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Abstract

Three-dimensional time-averaged density and temperature
fields of a heated air jet from a circular 10 mm diameter noz-
zle are reconstructed using tomographic background-oriented
schlieren. A hybrid filtered back-projection—algebraic recon-
struction (FBP-ART) technique reconstructs the refractive in-
dex gradient field in the flow. The number of ART iterations
is varied to observe the effect on reconstruction artefacts. The
largest improvement is observed after 1 ART iteration with fil-
tering of the initial FBP solution. Subsequently, the gradient
field is used to form a Poisson equation solved in a quasi-3D
manner using successive over-relaxation. Convergence of the
refractive index field is studied with iteration number and the
effect this has on the temperature and density profiles, after ap-
plying the Gladstone-Dale relation and ideal gas law. The quasi-
3D solution parallelises well, and converges rapidly.

Introduction

Experimental investigation of flow structure dynamics in tur-
bulent convective heat transfer has been hampered by the lack
of robust methods for quantifying the instantaneous three-
dimensional density and temperature fields. To study structures
across a wide range of scales, ideally a non-intrusive measure-
ment technique is needed. The background-oriented schlieren
(BOS) technique, proposed by Raffel et al. [10], has shown
much promise in this regard. BOS is an optical technique pro-
viding path-integrated estimates of the flow refractive index
gradient field by imaging a background pattern while looking
through the flow of interest. When performed from multiple an-
gles around the flow, BOS provides a basis for tomographic re-
construction of the three-dimensional flow refractive index gra-
dients. The refractive index field is then related to the flow
density using the Gladstone-Dale relation. For an ideal gas,
the temperature can be then be obtained using the ideal gas
law, which provides scope for comparison with thermocouple
measurements. Reconstruction of the gradient field from BOS
data has been performed using Fourier transform-based filtered
back-projection (FBP) [12] or the iterative algebraic reconstruc-
tion technique (ART) [2]. Further research is needed to evaluate
and determine the optimal reconstruction methodology.

The current work serves as a preliminary study for a multiple-
camera BOS system capable of obtaining instantaneous and
time-averaged fields. Such a system is resource intensive, and
it must be made certain that BOS and the tomographic recon-
struction process could produce reliable results. First, the time-
averaged density and temperature of a simple compressible flow
will be considered. The ideal experimental and reconstruction
parameters will be discovered. To achieve this, single-camera
BOS is setup around a subsonic circular heated air jet with an
exit temperature of 158°C. This system can produce time-
averaged 3D density and temperature fields equivalent to that
produced by a multiple-camera setup. The flow is rotated to sev-
eral azimuthal positions, with BOS performed at each position

to produce time-averaged inputs to the reconstruction method
[1]. A hybrid FBP-ART approach, similar to Hartmann and Se-
ume [4], reconstructs the gradient field, and an iterative solution
of a Poisson equation formed from the gradients is applied to
obtain the refractive index field. The effect of number of ART
iterations on the strength of gradients is examined, especially in
the context of computing time. The convergence of the Poisson
solution is also examined. Application of the Gladstone-Dale
relation and the ideal gas law to the refractive index field gives
the density and temperature, respectively. This study acts as a
proof-of-concept for a multiple-camera setup, giving some in-
dication that any instantaneous fields produced with a multiple-
camera setup are representative of true conditions. Conclusions
are made on the effect of ART and Poisson solution iterations
on the three-dimensional BOS reconstruction.

Principles of tomographic background-oriented schlieren

BOS is based on the Gladstone-Dale relation between fluid den-
sity p and its refractive index n

n—1=pG(), M

where G() is the Gladstone-Dale constant for incident light
of wavelength A. Originally an adaptation of speckle photog-
raphy [8, 10], BOS capable of three-dimensional density mea-
surements quickly emerged [12]. A camera and background
are placed on either side of a flow. Images of the background
through the flow appear distorted compared to ambient con-
ditions, due to refractive index variations deflecting light rays
travelling from the background to the camera. From figure 1,
if the depth of the density variations is small compared to focal
point-background distance Zp, then light is approximately de-
flected by a path-integrated angle €, for both image directions x
and y.

