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Abstract
The thermoelectric cooling module has been widely used in the
optical communication industry to maintain a stabilized
temperature gradient in core optical components. The design of
modern optoelectronic devices relies on the accurate numerical
prediction of thermal loading on the hot-end components. The
purpose of this paper is to present an approach applying the
Discontinuous Galerkin (DG) method to conjugate heat transfer
(CHT) simulations. The incompressible Navier-Stokes (INS)
equations under the Boussinesq assumption and solid heat
equation are simultaneously discretised using an explicit DG
formulation. A Dirichlet-Neumann partitioning strategy has been
used to couple the heat fluxes between the solid and fluid domain,
as well as heat transfer among multi solid domains. The stability
of the methodology has been validated by several benchmark
cases. The numerical results have shown good convergence in P
and H refinement in both fluid dynamics and CHT problems.
Introduction
A thermoelectric cooler (TEC), sometimes called thermoelectric
module or peltier cooler, is a semiconductor based electronic
component that functions as a small heat pump. By applying a
low voltage DC power source to a TEC module, heat will be
moved through the module from one side to the other. This
phenomenon can be reversed by a change in the polarity of the
applied DC voltage. The thermoelectric module is widely used
for both heating and cooling thereby making it highly suitable for
precise temperature control applications, such as solar-based
thermoelectric technologies, CPU cooling, power generation
system, optical and laser system. There are mainly two
approaches to model the TEC: detailed modelling approach and
compact modelling approach. The first approach is to
numerically model every thermo-element in a TEC. Chen [1]
presented a three-dimension numerical study for TEC consists of
8, 20 and 40 pairs of thermo-couples via mainly concerning on
the influence of scaling effect and Thomson effect on the cooling
performance. This detailed modelling method was extended to
transient analysis [2] and the multi-stage TEC [3]. Instead of
modelling each thermo-element individually, another major
approach is to model the TEC module as a single bulk block,
which is referred as the compact thermal modelling method. This
method can handle the multi-scale issue using fine mesh and
coarse mesh at different region respectively. The implement of
this method can be found in [4].
Discontinuous Galerkin (DG) methods belong to the class of
finite elements. The finite element function space corresponding
to DG methods consists of piecewise polynomials (or other
simple functions) which are allowed to be completely
discontinuous across element interfaces. The DG method has in
particular received considerable interest for the area of aeroacoustics, electro-magnetism, air dynamics, modelling of shallow
water and weather forecasting, among many others. The first DG
method was introduced in 1973 by Reed & Hill [5] to solve the

steady state neutron transport equation. This method was later
generalised by Cockburn [6] and Bassi [7] to inviscid laminar
and turbulent flows. Compared to the traditional finite element
method, the mass matrix in DG method is local rather than global
and thus can be inverted by very little cost. The DG method can
also achieve higher order accuracy in the problem with complex
geometry or poor quality meshes.
The introduction of DG methods to the whole domain of
conjugate heat transfer (CHT) problems can be a benefit for
improving the accuracy in the region around the interface and
localising the data exchange process, and further enhancing the
convergence and stability of the entire computation in some
degree. Zengrong [8] implemented a centroid-expanded Taylor
basis DG method to the compressible fluid dynamic equations
and solid heat conduction equations to solve turbo-machinery
problems. Huafei [9] proposed a simplex cut-cell technique,
where the interface definition is completely separate from the
mesh generation process to solve CHT problem. This technique
shows high-order convergence for CHT problems with nonsmooth interface shapes.
The main contribution of this paper is to present a framework for
the simulation of CHT problems by applying DG methods on
unstructured grids. Based on an existing DG solver for the INS
equation [10], the Boussinesq assumption term and solid heat
equation are included by using an explicit DG formulation. A
Dirichlet-Neumann partitioning strategy has been implemented to
achieve the data exchange process via the numerical flux of
interface quadrature points in both fluid-solid and solid-solid
interface. All the modelling equations are solved using the DG
methods as the basis equations. Two benchmark cases are
presented to validate the Boussinesq assumption term and the
solid heat equation. All the numerical results have shown good
convergence in both P and H refinement.
Discontinuous Galerkin Method for Fluid and Solid
Domain
Governing equations for the fluid domain
The Boussinesq approximation is invoked to couple the
temperature and flow field. The governing equation for the
steady-state two-dimension flow using the INS equations and
energy equation can be written with following dimensionless
variables:
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Here subscript f and s is for the fluid and solid phases
respectively. X and Y are dimensionless coordinates varying
along horizontal and vertical directions respectively; U are
dimensionless velocity components in the X and Y directions; u
and v are velocity components in X and Y direction respectively;
Tf is the fluid temperature. ν is the kinematic viscosity; ρf and
ρs are the density of solid and fluid phases respectively; ks and kf
are thermal conductivity of solid and fluid medium respectively;
(Cp)s and (Cp)f are heat capacity of solid and fluid medium
respectively; αs and αf are thermal diffusivity in solid and fluid
phases respectively; Tq and Ts are the quiescent temperature and
surface temperature respectively; P is the dimensionless pressure
and p is the pressure; L is the characteristic length; Ra and Pr are
Rayleigh and Prandtl number respectively.

