and when the tidal curve is approximated to be a straight line or
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. CERTAIN HYDRAULIC ASPEGTS
OF EFFLUENT DISCHARGE INTO TIDAL WATERS,

J.R. -Daymond T,.D,, M, Sc,, M,I,C.E,, Assoc, M,L Struct, E.
University of Natal, Durban, South Africa,

Ab.atra.ct_‘

The paper discusses the problem of outflow into tidal water
from a tank which is, at;the same time, receiving an inflow.
The outflow may be permitted at any time within the period of
the tide or it may be restricted to a part of the period only; both
cases are considered. _Although the problem gives rise to a
first order differential equation which, -in general, cannot be
solved in finite terms, it.is shown how the variation in the tank
level can be examined and depicted.

If the inflow and tank area are both constant and the tide is
periodic, with a constant amplitude, the curve of levels in the |
tank will also become:periodic with constant upper and lower
limits, These periodic results are important and, from i
experiment, a field of significant results are presented which
enables the required size of tank and outfall to be determined for
a given tide and inflow, = It is shown how, by transformation
equations, results from this field may be used for any tide of
similar shape to the experimental one,

When the inflow is variable no convement solution capable.
of general application can be offered.  In practical applications
of the problem there, will be diurnal varmtmns in tide amplitude
from springs to neaps, as well as a variation of inflow,. . This
more usual and general problem is considered and some solutions
obtained by computer, are presented.

A brief reference is made to algebram methods of solv-mg
the differential equation, when the inflow varies s Or is constant,

parabola, A set of curves, which are of practical use, are given I
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for the case of constant inflow when discharge is restricted to a
portion of the tide which is falling at a constant rate.

1. Provided the conditions are right, a convenient and
economical means of effluent disposal for places near the coast
is through an outfall into tidal waters, for purification to take
place by dilution and biological change, To obviate difficulties
and to' preserve the amenities of the’ coast,  certain prescribed
conditions have to'be’complied with, " This usually means finding
a suitable location for the end of the outfall so that there is no
possibility of the sea currents conveying the unpurified effluent
back inshore. Under favourable conditions and with a
satisfactory location of the outfall, discharge may be permissible
at’all’stages of the tide; ‘this m4dy not always be possible 'or
ecprfﬁfhriﬁ,‘ however, in which case discharge may be limited to’
a part only of the full tidal period. ~ This means that storage of
the effluent is ﬂeéés‘sa’ry’When'&is‘éh'aafge is prohibited, Storage
may 4lso'be required, unless pumping is resorted to, when the’
system conveying the' effluent to the outfall is below high tide. s
It 9§ the purpose of this paper 6 ‘examine the problem of storage
and discharge and, in certair cases,’ pfe"sé'nt solitions from /"
which the storage tank and outfall sizes may be obtained.

‘Throughout the paper it'is assumed thit'the area of the tank,
A, is'constant and discharge from the outfall is ‘below low water
of all tides, * 15 INEIT0q! 29T 2l | .Y giinmil

2. “Alsshie s dylindrical tankdrea A, to'Yeceive 'an effluent”
flow 4t dotistant ¥ate Q and, at'the’same time't, there'is a "
discharge rate q through an’outfall fromithe tank'intotidal water,
with a head h between the tank andtide levels, fig, 1. In an
interval of time (¢, t¥dt) d volume Qdt flows ifito the tank and qdt
flows outs 1~ If 2’18 the tanklevel at time t measured from a’ ”:
datumtaken at Thean tide 1ével (M, T, L.),” then, ‘since the inflow
volime equals the increase in tank “storage plus theovbflow
volume, we get Qdt=Adz+qdt, Adopting the usual type of, *
hydraulic formula relating flow And head and pltting g=khe, ~ "
where k is a constant depending upon the geometry and friction
properties of the pipe, we have B SREERIRT AR
¥ 1. ¥ .