Digital cross-correlation of distorted and ambient images re-
veals an apparent displacement field A,
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Figure 1: Optical setup for BOS demonstrating the apparent
displacement of background features due to deflection of light
rays by density gradients.
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where f is the lens focal length and Zp, is the object-background
distance. This provides a basis for quantitative measurement
[10]. Multiple views of the flow enables tomographic recon-
struction of the refractive index gradient field; for each view i,
the deflections satisty
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with deflections in y; also having the same form (ng is the ambi-
ent refractive index). For three global orthogonal gradient com-
ponents the refractive index field is determined by solving the
Poisson equation
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where ¢ is dependent on measured displacements and setup ge-
ometry. Application of equation 1 obtains a three-dimensional
density field. Further, the ideal gas law can be applied for
subsonic flows (knowing the pressure P) to obtain a three-
dimensional temperature field 7. For instantaneous fields, pro-
jections must be recorded at the same time, which usually re-
quires multiple cameras. A mean field could be recorded using
a single camera, either moved around the flow, or is stationary
with the flow rotated about an axis. It is imperative that the sen-
sitivities and relative accuracies of experimental setups and re-
construction methods are first characterised with synthetic data
[3], and then time-averaged data from single-camera measure-
ments, before moving to multiple cameras.

Tomographic reconstruction methods

Selection of a reconstruction methodology is not straightfor-
ward. Firstly, the refractive index field can be either obtained
directly as done by Nicolas et al. [9] or by computing the gra-
dient field and solving a Poisson equation [12]. The latter ap-
proach will be pursued in the current research. Further, there
is a choice of gradient field reconstruction methods. Either
filtered back-projection (FBP [6]) methods or algebraic recon-
struction techniques (ART [5]) are used, and hybrid approaches
have been tried as well [4]. FBP reconstructs gradients by tak-
ing the inverse Radon transform of sinograms which contain in-
formation about the sum of gradient components at each point
in each view from the deflection information. It is a very effi-
cient method, but significant reconstruction artefacts appear as
the number of views lessens. ART is an iterative technique that
starts with an initial solution to the gradient field, and corrects
the solution by comparing the deflection of light rays through
the solution against those required to produce the measured dis-
placements. This is often much slower than FBP however re-
construction artefacts can be suppressed through judicious fil-
tering. Hybrid approaches use the FBP reconstruction as the
initial solution to the ART, producing equivalent solutions to
ART alone with less iterations.

The hybrid approach was tested on synthetic data by Atkinson,
Amjad and Soria [3], and will be used here on experimental
data. The FBP reconstruction is applied within a cylindrical
mask encompassing the jet, within a larger rectangular prism
domain with ambient regions; this approach limits reconstruc-
tion artefacts. In addition to the ART, techniques which increase
reconstruction quality in synthetic data are applied. These in-
clude randomising the order of views and light rays considered

for reconstruction and using a Hamming window filter on light
ray path corrections which decreases the magnitude of correc-
tions outside the jet (the beginning and end of the ray) and em-
phasising the correction inside the jet [6], and gradual unmask-
ing restricting the severity of corrections per iteration [7].

Experimental setup

Figure 2 shows the current setup for single-camera tomographic
BOS of a heated air jet from a circular nozzle (diameter D =
10mm). The setup is detailed in Amjad, Soria and Atkinson
[1]. A turntable allows rotation of the nozzle to 1°.

A DO3THINK M2ST120M camera (pixel size 3.75pm) is
placed 500mm on one side of the jet, with the background
equidistant on the other. From equation 2, a longer focal length
results in larger displacements, and hence a higher signal-to-
noise ratio. However, there are two conflicting requirements.
Firstly, geometric blur
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is the spatial averaging due to the out-of-focus jet placed be-
tween the camera and background (where N is the f-number).
Cross-correlation already averages over window regions to find
displacements; blur can be kept smaller than this to minimise
additional uncertainty. Secondly, the diffraction-limited size

dy= 2.44N(% A ©)

is the smallest feature that can be imaged. For heated jets at
160 °C, a 50 mm focal length at f/8 is a good compromise be-
tween the three requirements [1]. Table 1 shows the selected
BOS setup. The background pattern uses clear (backlit) spots
in a semi-random pattern printed on a black background [10].
A pulsed LED (A = 532nm) light exposes images for 50 us at
8 Hz. Settings for cross-correlation are summarised in table 2.

Parameter Value
Object-background distance Zp (mm) 500
Focal point-background distance Zp (mm) 1000
Focal length f and f-number N (mm) 50at f/8
Background resolution (um/px) 64.95
Object resolution (um/px) 304
Geometric blur at background d; (px) 4.8
Diffraction-limited size at background d; (px) 0.2

Table 1: BOS parameters

Figure 2: Experimental setup. a) Pressure regulator and heater;
b) Turntable; c) Settling chamber and nozzle; d) Camera; e)
Background and mirror; f) Pulsed LED and optics.