The fluid energy equation (Eqn.4) is solved following the similar
manner as the INS equation as shown in Eqn.9:

The solution methodology of the INS equation (Eqs.2-3) is
strictly following Hesthaven's INS-DG solver [10] where the full
INS equation is break into three stages. The first conservation
law components is solved using an Adams-Bashforth secondorder scheme, the nonlinear term
and ℱ are defined in
Eqn.5：

Similar to the viscous part of the INS equation, the solid heat
equation is discretized by Eqn.7 and solved by Eqn.11:

=

u2
uv

uv ; =∇∙ℱ
v2

(5)

the second stage involves the projection of the updated velocity
components onto the pressure term and at the final stage, the
viscous term is treated implicitly.
The nonlinear term
in the advection stage is discretised using
the Lax-Friedrichs flux based on DG discretization in the domain
Dk with boundary ∂Dk ：
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where N f refer to the N-th-order interpolation of f and Vh is a
piecewise polynomial basis. The Boussinesq approximation is
also interpolated at this stage:
In order to solve the pressure and viscous stage, an interior
penalty Discontinuous Galerkin method based Poisson solver for
curved elements [11] is implemented to solve the Poisson
equation -∇2 u=f. The detailed DG discretization is implement in
Eqn.7:
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Governing equations for the solid domain
The governing equation for the steady-state two-dimension heat
equation in solid domain is integrated in Eqn.10:
q
ρCp s
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where q is the heat generated per unit volume.
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Fluid-Solid and Solid-Solid Interface
A loosely-coupled Dirichlet–Neumann partitioning approach [12]
is used to ensure the continuity in physics of the temperature and
normal heat flux on the fluid-solid and solid-solid interface. At
each time step, the value of temperature computed from the side
of the high conductivity domain is specified as a Dirichlet
boundary condition to the side of low conductivity domain
meanwhile that of normal heat flux computed from the side of
low conductivity domain is specified as the Neumann Boundary
condition on the side of high conductivity domain and the
updated data will be treated as new boundary conditions of
respective domains in the next time step. Due to the nature of the
DG method, all the above data exchange can be directly achieved
via the numerical flux calculations at quadrature points of the
interface.
TEC Compact Thermal Model
A typical TEC module is connected by many semiconductor legs
between the cold and hot ceramic substrates. The full TEC
module is simplified into a compact thermal model [4] within
three sections as shown in Figure 1. Two ceramic substrates are
modelled as top and bottom blocks while all thermo elements and
interconnect metal bridges are represented as the middle macro
block.
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Figure 1. TEC Compact Model
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where ∂Ω and ∂Ω
are the boundary with Dirichlet and
Neumann boundary condition respectively.
The convection, pressure and viscous components are integrated
in Eqn.8:
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where the nonlinear Term ℋ is defined as ℋ = U∙Tf .
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The effective average TEC properties α, ρ, k can be derived from
manufacture ∆Tmax ,Imax ,Qmax by Eqs.12-14:
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where γ0=0, α0=1, α1=0, β0=1, β1=0 at the first time step to start
the scheme. The subsequent time steps are done with γ0=1.5,
α0=2, α1=-0.5, β0=2, β1=-1.
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Where α, ρ, k are effective Seebeck coefficient, effective
electrical resistivity and effective thermal conductivity
respectively, ∆Tmax , Imax , Qmax are the maximum temperature
difference, maximum module current and maximum rate of heat

transfer respectively; Th and Tc are TEC hot and cold side
temperature respectively; N, A,I ,l, f is the number of thermal
couple in the TEC, uniform cross-sectional area of the entire TEC,
TEC operating current, thermoelectric element height and the
packing fraction of total TEC area covered by TEC elements
respectively. Compared to the detailed modelling method, the
compact modelling method is more convenient for engineers to
compare the performance between different brands of TEC
because TEC performance curve will be generally posted while
only very limited TEC manufacturer will provide their
temperature dependent pellet material properties which are
essential for the detailed modelling method.
The heat generation rate due to Peltier effect can be obtained by
Eqn.15:
Q = 2NαIT , Q = −2NαIT