d of BptemiipaaEEl 2V, o A o e aa

Putting m = Q/A, s = Q/k, equation 1 becomes

*-This is- assured b
! - y-means- of -
end of the outfall, T
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i THLY represents the height of the tide measured above
Y}.z _a.nd. fft:l;:w h'= z-y; since there can be no discharge when
if'there is no'back flow from the tide into the tank*
% Y 1 N g
Fig. 1, f ;

Oth'e(; .whg.; vz, It ;s ;gresumed that q 'will not influenceé‘y, i
oy words, .that the discharge’'into'the sea will not aff ?' ;
vel and y will be a function of time only \ Y #

3. Certain featurés of ‘equation 2 hav | eXami [
:h.ezéle(l“), ‘but it will be n:.c‘es'sary tl;a:fs :z:'? ::ammed 3153'
i ' = ‘ this gis

b;i:-'ey.ﬁ”lfr 0,. ;z/dhrn,l Ith:Ls"_givgls the filling part 'of the

. 'h>0g. dz"/[;;()ti’}‘lg‘ z._c‘l_xz"rv‘e, Cw.t-.s, the tide curve at slope m,

ghpaserzey o :_011',,1_’1--‘? . From equation 2dz/dt is tnivalued

4 .éknyrva; ue of h,. so the discharge portion of the z
TR éxis.: cetched as indicated in fig,' 1, ""A point of Contra-~

s ] on.thf:z Z curve, given by dz/dt=dy/dt, as will be

erentiating equation 1, ’ ©

em here very

The z curve .w111 not necessarily repeat itself on successive
Fig.2, '

2
AL ANN 74 !
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return or flap valve on the
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tides, even when T, the tidal period and the half amplitude R,
are constant, .see fig. L;. it.may be.shown (1), however; that
for m.and. s:fixed .equation 2 has, one periodic;solution which is
approached asymptotically by every other solution as t—>cqgto
give a periodic z curve, deplcted dotted as the settled z curve
in fig. 2. Line lisja zcurve approachmg the penodlc curve
from below and line II approaches from above both for values
of m and s w'here the Z curve. cuts the tide, | Line IIlis a z
curve where m and s\are stich that the curve, mcludmg the
periodic curve, 11es entlrely above the t1de.

The maxrrnum and mmnnum values of the penodlc z curve,
shown as H and D, respectwely, fig. 2, are of importance, since
they depict the necessary top and bottom tank levels correspond-
ing to fixed values of'm'and s, . These, from a practical aspect,
are the four significant factors ‘which enter into the problem a.;:d
we see that given m and. s, H and D.may be derived... It may be
shown that if any two of the; four factors (m, 84 H and D) are
fixed or known, the remaining two are also f:xed v brns.[aval

4, A useful set of results to relate the four factors proved
1mpract1cab1e by theoretwal methods and experlments ona .
model whlch s:.mulated the coud:.tmns of the problem were
employed(?.‘.) The results were deplcted for a given tlde w1;h
Ro- one foot a.nd To= one hour and are. shown. in f1gure 3. g o
dlfferqnt1ate the se results for any other t:.de the correspon ing
va.lues of the four factors are wntten Ho, Do, _;no and Sc. .

A Although the results are shown for one pa,rtlcular t:.de they may
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be transformed for use on-any other tides :

The terms on the left hand side of equation 2 are
dimensionless and, hence, if ;suf.fix,o_.refers, to one tide :and
suffix yeto another tide

1
S St )
m dt/ \m- dt e s
: o ;O !
If we adopt a lineal transformation 'bf heights and of time, so
that

zo/Ro= 2z /R, V.9]R°= Vo IR, BRU=hy /R, t o/ To™ ta /T,,

. Il
it then follows that mRoT = mgR T and S RZ = S R
Smce H and D are partlcula.r values of Zi a.nd also since;

