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Abstract

The topological complexity inherent to all porous media can im-
part complicated transport dynamics under steady flow condi-
tions. Recently, it has been established [2] that such topological
complexity imparts ubiquitous and persistent chaotic advection
via a 3D fluid mechanical analogue of the baker’s map. In the
presence of molecular diffusion, chaotic Lagrangian dynamics
are well-known to impart anomalous transport and rapidly ac-
celerated mixing, however this phenomenon has received lit-
tle attention in the context of porous media flow. In this pa-
per we consider the impact of chaotic advection upon transport
and mixing of a continuously injected dye plume in a model
3D porous network which consists of randomly connected pore
branches and mergers. Punctuated stretching of fluid elements
during advection through the random network is described by a
novel stretching continuous time random walk (CTRW) which
captures fluid deformation and scalar dispersion in the model
network. This model indicates that chaotic mixing in 3D topo-
logically complex media exponentially accelerates mixing and
scalar dissipation across all Peclét numbers, from diffusion-
dominated (Pe = 100) to advection-dominated (Pe = 108) trans-
port. Whilst the CTRW model is highly idealised, the critical
features of this model (no-slip boundary condition, topological
complexity) are inherent to almost all porous media.

Introduction

All porous media, whether random or ordered, granular or net-
worked, heterogeneous or homogeneous, are typified by the
geometric and topological complexity of the pore-space [6, 7]
which plays host to a wide range of fluid-borne processes in-
clding transport, mixing and dispersion, chemical reaction and
biological activity . Whilst pore-scale flows are often smooth
and steady (typically Stokesian or laminar), this inherent com-
plexity renders pore-scale flow and transport a complex process,
leading to non-trivial Lagrangian dynamics. The detailed flow
structure and Lagrangian dynamics of chaotic flows can have
significant impacts upon a range of fluid-borne processes, rang-
ing from macroscopic dispersion and mixing to chemical re-
action and biological activity. For example, diffusive particles
exhibit significantly accelerated dispersion even in the limit of
vanishing diffusivity, and inertial particles under chaotic advec-
tion can exhibit a rich array of non-trivial behaviour, includ-
ing attraction to or repulsion from topologically distinct regions
of the Lagrangian flow domain. Conversely, chemically or bi-
ologically active chaotic flows have been shown to generate
singularly-enhanced reaction kinetics in autocatalytic, bistable
and combustion reactions, and the stability of a wide variety
of processes is fundamentally altered, ranging from population
dynamics to metabolic systems and genotype evolution.

As shown in [3], topologically-induced Lagrangian chaos gen-

erates ergodic particle trajectories at the pore-scale, allow-
ing modelling of the advection process as a stochastic pro-
cess. Punctuated stretching process at stagnation points. Hence
we develop a novel stretching continuous time random walk
(CTRW) which captures the advection and deformation of ma-
terial elements through the porous matrix. Closure of this
stretching CTRW facilitates solution of a 1D advection diffu-
sion equation (ADE) oriented along lamellae, quantifying dis-
persion of a passive scalar field under the combined action of
chaotic advection and molecular diffusion. We compare predic-
tions of scalar dissipation for three different porous networks;
a random 3D porous network which gives rise to Lagrangian
chaos, an ordered 3D porous network which generate maximum
fluid stretching, and an ordered 2D network which gives rise to
non-chaotic dynamics. These studies clearly demonstrate the
impact of both network topology and pore-scale structure upon
pore-scale dispersion and mixing, and furthermore form a quan-
titative basis for upscaling of pore-scale physics to macroscopic
transport models in topologically complex media.

Topological Mixing in 3D Porous Media

Topological complexity is a defining feature of all porous me-
dia, as characterised by the Euler characteristic χ, related to the
topological genus g as χ = 2(1− g), which measures the con-
nectivity of the pore-space as

χ = N−C+H, (1)

where N is the number of pores, C the number of redundant con-
nections and H the number of completely enclosed cavities. For
most random media [6, 7], N is large whilst C and H are small,
and so the Euler characteristic χ is typically strongly negative.
When a continuous fluid is advected through such topologically
complex media, a large number of stagnation points xp arise at
the fluid boundary near e.g. pore junctions or on the surface of
solid grains.

A connection between the stability of flows local to these stag-
nation points xp and the pore-space topology is given by the
Poincaré-Hopf theorem, which relates the sum of the indices γp
of critical points xp to the topological genus g as

∑
p

γp(xp) = 2(1−g) = χ, (2)

where the index γp equals -1 for saddle-type zeros, +1 for node-
type zeros and 0 for null zeros of the skin-friction field. Sev-
eral studies [7, 6] have measured the Euler characteristic across
a broad range of porous media, from granular to networked,
and find χ to be strongly negative, with number densities in the
range -200- -500 mm−3. This high number density of saddle-
type points imparts a series of punctuated stretching events as
the fluid continuum is advected through the pore-space. What



Figure 1: Schematic of pore branch (a) and pore merger (b)
elements, with non-degenerate equilibrium stagnation (separa-
tion) points shown and associated 2D unstable (stable) mani-
folds, representing surfaces of locally minimum flux. Note the
transverse orientation of angle θ of the minimum flux surfaces.

role these stretching events play with respect to transport and
mixing in porous media?

