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Abstract

The differentially heated square cavity, consisting of a fluid
filled square enclosure with a temperature difference imposed
between the two side walls, is a classical problem in natural
convection that is widely used to study fundamental features of
buoyancy driven flow. For low Rayleigh numbers the flow is
laminar and steady. However, as the Rayleigh number is in-
creased above a critical value, the flow is unstable, and at still
higher Rayleigh numbers it is fully turbulent.

The value of the critical Rayleigh number is strongly dependant
upon the Prandtl number of the fluid, as is the frequency of the
initial instability. In this study we use a combination of direct
stability analysis and the linearised stability equationsto find
the critical Rayleigh number for Prandtl numbers in the range
0.011< Pr < 1.4. Over this range we find four distinct modes
of oscillation at the onset of instability.

Introduction

The differentially heated cavity is a classical problem of heat
transfer, where the two vertical walls of a rectangular enclosure
are held at different temperatures, with buoyancy forces driv-
ing natural convection in the fluid within the enclosure. It is
a simplified representation of a number of problems of interest
to engineers, such as the insulating properties of cavity walls
and double glazing, heat flow in fuel tanks, and the cooling of
electrical equipment.

The simplicity of the geometry and boundary conditions belies
the richness of the flow phenomena that can occur, and this has
led it to being a well studied problem. Restricting ourselves to
a square cavity, where the height equals the width, the first nu-
merical computation of the flow was a spectral hand calculation
of Poots [1]. This was followed by finite difference models run
on digital computers by Wilkes and Churchill [2] and de Vahl
Davis [3]. The problem’s simplicity has led to it being used as a
test problem for Computational Fluid Dynamics (CFD) codes,
and there are published benchmark solutions for laminar flow
calculated with finite difference [4] and spectral [5] codesfor
air with a Prandtl number ofPr = 0.71.

For Rayleigh numbers below a critical number the flow is lami-
nar and steady. Above this critical number it becomes unsteady.
For two-dimensional flow in a square cavity filled with air
(Pr = 0.71) Le Quéré and Behnia[6] found the critical Rayleigh
number to beRac = 1.82×108 using a spectral code. Janssen
and Henkes[7] studied the onset of instability for fluids in the
range 0.25 < Pr < 7, using a finite volume code. They deter-
mined the critical Rayleigh number and the frequency of the
instability of the flow for 10 values of Prandtl number, finding
that the behaviour of the supercritical flow was dependant on
the Prandtl number. ForPr ≤ 2 the velocity in the cavity ex-
perienced a regular sinusoidal fluctuation, the power spectra for
which exhibited a clear single frequency. However, forPr > 2
the supercritical flow was chaotic, with the velocity exhibiting a
broad spectrum of oscillations. They found two unstable modes;
one in the fluid exiting the side wall boundary layers, and the
second in the horizontal boundary layer flowing along the up-

per and lower walls.

In this paper we extend the range of Prandtl numbers studied by
Janssen and Henkes[7], and illustrate the different instabilities
that occur for different Prandtl number fluids.

Numerical Methodology

We consider a square two-dimensional cavity of width and
height L. The left wall is heated to temperatureTH and right
wall cooled toTC, while the upper and lower walls are adia-
batic, with∂T/∂y = 0. At the left the fluid is heated and it rises
up the left wall and is discharged into the centre of the cavity.
At the right the fluid is cooled and it descends the right wall and
exits at the bottom. A schematic of the problem is shown in
figure 1.
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Figure 1: The geometry for the differentially heated cavity.

The flow is characterised by two dimensionless groups, the
Rayleigh and the Prandtl numbers,

Ra=
gβ∆TL3

να
, (1)

Pr =
ν
α

, (2)

whereg is the acceleration due to gravity,β the thermal ex-
pansion coefficient,∆T = TH −TC is the temperature difference
between the hot and cold walls,L the length scale (the width or
height of the cavity), andν andα the kinematic viscosity and
the thermal diffusivity respectively.

The flow was modelled by a non-dimensional form of the two-
dimensional incompressible Navier–Stokes equations, using the
Boussinesq approximation to model buoyancy,
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where distance is non-dimensionalised by the cavity widthL,
velocity by the buoyancy velocityVo =

√

gβ∆TL/Pr, pres-
sure byρV2

o , time by L2/α
√

Ra and the temperature is non-
dimensionalised asθ = (T −TC)/∆T.