Ri=1, 0, T =1, 0, we get m= m R/T, s,=~st3, H = H_ R and:
D= DOR: , 'where R is'in feet'and T in hours,

Applications of the use of the field: results in fig.: 13, and of
the above equations;of transformation \willjbe found. inithe paper
(2)., . The results, of course, are.transfovable only-if the tides
have the same shape,.changing only in;R-and . T;

5.7 :If Qiis @ variable and a function of t.= m(t), (A isia; constant),
we may. write for equatmn 13

Aol agc fbr=amit);
at _
where Ad=k, There is no possibility, by experiment or
otherwise, of presenting a field of useful solutions for equation
3, as is possible when m is constant, since m(t) may assume
widely different forms. An approximate solution of equation
3 may, however, be obtained by assuming the inflow, over a
small but finite interval of time AT, to‘be introduced ‘at the’
beginningiof (AT in‘the form’of a’ surge ‘of helght r'and; for-
discharge to take place oveér““AT with no'inflow, i.'e, m(t)=0
in equation 3, when the tank level will then drop by ‘Az, grven by

g B

. L] . (] . . .

TAZO= L) hzdt {3 ai 't oxody
i n‘r r 43 et} o

the height of the surge w111 be g:.ven by
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and, therefore, A must be'known.” (A solution of equation 4 is
required relating z and = 4z for any interval 4aT. :

The z curve, with its°sudden surges r wil.l."thé'fx ﬁ;}t?-jthe S
saw tooth shape shown in fig. 4. The accuracy of'the results W5
will depend upon the

T | A

ll ! (A iz, ‘
R

AT, 8Ty OT; AT,

number of A:I‘ intervals taken in the periot? T,

If #(t) is periodic and in phase with the tide the z curve j
will ultimately settle down to become periodic, o2 for m constant,
if, however, m(t) is not in phase, the z curve will reproduct? 7

f O B ¥ i {'=
itself-only'over very many‘tldgs-_.

The methoci of dealing with Q variable a.nc_l of p.roduga:.p.g‘_
usefulresults: ﬂepén&s upon knowing the i"_ela.h?ns'hr?_pl-q;-f Az
to'z for each interval AT in the period T fo.r‘:dxffer'ent v?.lues
of o, ' This relationship has ‘b'een-deriye'fi in g form \jvhich can(s_)
be of general use for'any tide having the shape of a sine curve \3)

the inflow curve by algebraic expressioiis-r‘e?atit_xg"y a’.nd_ mt;:) "
t in the form m(t) and ft), re spe‘ctively_:; so if, in equation (

we put

6, TIt'is possible to approximate to'the tide curve and also to

L
dz = m(t) - £h?
dt E= w3 : ~ :
and-z.= h +f{t); hence dz =idh oh if.t),:
v “imedtido gt TR diwRon -
owe get dh.= m(t) - £1(t) =<hz, A-Srs YETTDR
St E el oo L MR A
. A : ) P e AR : ttot A T& a8
where f! is the, fir st‘dlfferenj:;a.l with' respec RALE LA
Substituting' hZ = (m(t)=f1(t))u, where w. takes the signiof .
m(t)=£'(t), the equation for u becomes, .. ., = iol sgusiis

T% i

- 2uddm(e) = £1{8)) +(m (=L E)u = deu, o et £ oiis
‘ dt g,

where ! is the second differential, 'I‘hi..s" e:_qr!.lati‘on.-ma.}( be
integrated in finite terms if mt(t) - P'{t! is a constant‘ = a. L,
Therefore, m(t) must be lineal or constant and: f{t) parabolic;
lineal or constant, since a cat;f_‘.q,eg_ zero,
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If, then m{t) ~ £1(t) = at +b, with b; a constant, the equation
for u(t) becomes, i WO :
dt -2udu 2 - ° ° ®

wHED Z;au2+u- 1

o« | e

this can be integrated by standard methods to giveu and't in®
terms of known functions,'

