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Abstract

The turbulent boundary layer in a region of increasing adverse
pressure gradient (APG) at the rear of an axisymmetric generic
submarine body is investigated using a series of high resolution
planar particle image velocimetry (PIV) measurements. Profiles
of mean and fluctuating velocity are presented in coordinates
aligned with the wall at stations ranging from weak favourable
pressure gradients (FPG) through to strong APGs. The degree
to which equilibrium based pressure velocity scaling and Za-
garola and Smits [6] scaling are able to collapse these axisym-
metric boundary layer profiles is explored.

Introduction

The structure and scaling of turbulent boundary layers in re-
gions of adverse pressure gradient (APG) and nearing the point
of flow separation are of particular interest in the optimal de-
sign and control of flow over aircraft, submarines, boats, cars
and turbine blades. While many aspects of wall-bounded turbu-
lent flows in zero pressure gradient (ZPG) are reasonably well
understood, the structure of these flows changes significantly
when the streamwise pressure gradient is varied.

In classic boundary layer theory the flow near the wall scales
with the kinematic viscosity ν and the friction velocity uτ =√

τw/ρ, where τw is the shear stress at the wall. As these wall-
bounded flows approach separation and shear at the wall and
the friction velocity approaches zero (uτ→ 0), the inner velocity
and length scales tend to infinity and the rationale behind the in-
ner scaling of such flows breaks down. In these cases alternative
parameters must be used for APG scaling. For equilibrium APG
flows, defined as flows where β = δ∗(dP/dx)/τw = constant
where δ∗ is the displacement thickness, Mellor and Gibson [3]
show that invariant profile may be obtained when scaled by the
pressure velocity up =

√
δ∗dP/dx/ρ vs upy/Ueδ∗ where Ue is

the inviscid outer velocity at the top of the boundary layer and ρ

is the fluids density. This pressure velocity can be used to non-
dimensionalize the velocity profiles in strong adverse pressure
gradient flows, but just as inner scaling fails as uτ→ 0 this scal-
ing based on up is invalid as the pressure gradient dPw/dx→ 0.

One scaling that can be defined across the entire range of pres-
sure gradients is that of Zagarola and Smits [6] where the veloc-
ity scales is defined as (Ueδ∗/δ), based on outer velocity and the
ratio of the displacement velocity to the boundary layer thick-
ness δ. The appropriate scaling of these flows remains an open
question and is further complicated by rapid changes in pres-
sure gradient or the relaxation of upstream pressure gradients
and the influence of longitudinal and transverse wall curvature
effects.

In this paper the mean and fluctuating velocity profiles and as-
sociated scaling are assessed using particle image velocimetry
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Figure 1. Schematic of the submarine model indicating the local
wall oriented coordinate systems used for the investigation of
the boundary layer. Dashed boxes indicate the locations of the
present measurements.

(PIV) measurements of the turbulent boundary layer over the
cylindrical and rear sections of an axisymmetric body.

Experimental Methodology

The data for the present investigation comes from PIV mea-
surements of the flow over the Joubert submarine body l. This
axisymmetric body represents a generic submarine or torpedo
geometry (without a propulsive screw, conning tower or control
surfaces), the present model having a length L = 725 mm and a
maximum radius ro = 50 mm. The model was mounted inside
the 500× 500 mm cross-section open surface water tunnel at
the Laboratory for Turbulence Research in Aerospace and Com-
bustion’s (LTRAC) using two streamlined stings from the upper
surface as shown in figure 1. Measurements were performed on
the bottom surface of the model to reduce any influence of the
stings and the free surface. The model was aligned with the free
stream at zero pitch and yaw angle.

In order to ensure a repeatable turbulent boundary layer formed
over the model, an o-ring with a 2 mm diameter was affixed
to the model at a station 0.05L downstream of the apex of the
model. The location and size of this trip were selected based on
a study of the optimal tripping of the flow over this model, as
performed by Jones et al. [2].

The present PIV measurements were performed using an 11
Mega Pixel PCO. 4000 CCD camera and a 200 mm Micro
Nikkor lens with a large extension ring. A dual cavity 400 mJ
Brilliant B Nd:YAG laser was used to illuminate the flow in
the form of a 1 mm thick light sheet, introduced from the bot-
tom of the tunnel. Particle seeding was provided by the use
of 11 µm Potters hollow glass spheres with a specific gravity
γ = 1.1. Velocity fields were computed use a multi-grid algo-
rithm [5] with an initial window size of 64× 64 pixels and a



final size of 32×32 pixels. Further details of the measurement
parameters are presented in table 1.