These equations were solved using the in-house non-staggered
Cartesian finite volume solver SnS [8, 9]. The momentum and
temperature equations were discretised in space using a second
order central difference scheme, and in time using a fractional
step scheme using Adams-Bashforth differencing for advection
and Crank-Nicolson differencing for the diffusion terms [10].
The time step was varied to ensure that the maximum Courant
number at no time exceeded 0.25. Regular meshes of 160×160,
320×320 and 640×640 were used depending on the Rayleigh
number, to ensure that the flow and temperature fields were well
resolved.

To perform a direct stability analysis, for a given Prandtl num-
ber the the code was run for successively higher Rayleigh num-
bers to establish the onset of instability. The state of the flow
was evaluated by monitoring the RMS value of the fieldsui ,
θ and p, and their values at the coordinate(0.05L,0.9L), fol-
lowing [7]. However, as noted by Le Quéré [6] when close to
the critical Rayleigh number the growth of the unstable modes
in the flow is slow, and so a flow that appears stable might be
unstable to small perturbations.

To determine the stability of a seemingly steady solution, the
SnS code as modified to calculate the linear stability equations.
Decomposing the velocity, pressure and temperature into their
mean and fluctuating components,ui = ūi +u′i , p = p̄+ p′, θ =
θ̄ +θ′, the linear stability equations are,
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To solve for the linear stability problem, the mean fields were
loaded from a stable solution to the direct stability analysis. The
perturbation fieldsui ,θ′ andp′ were set to zero, and then a ran-
dom perturbation was applied to the initial temperature field θ′.
The equations were then stepped forward in time using the same
fractional step solver as was used in the direct analysis. The use
of this solver more accurately determined if a seemingly stable
flow was steady or not.

In order to determine the frequency of the instability of theflow,
the velocity was monitored at (0.05,0.9). A Fourier transform
of the time signal of thev component of velocity was used to
find the dominant frequency of the instability.

Results and Discussion

The solver was first applied to the stability for air atPr = 0.71,
to allow a ready comparison with the solution of [6]. It was then
applied to solve for fluids with the Prandtl numbers given in ta-
ble 2. The lowest Prandtl numbers (Pr > 0.1) are liquid met-
als,Pr = 0.71 air,Pr = 1.40 gaseous ammonia, and the range
0.1 < Pr < 0.3 mixtures of noble gasses.

Stability of Air, Pr = 0.71

Le Quéré and Behnia[6] performed a detailed study of the sta-
bility of air using a spectral code, and determined the criti-
cal Rayleigh number forPr = 0.71 in a square cavity to be
Rac = 1.82×108. To validate the ability of SnS to determine the

onset of instability, it was used to calculate flow with Rayleigh
numbers around this value, on a range of meshes varying from
160×160 to 640×640. The results for these meshes are sum-
marised in table 1. For each mesh two Rayleigh numbers are
given which bracket the limit of stability;RaS is the highest
Rayleigh number for which stable flow was found, andRaU is
the lowest Rayleigh number for unstable flow. The columnf
lists the frequency of the perturbation to the velocity.

The calculated stability limit was dependant on the grid resolu-
tion. For the 160×160 mesh the onset of instability was found
to be atRa 1.72× 108. However, the direct stability analysis
using the 320×320 and 640×640 meshes both found the on-
set of instability atRa 1.82× 108, although as with Le Quéré
and Behnia long runtimes were needed to pinpoint the onset of
instability, as shown in figure 2.
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Figure 2: Time history ofuRMS for Ra= 1.83×108, Pr = 0.71
on a 320×320 mesh.

The linear stability code was used to confirm stability limits,
and for the 320×320 mesh the solution was found to be neu-
trally stable atRa= 1.82× 108 (figure 3), agreeing with the
values of Le Quéré.
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Figure 3: The linear stability solutions foru′RMS for Pr = 0.71
Ra= 1.81×108, Ra= 1.82×108, andRa= 1.83×108 on a
320×320 mesh.

A spectral analysis of thev velocity at the coordinate (0.05,0.9)
was used to determine the frequency of the instability. Figure
4 shows the power spectra of this velocity for the linear stabil-
ity and direct stability solutions, which were both calculated on
a 320× 320 mesh forRa= 1.83× 108. As can be seen both
solvers calculate the same frequency of the instability, 0.046,
which compares well with the value of 0.044 found by Janssen
and Henkes[7].
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Figure 4: Power spectra for thev component of velocity at
(0.05,0.9), calculated forRa= 1.83×108, Pr = 0.71 using the
direct and linear stability solvers, on a 320×320 mesh.

