of the flag. On the other hand, increasing  provides a 
feasibility to more elastic energy in the flags is converted to 
electrical energy.  

  

Figure 4. Evolution of power coefficient ̅ , at 1 (solid fill) and 
1.5 (no fill) 

Figure 4 shows the variation of ̅  with ⁄ , at 1 and 
1.5 for 0.3 and 0.5, respectively. It can be seen 

that for both flags, increasing  increases ̅  particularly for 
⁄ 1 where ̅   of Flag 2 for 0.5 approaches that of 

Flag 1 for 0.3. Since Flag 1 has higher flapping amplitude 
than Flag 2, ̅  of Flag 1 is greater than that for Flag 2 for 
both values of . Generally, ̅  curves follow ⁄  curves 
regarding to the variation of ⁄ . For 0.3 ̅  of both 
flags increases gradually with increasing ⁄  up to ⁄
1.4 where ̅  of Flag 1 reaches the value of the single flag 
( ̅ 0.0107). Then it remains almost constant with 
increasing ⁄  for both flags. Due to this fact that in this 
streamwise gap distance ( ⁄ 1.4) the flapping amplitudes 
of both flags are maximum, the maximum of ̅  occurs in this 
distance.  For 0.5 Flag 1 exhibits a peak at ⁄ 1.8 
( ̅ 0.0416) while Flag 2 has a peak at ⁄ 1.5 ( ̅
0.0181 . Before the peak points, ̅  of both flags grows 
sharply with increasing ⁄  whereas after the peak points ̅  
decreases slowly. For comparison, the maximum ̅   of a 
conventional flag with clamped leading edge in 0.5  is 
0.00325 [10] which is much smaller than the maximum ̅ 	 of 
inverted flags. Interestingly, for 0.5 ̅ 	of Flag 1 becomes 
greater than that of the single flag for 1.3 ⁄ 2.5. This 
phenomenon can be explained by the change in the flapping 

frequency. As shown in figure 5 for  0.5 at approximately  
1.3 ⁄ 2.5, the frequencies of both flags are greater 
than that of the single flag. As a result, the frequency of the 
flag bending and formation of the leading-edge vortex 
increases and consequently more mechanical energy is stored 
in the flags. Although at 0.3 and 1.2 ⁄ 2.0 the 
frequency of the tandem flags is higher than the frequency of  
single flag, the lower amount of  causes ̅  of Flag 1 does 
not exceed the power coefficient of the single flag.  

 

Figure 5. Evolution of non-dimensional frequency ⁄ , at 1 
(solid fill) and 1.5 (no fill) 

A constructive interaction mode between vortices causes the 
increase in the flag’s flapping frequency. This occurs when 
vortices rotating in the same sense encounter each other, 
merge and produce a larger vortex. This is illustrated in Figure 
6 (a) which displays the instantaneous vorticity counters for  

0.5 and ⁄ 1.8. The red vortices are 
counterclockwise and the blue vortices are clockwise. The 
counterclockwise vortex (A) which sheds from the leading 
edge of Flag 2 encounters the counterclockwise vortex (B) 
which sheds from Flag 1. They merge constructively and 
enhance the performance of both flags so that the maximum 
flapping amplitude and as well the maximum ̅  of the flags 
occur at this separation distance. For both , when ⁄ 	is 
smaller than one, the destructive interaction mode is observed. 
In the destructive mode two counter-rotating vortices 
encounter each other, leading to both amplitude and drag force 
decreasing. This is illustrated in Figure 6 (b) which displays 
instantaneous vorticity contours for  0.5 and ⁄ 0.5. 
The counterclockwise vortex (A) which sheds from the 
leading edge of Flag 2 encounters with the clockwise vortex 
(B) which sheds from Flag 1. They annihilate each other, 
reducing the flapping amplitude of both flags. As ⁄  
decreases further, the destructive mode becomes stronger. It 
should be noted that, although there are constructive 
interaction modes for some ⁄ , the flapping amplitude of 
Flag 2 is always smaller than that of Flag 1. In fact, the 
reduction of available energy caused by the upstream flag 
(Flag 1) dominates the enhancement caused by the 
constructive mode. Therefore, Flag 2 flaps with a smaller 
amplitude than Flag 1.  
 

(a) ⁄ 1.8 (b)	 ⁄ 0.5 

Figure 6. Instantaneous vorticity counter for 0.5. 
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Conclusions 

The energy harvesting performance of two tandem inverted 
piezoelectric flags in uniform flow is numerically investigated 
in this work. The inverted flags have clamped trailing edges 
and free leading edges. Both surfaces of the flags are covered 
with piezoelectric patches which convert mechanical energy 
into electrical energy powering purely resistive output circuits. 
An immersed boundary method based on the multi-block 
lattice Boltzmann method (LBM) is employed to solve the 
fluid-structure-electric interaction system. Simulations are 
conducted by varying the streamwise gap distance ( ⁄ ) 
between the flags in the tandem configuration from 0.1 to 3.2. 
It is found that the power coefficient of the tandem inverted 
flags varies with the piezoelectric tuning parameter ( . 
Maximum ̅  occurs at 1 and 1.5 when 0.3 and 
0.5, respectively for the all separation distances. For both , 
̅ 	of Flag 1 is larger than that of Flag 2 at all ⁄  because of 

the larger flapping amplitude. The results indicate that for 
0.5, ̅ 	of Flag 1 becomes greater than that of the single flag 
for 1.3 ⁄ 2.5 caused by the increase in the flag 
frequency. Results show that optimum ̅  occurs at ⁄
1.8 and 0.5 with 1.5. This is caused  by the 
constructive interaction mode between vortices at this 
separation distances, increasing the flapping amplitude and 
frequency, and consequently the power coefficient. The 
energy harvesting performance of the piezoelectric flags in the 
side-by-side and staggered arrangements will be studied in the 
near future.  
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