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Abstract 

In the present study, a nonlinear coupled scale-dependent 

continuum model is developed to examine the local dynamics 

of a pulsatile fluid-conveying microscale tube. The effect of the 

internal energy loss is described by the Kelvin-Voigt model of 

viscoelasticity. Parametric forces due to the pulsatile flow as 

well as Coriolis forces are taken into consideration in the 

nonlinear scale-dependent model. The Euler-Bernoulli beam 

theory is utilised for describing the deformation behaviour 

while scale effects are captured via the modified version of the 

theory of couple stress. Then, Hamilton’s principle is utilised 

so as to derive the differential equations of the pulsatile fluid-

conveying microscale tube. The local dynamic characteristics 

are determined near the parametric resonance of the viscoelastic 

microscale system in the supercritical regime. 

Introduction  

The influence of the internal energy friction, which plays a 

significant role in the dynamic behaviour of various 

fundamental structures such as elastic pipes, should be taken 

into consideration in order to develop an accurate continuum 

model for fluid-conveying macroscale structures. Furthermore, 

it has been recently shown that the internal energy friction can 

have a crucial effect on the oscillation response of structures at 

microscale levels [1].  

As the net microfluid work on the microscale tube is negligible, 

the dynamic problem of fluid-conveying microscale tube is 

categorised in the class of conservative systems. For this type 

of microsystems, real values are always found for the natural 

frequencies inside the subcritical regime. By contrast, when a 

viscoelastic microtube contains a pulsatile flowing fluid, the 

microscale system is categorised as parametric gyroscopic non-

conservative systems, in which the parametric resonance is 

usually observed near twice each natural frequency. 

In recent years, some theoretical investigations have been done 

on the mechanics of ultrasmall structures containing fluid flow. 

First of all, it should be emphasised that at ultrasmall levels, 

size effects play an important role in the mechanical 

characteristics of structures [2-6]. Secondly, at microscales, the 

modified couple stress theory (MCST) [7, 8] is extensively 

employed for capturing size effects whereas the nonlocal theory 

[9, 10] is able to better incorporate these effects at nanoscales. 

Now the most relevant investigations are concisely reviewed. 

Xia and Wang [11] proposed a non-classical beam model to 

study the mechanical response of fluid-conveying micropipes. 

In another analysis, Kural and Özkaya [12] examined size 

effects on the vibrational response of microbeams containing 

fluid flow embedded in a linear elastic medium. A size-

dependent strain gradient model was also developed in the 

literature for the instability of cantilever pipes at microscale 

levels [13]. Dai et al. [14] examined the pull-in mechanics of a 

fluid-conveying microscale beam actuated in an electrostatic 

way. Wang [15] also proposed a linear beam model for the 

fluid-induced vibrational response of microtubes with small 

deformations using the MCST. Furthermore, Abbasnejad et al. 

[16] investigated the instability of fluid-conveying microscale 

pipes actuated in a piezoelectric way; they did not take into 

account size effects. Yang et al. [17] applied the MCST to fluid-

conveying microscale tubes in order to investigate their 

nonlinear vibration characteristics; a single-mode method was 

employed to determine an approximate solution. Dehrouyeh-

Semnani et al. [18] also carried out a nonlinear stability analysis 

on geometrically imperfect microscale pipes containing fluid 

flow. A nonlocal strain gradient elasticity was also utilised in 

the literature to determine the critical fluid velocities of fluid-

conveying ultrasmall pipes [19]. Moreover, the vibrational 

response of curved microscale tubes containing fluid flow was 

investigated by Tang et al. [20] with the help of the MCST.  

More lately, Hu et al. [21] has explored the linear mechanical 

characteristics of fluid-conveying microscale pipes with pined-

free ends using the differential quadrature method as a 

numerical solution technique.  

All of the studies reviewed above are restricted to microscale 

tubes containing fluid flow of a time-independent speed; in this 

study, an attempt is made to explore the large amplitude local 

dynamics of microtubes containing fluid flow of a time-

dependent speed. The influences of the internal friction are 

incorporated in the nonlinear analysis. The Hamilton law of 

work/energy balance and the MCST are applied for deriving 

coupled motion equations. At the next stage, the decomposition 

of the motion equations is carried out employing Galerkin’s 

procedure. At the final stage, a numerical integration technique 

is utilised to determine the local dynamic characteristics of the 

microsystem containing fluid flow. Numerical results for this 

ultrasmall system are presented near the first parametric 

resonance for exploring the viscoelastic local dynamics. 

Size-dependent continuum modelling   

Figure 1 shows a microtube conveying fluid flow of a time-

dependent speed (i.e. U(t). The microsystem is surrounded by a 

system of nonlinear springs; k1 is the linear coefficient of the 

spring system, and k2 represents the nonlinear coefficient. L, D 

and Di are employed to indicate the length, outer and inner 

diameters of the microtube. Let us denote the axial strain, axial 

displacement, transverse deflection and rotation of the tube by   

 xx
, u, v and  , respectively. Using the Euler-Bernoulli theory, 

one can obtain 
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Figure 1. A microtube conveying fluid of a time-dependent speed. 