(15)

The heating and cooling heat loads (Qh and Qc) are applied as
surface heat loads placed at two interfaces between bottom/top
substrates and the middle TE block.
The joule heating load Qj is expressed in Eqn16:
Qj =I2 R, R=

N2
Af

4ρ

(16)

where R is the module resistance. This heat load is implemented
as a volume heat load on all the cells of the middle block.
Benchmarks and Validations
Buoyancy Driven Cavity
The first validation case is to simulate a steady-state Boussinesq
flow within a closed square cavity [13]. The INS equations and
the energy equation can be validated through this benchmark case.
The fluid of Prandtl number 0.71 is within a square cavity (0≤x≤1,
0≤y≤1) with the following boundary conditions; both
components of the velocity are set to be zero on all the
boundaries, the boundary at y=0 and 1 are insulated while the
temperature at x=0 and x=1 are set to be T1=1 and T2=0
respectively, the Rayleigh number Ra=1000. The average Nusslet
number on the hot wall under different mesh size (H) and
polynomial order (P) are shown in Figure 2. All simulations
convergence and are in well agreement with the earlier work
done by Davis in 1983 [13]. The temperature and velocity profile
in fluid domain are shown in Figure 4 and 5 respectively.

Figure 5. Velocity Contour of the Fluid Domain, Ra=1000

Conjugate Natural Convection in a Closed Cavity
he fluid configuration of the second validation case is similar to
the buoyancy driven cavity while a finite thickness solid wall is
attached on the hot side of the cavity. This test case can be used
to validate the solid heat equation and the Dirichlet–Neumann
partitioning approach. The Boussinesq fluid of Prandtl number
0.7 is within a square cavity( 0≤x≤1, 0≤y≤1) with the following
boundary conditions; both components of the velocity are set to
be zero on all the boundaries, the boundary at y=0 and 1 are
insulated while the temperature at x=0 are set to T1=0 , the
Rayleigh number Ra=1000, thermal diffusivity αf is set to 1. The
solid domain( 1≤x≤1.2, 0≤y≤1) is configured with following
boundary conditions; the boundary at y=0 and 1 are insulated
while the temperature at x=1.2 are set to T2=1. Under the case
with solid thermal diffusivity αs =1, the average Nusslet number
on the cold wall under different H and P are shown in Figure 6.
All simulation results show a good convergence trend and
converged results match well with the reference [14]. The
temperature and velocity contour for fluid and solid domains
(Ra=1e5, αs=10) are shown in Figure 7 and 8 respectively.

Figure 6. Comparison of average Nusselt number on Cold wall as a
function of mesh size and polynomial order(Ra=1000)

Figure 3. Comparison of average Nusselt number on hot wall as a
function of mesh size and polynomial order(Ra=1000)

Figure 7. Temperature Contours of the Full Domain, Ra=1e5, αs=10

Figure 4. Temperature Contour of the Fluid Domain, Ra=1000

Figure 8. Velocity Contours of the Full Domain, Ra=1e5, αs=10

TEC Compact Thermal Model
The third validation case is to simulate the performance of the
TEC by a 'black box' like model [4] based on the manufacture's
datasheet. In order to match up with the standard TEC
performance test setup, only the solid thermal solver (Eqn.4) is
enabled and the effect of fluid convection is neglected. The
configuration of the TEC compact thermal model are shown in
Figure 8 with following boundary conditions; the boundary at
x=0 and t1 are insulated while the temperature at y=0 are set to
T1=300K ,this is also defined as TEC hot side temperature ; Q1 is
the external heat load applied on the TEC module, the heat
generation rates (Qc and Qh) due to Peltier effect can be obtained
by Eqn.15 and are applied as surface heat loads between the
interaction of the Top/Bottom block and the middle block; the
joule heating heat load Qj can be obtained from Eqt.16 and is
applied as a volume heat load in all cells of the middle block.
The middle block material properties can be derived from
Eqs.12-14 while the conductivity of Top/Bottom ceramic is set to
be 29W/mK. The MC10-049-10 from RMT Ltd is chosen as a
reference TEC to verify this compact modelling method. This
15.0x15.0x2.0mm TEC has 49 thermal couples with following
properties: While Th=300K, Qmax=16.61W, Imax=4.46A,
∆Tmax = 71K; the pellet dimension equals to 1.0x1.0x1.0mm.
Figure 9 compares performance curves between supply datasheet
and current simulation results. The different between two curves
are below 1.5K under all cases. The temperature contour of the
MC10-049-10 under Q1=6W and 1.2A operating current is shown
in Figure 10.
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