Magnification 0.45
Image resolution 50 pixels/mm
Lens aperture f# = 8
Particle image diameter dp = 2 pixels
Depth of field 1.7 mm
Light sheet thickness 1.0 mm
Fluid density ρ∞ = 996.97 kg/m3

Kinematic viscosity ν = 0.90×10−6 m2/s
Spatial resolution (Wx,Wy,Wz) 14+,14+,22+

Vector spacing ∆x,y = 3.5+

Table 1. Parameters of the PIV boundary layer measurements

To investigate the boundary layer over the model the velocity
field at each point along the model must be represented with
respect to the local tangent and normal to the model surface
as indicated by the coordinate system shown in figure 1. In
order to convert the velocity field from camera coordinates to
surface coordinates the surface of the model was first located in
the particle images via the detection of the intersection of the
laser sheet and the model. A polynomial fit was used to rep-
resent the model surface, from which a grid was constructed
with points placed at a uniform distance along the surface with
a second axis normal to the model at each point. Bi-cubic spline
interpolation and vector rotation was used to determine the ve-
locity at each point on the surface coordinate grid with respect
to the local surface axes. An example of the mean streamlines
in wall oriented coordinates at the final measurement station
x/L = 0.89 to 0.94 is shown in figure 2. Streamlines lift away
form the model downstream and suggest a rapid growth in the
boundary layer thickness, consistent with both a decrease in the
r(x) and an APG flow. Figure 2 highlights the significant vari-
ation in mean wall-normal velocity V with y and the lack of
convergence towards a uniform outer velocity Ue as y→ ∞.

Figure 2. Streamlines and contours of mean wall parallel veloc-
ity U normalised by freestream velocity U∞.

Figure 3 shows the shape and radius of the model at each mea-
surement station as indicated by the black dots, along with the
associated mean pressure coefficients at the wall Cp, as mea-
sured by Jones et al. [2] on the same geometry, and the associ-
ated pressure gradients and longitudinal curvature.

Figure 3. Model axisymmetric radius r, pressure coefficient Cp,
pressure gradient dP/dx, outer velocity Ue based on pressure
coefficient and the longitudinal radius of curvature Rlong. Black
dots indicate measured profile locations, blue dots correspond
to pressure tapping locations from Jones et al. [2].

Results

Mean velocity profiles are plotted for each station in figure 4.
Data is plotted in terms of both outer (Ue,δ) and inner (uτ,ν/uτ)
velocity and length scales. At initial stations where a weak pres-
sure gradient is in effect, both the outer and inner scales were
determined by fitting an analytical expression for the velocity
profile as derived by Musker [4] for a planar turbulent boundary
layer:
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where the U+ =U/uτ, y+ = yuτ/ν and Π is the Coles’ or wake
parameter. Owing to the spatial resolution of these measure-
ments it is not possible to directly measure the velocity gradient
dU/dy at the wall, hence the fit of this velocity profile or uni-
versal log law u+ = (1/κ) logy++Ba is required to obtain an
estimate of the local skin friction coefficient. This fit also en-
ables an estimate of the δ that is less sensitive to small variation
in U than the direct estimation of δ from the asymptotic velocity
U →Ue.

The quality of the analytical profile fit is shown in figure 5. This
analytical profile provides a representation of the experimental
data along the earlier flat sections of the model, the departure
in the two data points near the wall corresponding to higher
experimental measurement error in this region, as explained in
Atkinson et al. [1]. Further downstream this fit begins to over-
estimate the velocity in the overlap region and underestimate
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Figure 4. Profiles of mean wall parallel velocity U as nor-
malised by (a) inner and (b) outer scales.

the outer velocity Ue and the associated boundary layer thick-
ness δ. An investigation into the effect of spatial resolution and
measurement noise in PIV [1] indicates that the present PIV in-
terrogation window size of ≈ 15+ results in a small underesti-
mation of the true mean velocity for y+ < 30, however this does
not explain the larger discrepancy observed in the downstream
profiles. It is not clear if the failure of the fit in this region is
due to the lack of a logarithmic overlap due to the APG, the
non-equilibrium state of the boundary layer or the effect of the
transverse curvature with (δ/r)max ≈ 2.5. For this reason the
outer scales for the final six profiles are instead determined from
the value and location of the maximum U velocity component,
aided by the decrease in U for y > δ in APG flows.