According to the Kelvin-Voigt model, the total stress ( )xx
, 

the elastic stress  ( )( )xx el
 and the viscoelastic stress  ( )( )xx vis

 

are expressed as 
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in which E and cvis indicate the elasticity and viscosity constants 

of the microtube, respectively. Applying the MCST, symmetric 

rotation-gradient components (  ij
) can be written as 
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In addition, the symmetric deviatoric couple-stress components 

(mij) are as follows 
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where   and l  denote the Poisson’s ratio and the length-scale 

parameter, respectively. The speed of the microscale fluid flow 

(i.e. uf) is assumed as  

                              0 1 cos ,f f f fu u u t                   (5) 

where 
0fu , 

1fu  t , and  f
 are respectively the dimensionless 

mean fluid speed, speed amplitude, time and pulsatile flow 

frequency, which are, respectively, defined by 

 2
0 0fu U LM EI ,  2

1 1fu U LM EI ,  4=t t EI L M m and 

   4
f L M m EI . The plug flow is assumed since the 

thickness of the boundary layer is very small. Let us denote the 

kinetic energy, the elastic energy, the work due to the 

viscoelasticity and the elastic energy of the spring bed by Tk, 

Uel, Wvis and Us, respectively. Moreover, M, m, A and I are 

utilised to denote the fluid mass per length, the tube mass per 

length, the area and inertia moment of the tube cross-section, 

respectively. The microscale beam is made of epoxy polymeric 

materials with the materials properties given in next section. 

The microtube is assumed to be subject to axial pretention (i.e. 

T0). The Hamilton principle is given by  

                    
2

1

d 0.
t

k vis s elt
T W U U t          (6) 

For convenience, the following non-dimensional parameters 

are implemented 
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Using the above equations, the non-dimensional nonlinear 

coupled equations of motion are derived as 
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For discretisation, the displacement components of the 

microscale tube can be written as 
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u vN N

m m m m
m m

u u x r v v x q    (10) 

In Eq. (10), 
mu , 

mr , 
mv  and 

mq  are respectively the axial shape 

function, the axial generalised coordinate, the transverse shape 

function and the transverse generalised coordinate. Applying 

Galerkin’s method and a continuation scheme, a solution is 

found for clamped-clamped ends. Equations (8) and (9) are 

solved concurrently and it leads to a unique solution but the 

amplitudes of the transverse and axial motions can be different. 

Numerical results 

The mechanical properties of the viscoelastic microtube are set 

to E=1.44 GPa, ν=0.38, vis
=0.0003,  =120,  =0.3883, 

ρp=1220 kg/m3 and ρf =1000 kg/m3 in which ρp and ρf indicate 

the density of the tube and fluid, respectively [22]. The 

microsystem geometrical properties are also taken as Di=40 

µm, D=55 µm, L/D = 120,  g
=1.5069×105 and β=0.4793. The 

dimensionless pretention is set to  =5.0 while the 

dimensionless spring stiffnesses are K1=50.0 and K2=0.0. 

Figure 2 illustrates the parametric resonance behaviour of 

microscale tubes containing pulsatile flowing fluid for the 

transverse motion. It is assumed that the viscoelastic 

microsystem is in the supercritical regime. It should be noticed 

that the model can predict the onset of the instability. However, 

to avoid giving many results and figures, only the results of the 

supercritical regime are considered. The mean speed and 

amplitude of the pulsatile fluid are taken as uf0=10 and uf1=0.10, 

respectively. The viscoelastic microtube conveying pulsatile 

flow displays a softening-type nonlinearity. Furthermore, two 

period doubling (PD) points are observed for the viscoelastic 

microsystem. One saddle (SD) point is also found in the local 

dynamic response of microtubes conveying pulsatile fluid.  

The parametric resonance behaviour of microscale tubes 

containing pulsatile flowing fluid for the axial motion is shown 

in Fig. 3. The viscoelastic microtube is assumed to be in the 

supercritical regime. The fluid pulsation is characterised by 

uf0=10 and uf1=0.10. The axial motion is also of a softening-

type nonlinearity in the supercritical regime. In addition, two 

distinct period doubling points as well as one saddle point are 

found for the axial motion.  

 
Figure 2. Parametric resonance of microscale tubes containing 

pulsatile fluid for the transverse motion. 

 
Figure 3. Parametric resonance of microscale tubes containing 

pulsatile fluid for the axial motion. 

In Fig. 4, the parametric resonance behaviour of microscale 

tubes containing pulsatile flowing fluid is plotted for different 

mean values of the fluid speed. The results are presented for the 

first generalised coordinate of the transverse motion. The mean 

value of the pulsatile flowing fluid varies from uf0=9.75 to 

uf0=10.25 while the amplitude of the pulsatile flow is set to 

uf1=0.10. The region of the parametric resonance shifts to the 

right side by a slight increase in the mean value of the pulsatile 

flowing fluid. Moreover, the transverse amplitude significantly 

increases by a slight increase in the mean fluid speed.  

Figure 5 depicts the parametric resonance of microscale tubes 

containing pulsatile fluid for the axial motion for different mean 

values of the fluid speed. It is found that higher mean speeds 

result in higher parametric resonance frequencies. In addition, 

the amplitude of the transverse motion remarkably increases by 

a small increase in the mean speed in the supercritical regime.  
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Figure 4. Parametric resonance of microscale tubes containing fluid 

for different mean fluid speeds for the transverse motion. 

 
Figure 5. Parametric resonance of microscale tubes containing fluid 

for different mean fluid speeds for the axial motion. 

Conclusions 

A nonlinear scale-dependent continuum model was developed 

to study the local dynamics of pulsatile fluid-conveying 

microtubes. Parametric forces caused by the pulsatile flow and 

Coriolis forces were incorporated. Scale effects were captured 

employing the MCST. Hamilton’s principle was utilised for 

deriving the differential equations of the microscale system. 

The local dynamic characteristics were obtained near the 

parametric resonance of the system in the supercritical regime. 

The microscale tube conveying pulsatile flow exhibits a 

softening-type nonlinearity with two PD points and one SD 

point. Furthermore, higher values for the mean speed of the 

pulsatile fluid lead to higher parametric resonance frequencies.  
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