— It may-be shown (2) that if the tide is represented by‘a‘sine
curve y = R Sin 2rt/T, within the range (0, T/4) a ¢lose
approximation to this curve is a straight line for 0<12t<T and
an arc of @' parabola for/ T12t<3T, ' Outside this range the
form is reproduced to'give the symmetry of the sine curve,

The foregoing algebraic method may: thus be used to obtain
@ z(t) durve within thelimits of the approximations mentioned ;-
but,it: will-be! seen that, having obtained u{t) and, on‘substitution
h{t), ‘hence z(t), the required relationships will‘be implicit, -
with exponential terms generally in a form not well suited to
the derivation of z(t) curves,” except to check results obtained
in other ways. . There is; howevér, onelcase Where useful
results may be produced by this algebraic method, as will be
shown in the next section, d

7.7 When: discharge from a tank is restricted to a partiof T,

this will be allowed, as a rule on the outgoing tide only and'also
when the tidal current-moves quickly, ‘so that:thé effluént/ may be
carried well offshore; ‘discharge into "slack" water, ‘at high and
low tide, is avoided as far as possible,’ A part ‘of the'tide
fulfilling these requirements, assuming a sine curve*, will then
be within the limits 5TS12t<7T (from-the discussion of the
previous section), We may then write

T=T#(t)= 3R( T~2t) and T (t)="=6R;

If Q is a constant, (A is assumed constant) m is constant,
a is then zeroand equation 5 becomes o e ()] G M 3]

—dE - Z_Wdu’ 2 ; ol o o L1

. ¢ S 6.
JICI3SA ‘lpl.u‘. 2 )

with c T-= m T+ 6R;

* Even when not conforming to a sine curve, and for the given
limits of t, most tides fall approximately at a uniform and at
the quickest rate, thus giving the most desirable period and
conditions for discharge.
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i ...< <7 i
D's::harge will extend over Ti6 in the 1nte-rva1 5.T% 12t<7T
13 7 .

as shown in fige 5.

Figi 6.

Fix)
*\ o .

Liet the top and:bottom:levels: in the 1_:ank bes EﬂB.:.:;i Pdf: ;ati‘m
tively,»both measured above the tide, .mc Ay
rptorn "s T /6, filling at'd uniform rate w11{ then e e
. d185c }‘;alzge 1If fhé 'cycle of filling and/emptying is _'repgate on
over 5 é e .

each tide;welsee that

| olT o sBAEHTIEIO T
5QT=6AAR and_ N+1 =P +A . . ° o ®

- ) . 3 T 5-
where R is the depth of the tank, as will be seenfrom fig

d integrating equation 6

i i tion an
From the preceding informati i i Do T/_(,’

T ok
between-theslimits NR =.c4u® and! ?R

. & 1
r pet i Bt R ey e & elaed i )
v gxz(l + Ni=P)= x{N2 - Pz)= K Logg K- XN:, {
where (1+N-P )K= 64 N=- P,-and
k. - _1. o 3 '90
%Q = CARZ| = kR2 &2 atiwil s
i =V'I ‘ tix curves of these two
Writing equation 8 as F(x) = G(x), the i

functions depend dpor the relative valuesTof N and P, a
seen from figures 6.