Parameter Value
Image marker size (px) 2
Markers per window 10
Cross-correlation window size (px) | 16 x 16
Window overlap (%) 75

Table 2: Cross-correlation parameters

The jet at 158 °C exit temperature is imaged at 15 positions
spaced 12° apart, with 1500 images per position. This repre-
sents a typical multiple-camera BOS setup. Images are cross-
correlated with a common reference image of the background in
ambient conditions, producing displacement fields. The fields
at each position are averaged, leaving 15 fields used for to-
mographic gradient field reconstruction. For the hybrid FBP-
ART approach, the number of ART iterations is varied from 0
(FBP only) to 3. The Poisson solution is performed in a quasi-
3D manner with successive over-relaxation; discrete transverse
planes (x — z) are solved independently along the streamwise
direction y. Parallelisation is easily achieved: planes are solved
by separate processors and collated afterwards. With inflow and
outflow from the top and bottom faces of the reconstruction do-
main, the only boundary conditions required by this approach
are at the sides, far outside the jet. These boundaries take on a
fixed, known refractive index value. Iteration number is varied
to study solution convergence.

Results and discussion

Figure 3 illustrates an averaged displacement field (flow from
bottom to top), with 210 vectors horizontally and 236 vertically.
The direction indicates a positive temperature gradient. There
are no transverse (Ax) displacements far outside the jet and in
the core near the nozzle due to constant temperature (within the
measurement sensitivity of 0.1 px). Natural convection from the
nozzle’s top edge cause large longitudinal displacements there.
These displacements are inputs to the tomographic reconstruc-
tion of the three-component refractive index gradient field.

Figure 4 compares the FBP and hybrid reconstructions. The
FBP solution fluctuates greatly compared to the filtered hybrid
solution, even towards the (ambient) boundaries. These are the
reconstruction artefacts. Pre-filtering the ART iterations does
much to remove these; the greatest improvement is seen in the
first iteration with relatively little change thereafter. Fluctuating
gradients in the core remain even with further iterations; there
should be no gradients in this region. The FBP solution takes
minutes on a workstation PC, while an ART iteration can take a
few days (although the code is not optimised). A coarser vector
spacing could also be used to improve this, and may still be
as accurate. Given the minor improvement further iterations
bring, it is reasonable that whole-field reconstructions may be
sufficiently represented by FBP and one ART iteration.

Following gradient field reconstruction, the Poisson solution
exhibits strong convergence, with an exponential decay in the
RMS error between iterations relative to 10,000 iterations. By
5,000 iterations the error, normalised by the peak difference in
the 10,000 iteration case, is 0.4% (figure 5). The RMS error of
the entire field is less than 0.1% for 5000 iterations. This is an
ideal compromise between computation time and convergence.
The boundary condition is set to 1 as a placeholder, the field can
be linearly offset to match experiment conditions. A boundary
value of 1.000272 is chosen, for air at 20 °C, 101.325 kPa pres-
sure and 60% humidity with A = 532nm [11].

Applying equation 1 (G(A) = 2.2598 x 10~*m? /kg) obtains
the density field in figure 6. The axial banding of figure 6a
is due to the quasi-3D approach exaggerating the refractive in-
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Figure 3: Transverse (a) and longitudinal (b) average displace-
ments. Colourbar units in pixels, where 1 px = 64.95 um.

dex gradients along that direction; a full 3D solver may have a
smoother solution. From the ideal gas law (R = 0.287kJ/(kgK)
and P = 101.325kPa) the temperature range of the BOS solu-
tion with ART iterations is seen in figure 7 for 2500 Poisson
solution iterations. A 3D view of a (cooler) ART reconstruc-
tion appears in figure 8. The FBP fluctuates in the jet core,
and even in the ambient region. The ART and filtering reduces
the fluctuations, however they are still noticeable. Further itera-
tion increases the temperature, with a mean difference of 0.01%
(maximum 4%) between 1 and 2 iterations.

Conclusions

The hybrid FBP-ART refractive index gradient field reconstruc-
tion method is an efficient method of tomographic reconstruc-
tion of BOS data. The use of filters in ART following a single
iteration allows reconstruction artefacts to be reduced, however
the use of further ART iterations may bring negligible bene-
fit. The Poisson equation solution for the refractive index field
is sensitive to the number of iterations, with the field consid-
ered to be converged after 10000 iterations for the current case;
within 5000 iterations, the global RMS difference with 10000
iterations is less than 0.1%. This may be a reasonable compro-
mise between computation and accuracy. Further work should
focus on the effect of adjusting filtering to reduce the impact of
reconstruction artefacts, the effect of vector spacing, and a com-
parison with thermocouple measurements should be carried out
to characterise the observed spatial fluctuations relative to an-
other time-averaged temperature measurement approach.
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Figure 6: Longitudinal (a) and transverse (b) density field.
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Figure 7: Temperature profile at y/D = 0.1 and z/D = 0 with
varying ART iteration number.
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Figure 8: Three-dimensional temperature contours of an ART
reconstructed jet.