Figure 6 shows the boundary layer parameters at different po-
sitions across the model, where θ =

∫
∞

0 (U/Ue)(1−U/Ue)dy is
the momentum thickness and H = δ∗/θ is the shape factor. A
rapidly growth in the boundary layer occurs as the radius de-
creases and an APG is created towards the rear of the model.
Naturally this is accompanied by an increase in both δ∗ and θ

as well as H, Π, β and up, consistent with an APG. The momen-
tum thickness based Reynolds number ranges from Reθ = 895
to 2134 while friction velocity based Reynolds numbers vary
from Reτ = 440 to 510.

Profiles of the wall oriented Reynolds stresses 〈u′.u′〉 and 〈v′.v′〉
are shown in figure 7. As demonstrated by Atkinson et al.
[1] the spatial averaging of the PIV measurement at this res-
olution should only results in a slight underestimation of the
true Reynolds stresses, which should be completely offset by
measurement noise. At these Reynolds numbers the near wall

Figure 5. Fit of Musker profile [4] to experimental profiles of
mean wall parallel velocity U . Measured data points are shown
as markers while lines represent the fitted profile. Data is nor-
malised by uτ obtained from the fit.

peak in 〈u′.u′〉 is too close to the wall to be clearly identified
at most stations in the present data, with the exception of the
final higher Reynolds number station where a peak can be ob-
served at y+ ≈ 14. A clear growth in 〈u′.u′〉 can be observed at
higher APG from the very top of the boundary layer to a peak
at y+ ≈ 80, while the peak in 〈v′.v′〉 moves closer to the wall.

As discussed in the introduction, inner scaling is inappropri-
ate as the APG increases and uτ → 0. Mellor and Gibson [3]
suggest an alternative scaling for APG flows based on the pres-
sure velocity up. Application of this scaling is shown in figure
8. Mellor and Gibson state that mean velocity deficit profiles
should be invariant for an equilibrium boundary layer (where
β =constant), however with the exception of the flat cylindrical
section, the flow over this model is far from equilibrium. Inter-
estingly this scaling provides a good collapse of the final three
profiles, despite relatively large variations in β from 3.3 to 4.4
and changes in transverse curvature.

Figure 9 shows the same profiles when the scaling of Zagarola
and Smits [6] is used. This scaling provides a tighter group-
ing of all profiles but a slightly larger difference between the
last three profiles. This is possibly due to the dependence on δ,
which is a difficult parameter to accurately determine as previ-
ously discussed.

Conclusions

Experimental measurements of the turbulent boundary layer
over an axisymmetric submarine model show a substantial vari-
ation between the measured mean velocity profiles and the ana-
lytical planar boundary layer profile based on logarithmic over-
lap and Coles’ wake function. It is not clear if this is due to the
influence of the large transverse curvature with respect to the
boundary layer thickness or the lack of a universal logarithmic
law in the presence of strong APG flows. As the stronger APG
is established a significant strengthening of the wake is observed
which appears to completely overwhelm the overlap region and
log law. This change is accompanied by a substantial increase in
streamwise velocity fluctuations over the majority of the bound-
ary layer, along with the movement towards the wall of the peak
in the wall-normal velocity fluctuations.

Pressure velocity scaling of Mellor and Gibson [3] provides
an excellent collapse of the final three profiles, despite non-
equilibrium flow over this range (β = 3.3 to 4.4) and the trans-



Figure 6. Boundary layer parameters at each measured station
across the body. Values of c f and Π are estimated from the fit
of the Musker profile [4] which it not completely representative
of the measured profile at the final six stations. up is undefined
where dP/dx <= 0.

verse curvature. The scaling of Zagarola and Smits [6] provides
a better collapse over the full range of pressure gradients but
does not provide the same level of collapse over the final three
stations.
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Figure 7. Profiles of Reynolds stress profiles 〈u′.u′〉 (upper val-
ues) and 〈v′.v′〉 (lower values) as normalised by inner scales.

Figure 8. Profiles of mean wall parallel velocity U as nor-
malised by pressure velocity up, outer velocity Ue and displace-
ment thickness δ∗. up is undefined for the first four stations.

Figure 9. Profiles of mean wall parallel velocity U as nor-
malised by Zagarola and Smits [6] scaling