EN>P F(x)' ﬁill have two roots; it may be ;how::lt;l;a.:l ;:':}
: i where
= 0, but do not intersect any . !
and F{x) meet at x 5 : T aRyThers & N
igi al value of x in the reg
the origin, , There can be. no real s R I e e be
XN%P-Z'SKNE and the solution of (8), ‘o ’ i
z =By B il
xPz >K 1 L] L] e . ,‘ L . . L] L]
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rSimilarly, for N<P, it can be shown that the solution will
be given by ds.
x P%cK . . . ° . . . ° . ® . ° 110
If N= P, dz/dt will have the same value at the beginning and
end of the interval T/6, hence for .z to be cqntinuous;dz.zﬁd@: 0
at points within T/6, For m constant and y lineal it will;be
found on differentiating equation 1, that d2 z/dt2is zero when
dh/dt= 0, that is when h a constant.and the discharge will then
be constant given by, 9= {RN)2, . Since the whole inflow TQ must
be discharged in the time . T/6, we then get 6TQ=qT, or
6Q=KRN)2; with k=«A and using equation. 9,
G, gH0L 1 - ’
xN2= xP2=6 sl gnis i o hngimnon Eseron. soeul ki
Starting with the information of .equations;10 and 11,
solutions Qf'eguatiqn 8, irelating H, P and x, were obtained by
computer, using Newton! s method of successive approximations,
A useful check on the results is directly provided by equation 12,
From equation 9 it will be seen that x s=R 2and if results are
required for R~= 1,0, ;we have x8,=1; | A series of values relating
Ho, Dgyand sg,; were obtained:from.equation 8 and shown as Hy,
contours, with: Dy and s, as axes; figs 7. It will be seen that
2Hy~=2N= land2P~-2D o=0k. 1 The factors used in fig, 7 are
now consistent with those of fig, 3

8, Some examples are given'to illustrate the metho& of obtaining
solutions with the aid of fig, 7, All units are in feet and seconds;
results are given to slide rule accuracy

(i) Suppose Q=3,0, R = 6,0, T = 12 hrs, 24 mins, o
H= 6,60, D= 0.0, L = length of outfall.= 900; .
,.find the diameter,d of the outfall and A, the area
of the tank, using the D!arcy equation for, pipe flow
fLg2 = 1v2d5h, assuming £= 0,01, . - il
we _have Ho= 1, 10, D =0.00.and from fig, 7, 850,122,
t §F T Budden A cowroie T g af 1o ‘ T
From equation 9, 24,6 = k6 2
we see, in the D!arcy equation that ka‘Z;;nzds;. on
substitution it will be found. that
2 ; 452,47 £ I vsb
The depth of the tank AR is 6, 60 and from equation 7,
A=16900; ' '
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(ii) If it is decided to 4se a ‘pipe with d = 2,75, keeping all
other factors, except D and A, the same as in (i), what will®
the area and depth of the tank be?

Eof di= 2.75, k= 13, 10:x & 10,75, 8, = 0, 0933,
frorn--fig--.‘ 7',D0 = 16 378§ ' [ Iliw - ) ) : ‘
Fromequation 7} the depth of the tank'is 8. 868 and the area is
12, 900! £ ¥ ‘ - tw 43

(4ii) 1t is“useful to examine the changes in the required value
of K (and hence’of d; since'for a given outfall, d'is qatdh S
propo:-tional"to ) as the tide cHanges in amplitude. ~ “Suppose -
the values of R change from 6 to'3] ifi'one foot intervals, =~
IfP=0,4and N= 0,8 when R = 6,0, the P, N,:Hy,, D,
values corresponding toR; together with the corresponding
values of x are tabulated below; x is obtained _f;qm so-_sr.=1,
and then; sinee k'is ‘proportional to x, “we havé the relative
value'of k, ‘assuming K=40 for R E16, 0, réhembering That
Qe = KR 2 : . well goiel § 536 CIC

3 pasw qu5liv 60 s 0N WS

RiobnaNs AFHG

g 20080 1, 31 70,4070 1012, 25 1, 0
§oel s 06 1156710, 1389 T 0127713, 10 0. 98
4 w45 B, 955 0335 L0 0P Do 277107 95T
3e 02,0000 2, 60770,/307 050, 20 ©15,30 " 0,88