Mesh Ras Rau f
160×160 1.70×108 1.75×108 0.0428
240×240 1.78×108 1.80×108 0.0453
320×320 1.81×108 1.83×108 0.0460
640×640 1.80×108 1.84×108 0.0463

Table 1: Summary of results forPr = 0.71.

Stability Limits for 0.011≤ Pr ≤ 1.4

The solver was then applied to fluids with the Prandtl num-
bers listed in table 2. As with thePr = 0.71 case, the crit-
ical Rayleigh number was first found using the direct stabil-
ity solver, and then the linear stability equations were solved
to confirm the threshold of instability. As with table 1 two
Rayleigh numbers are listed which bracket the stability limit,
and the frequency of the instability of thev velocity field is also
given. For different Prandtl numbers different modes of insta-
bility were observed in the solutions, and these are classified in
the “Mode” column of the table.

Pr Ras Rau f Mode
0.011 3.5×104 3.75×104 0.103 A
0.025 8.0×104 8.25×104 0.082 A
0.07 9.10×105 9.12×105 0.112 B
0.10 1.5×106 1.6×106 0.138 B
0.14 3.50×106 3.75×106 0.138 B
0.22 3.30×107 3.35×107 0.0575 C
0.30 3.9×107 4.0×107 0.081 C
0.71 1.81×108 1.82×108 0.0463 D
1.40 3.40×108 3.50×108 0.085 D

Table 2: Summary of results for 0.011≤ Pr ≤ 1.4.

The Rayleigh numbers bracketing the onset of instability are
shown in figure 5, and agree well with the values from [7, 6].
The trend line has been broken into separate segments for each
mode of instability. The critical Rayleigh number increases
with increasing Prandtl number, but the trend is not smooth,
and this is due to the different modes of instability encountered
at different Prandtl numbers.

The frequencies of instability are shown in figure 6, and com-
pares well with the data of [7]. For all the cases shown here the
initial unstable mode had a single dominant frequency, which
agrees with [7] who found this was the case forPr < 2.5. Pre-
liminary data forPr = 4 showed no single dominant frequency
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Figure 5: Critical Rayleigh number for Prandtl numbers in the
range 0.011< Pr < 0.14. Current data compared with [7, 6].

in the unstable flow, again agreeing with [7] who found that for
Pr > 4 the flow at the onset of instability was chaotic.
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Figure 6: Frequency of instability of thev component of veloc-
ity for Prandtl numbers in the range 0.011< Pr < 0.14. Current
data compared with [7].

Unstable modes

Four different modes of instability were identified for the range
of Prandtl numbers studied. Contour plots of the mean veloc-
ity and its variance are shown in figure 7 for examples of each
mode, with the mean temperature fields being given in figure 8.

For high Prandtl numbersPr ≥ 0.7 a well known instability oc-
curs where the boundary layers on the side walls discharge into
the cavity, named modeD. At lower Prandtl numbersPr 0.3,
modeC described by [7] occurs when the horizontal boundary
layer detaches from the wall in mid-cavity and flaps vertically.

Mode B occurred forPr 0.1 when there was distinct boundary
layers on all four walls of the cavity. The instability manifested
itself as a vertical oscillation in the stagnation point where the
horizontal boundary layers impinge on the side walls. ModeA
occurred for low Prandtl numbers (Pr < 0.03) when the flow
consisted of a circular rotating body of fluid at the centre ofthe
cavity. A perturbation rotated slowly within the core of theflow.

While modesB to D might be considered as the same mode,
with the location of the oscillation migrating across the width
of the cavity, the discontinuities in the critical Rayleighnumber
and frequency of instability suggests that they should be con-
sidered as distinct modes.
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Figure 7: Contour plots of mean velocity magnitude (left) and
the velocity variance (right) for Prandtl numbers of (A) 0.011,
(B) 0.1, (C) 0.3, and (D) 0.71.

Conclusions

A stability analysis has been made for two-dimensional flow
in a differentially heated cavity, using direct and linear sta-
bility methods, for fluids with Prandtl numbers in the range
0.011< Pr < 1.4. Four distinct modes of instability were found.
The critical Rayleigh number was found to increase with in-
creasing Prandtl number, but the relationship is not smooth
due to the different modes of instability encountered for differ-
ent Prandtl numbers. The frequency of instability varied with
Prandtl number, and again this was not a smooth function.
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