It follows from these results for k that a pipe designed for the
6 ft. tide will be satisfactory on any of the other tides,

aJs

3 M0

9, Still assuming A constant,
aspect will embrace m a variable, R varying periodically from
spring to néap tide, and'y a function of t = ft). © It'Ha's been
shown how tHese factors may be’'dealt with and, in given.
circumstances, how solutions may be obtained, sometimes
directly’ from ‘curves, oth erwise by eaiculation’dided by
Taking all these variables together it is possible

curves. . 1 s
as’in most practical

to derive results by comptuter eveniwhen, tp
cises, they may not be_expressible as knowq.fun'cfions_éf e

o bxatnple) Tet t(t) be Fepr csented by the graph shown
in fig. 8%, Itis presumed this cirve will reproduce’itself
every day. The diurnal variation in the unit tide is

* This represents the variation in sewage flow for a large
town over 24 hours, if the mean is unity, the maximum is

1, 66 and minimum 0. 24,

"the problem in its broadest "7
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R= 1+0,2 Si
13/2 tidei smE.Sa:;]tl-?iT)'- 80 that R varies from 1,2 to 008 'in
Se ide is sinusoidal = # .
where T aland y=R S
18 now taken as 12,5 hours, hence the t];t;:sx:vngl’b
e

out of step with the sk oy
fo e periodicit
The'equation for z now becdm);: s I?Y one hour each day,

dz = mt) - sz i |
é wht) - &(z = (1+28in{ Tt/13T))sin2 Tt/ T)E

The mean val '
LR ue of mft) has been taken as 0, 002 and /is

The i ‘
| after 60 t'idesl;;s:it‘:?vi :21?_“ BOf Hy and D, obtained by computer
(3ldays'Hga own in fig, 8. Over the time of approximat:
this e}::amolznd ﬁo repeat themselves and the resuItZPPf'Ox:mat'ely
The vaiues o% }a{' significant z values likely to occur agtlve' f?r
o ~Hyg .show a variation from-1, 066 to 0,856 any time,
since it reﬂ‘e:t?mldday for any tide; this is to be e.x .1: T
 the day and fat:rt‘h‘" Tr:iati".elv large m(t) input of thzeriizc‘iﬁ-é o
0; 375 and 238 ere is a variation in Dy frot
. nd always before noon, following the :m:‘l:'l'“:lif;-h (:8; to
= § 7 OW,

Wher'l;hzse.t;da'l and inflow va.riatioﬁs_
e dept’h]-:i_r; t}l:;l; _casta, is 1,066 -/04087 = 0,979, / A'tank
i satisfg :al.‘x;lcally acceptable and the scheme WO 10f
complétew s c;: orily on all tides except/that'the tank wolttlfl
R ; f); on all but a very few tides; a résidue ant
s e cartie _fo rwa:t:d f_ran one tide to the next, and th‘:ou :
e r an ob‘po?qqus effluent,’ ' In'such'a ca the |
il 111n ::';::ert:s to’ orle where any solution, to be se the
Sk tid,e i int‘u-e! tha.t the/tank will be --completél
A .Ho.' i where z .w11'1 not exceed.a preaéterminzdempty 1
epHo. 1nrltu.r_n..uls1.1‘_a.lly"mean_s- tha o
£ o3 value'of d, the outfa

t'for given values
: b of
found to fulfil these conditions U pipe diameter, must be

achieved on a’computery usua i

require a depth of AR,

The desired resul
o0 ! ts
4 _qugll-y by trial and error, o
i If therehad beg‘h-. no :'d?:'tgfﬁa‘l tidal
i :rr__cla.é_l_t?_se_dta?:_ its mean value of 0, 002
Berloglg‘ z(t) curve is shown dotte
s 0 = [ ?'I i W.t 2 ' . A

ith the - m(t) and f{t) curves in the relative time

positions of fig, 8 ;
; » 0, and startin ; Z
z(t) curve is shown chain dotteg with z = 0,486 the resultant

ggen to show the marked effect of
eifect of a change in R over one tid

variations and m(t)
002, the corresponding
d, fig, 8. with H, = 0, 86 and

These two z curves are
the variations in m(t); the
e'is small, ’
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