Mackay [5, 4] proposes that the stable W s and unstable W u

manifolds associated with stagnation points form the so-called
“skeleton” of the flow, a set of minimal flux surfaces which or-
ganize transport within the fluid domain. There exist four basic
types of equilibrium points in the skin friction field

• I separation point, attractor for the skin friction field,
• II reattachment point, repeller for the skin friction field,
• III separation point, saddle for the skin friction field,
• IV reattachment point, saddle for the skin friction field,

and hence from (2), porous media admit a high number density
of saddle-type points under steady 3D Stokes flow. Figure 1
illustrates these concepts for a pore branch (a) and merger (b)
(henceforth termed a couplet) in an open porous network. Here,
the reattachment (stagnation) point in (a) ((b)) must arise due
to the topological complexity of the pore branch (merger), and
this point of saddle type III (IV) gives rise to a 2D manifold
W s

2D (W u
2D) which propagates into the fluid domain. The inter-

action of the 2D manifolds (W s
2D,W

u
2D) in the fluid bulk aris-

ing from these points govern fluid transport and mixing. If the
manifolds W s

2D,W
u
1D,W

s
1D,W

u
2D in Fig. 1 are oriented trans-

versely (θ 6= 0), then persistent fluid stretching and folding can
occur, whereas for smooth connections (θ = 0), the symmetry
of Lagrangian stretching histories generates no persistent fluid
deformation.

This mechanism is demonstrated by the study Carrieré [1], who
considers 3D steady Stokes flow in a periodic duct flow with re-
peat branches and mergers which is topologically equivalent to
the pore couplet in Fig. 1 with θ = π/2. This “baker’s flow”
generates almost globally chaotic dynamics in the transverse
Poincaré section, and the measured Lyapunov exponent λ∞ =
0.68 is very close to the theoretical upper bound λmax = ln2
for the baker’s map. Hence, the 2D manifolds (W s

2D,W
u
2D) as-

sociated with saddle-type stagnation points can generate very
efficient chaotic mixing in porous networks.

These basic mechanisms also persist in granular and packed
media, where the minimal flux surface associated with a type
III stagnation point wraps downstream around a particle cluster,
and likewise the minimal flux surface associated with a type IV
stagnation point wraps upstream. Again the orientation angle
θ plays a critical role, and the disordered nature of all random
porous media ensures that the transverse orientation θ 6= 0 con-
ditions are met with unit probability throughout the porous ma-
trix. Whilst porous media may exhibit other features such as
surface roughness and tortuous pore topography which can also
generate chaotic advection via other mechanisms, stagnation

points are generic to all topologically complex media, hence
the dynamics studied herein represent a lower bound of chaotic
mixing which is inherent to all porous media.

Stretching and Compression in 3D Porous Networks

To calculate transport, mixing and dispersion with the 3D
porous network model above, we first consider the deforma-
tion of a 2D filament as it propagates over pore branches and
mergers through the network. CFD simulation of Stokes flow
through the branch element Ω shows that the fluid deformation
F over a pore branch can be approximated by the eigenvalues of
the velocity gradient tensor ∇v at the stagnation point (Fig. 1)

F≈ ∇v|x=xp = diag
(

1,2,
1
2

)
, (3)

and likewise the deformation over a pore merger is well ap-
proximated by F−1. Hence the gross action of the pore branch
is to stretch fluid elements by a factor of 2 in the y-direction,
and simultaneously contract elements by a factor of 1

2 in the z-
direction, whilst the pore merger contracts by a factor of 1

2 in
the y-direction and stretch by a factor of 2 in the z-direction. To
consider stretching and compression of a 2D material filament
in 3D networks, we consider the reoriented stretching and com-
pression operators Ss = R(θs) ·F ·R−1(θs),Sc = R(θc) ·F−1 ·
R−1(θc), where R(θ) is the rotation matrix associated with a re-
orientation of angle θ in the xy-plane. Hence net fluid deforma-
tion over a series of n concatenated coupled pore branch/merges
is given by the series

Λn = R(θn) ·

(
n

∏
j=1

L(δ j,∆ j)

)
·R−1(θn), (4)

where L(δ,∆) := R(δ) ·D(∆), D(∆) = F ·R(∆) ·F−1 ·R−1(∆),
∆ = θs−θc, δ j = θ j+1−θ j for j = 1 : n−1 and δn = θ1−θn.
The deformation tensor L(δ,∆) quantifies fluid deformation
over a series of connected pore couplets, and net fluid defor-
mation depends strongly upon the series of angles ∆ j within
couplets and the series of relative orientation δ j between cou-
plets. For ordered media which consists of a fixed δ and ∆, net
fluid deformation is quantified by the stretching exponents of
the deformation tensor L(δ,∆) given by the log-eigenvalues

λc =

{
ln |ζ+

√
ζ2−1|, ln |ζ−

√
ζ2−1|,0

}
, (5)

where ζ= 9
8 cosδ− 1

8 cos(2∆+δ). Zero net deformation occurs
for |ζ| 6 1, whilst maximum theoretic deformation (λ = ln2)
occurs for ∆ = (n+ 1

2 )π, δ = nπ. Ordered 3D porous networks
represent extreme cases with respect to fluid stretching, whilst
the degenerate case of 2D porous media corresponds to the case
∆ = 0, δ = 0, and so exponential stretching is zero in all such
systems as per the Poincaré-Bendixson theorem for continuous
2D systems.

For random media, the pore branches and mergers are consid-
ered to be Markovian and randomly oriented such that θs, θc are
uniformly distributed over the domain θ ∈ [−π,π]. In this case,
the length l = |l| of the line element in the xy-plane evolves as
l2n+1 = l2nρs(θs), l2n+2 = l2n+1ρc(θc), where ρs, ρc respec-
tively are the relative elongation due to stretching and compres-
sion within a pore branch and merger:

ρs(θs) =
√

1+3cos2 θs, (6)

ρc(θc) =
1
2

√
4−3cos2 θs. (7)



As θs, θc are Markovian and uniformly distributed, it is not
necessary to consider the orientation of the material line, and
the average stretching λs (compression λc) rate within a pore
branch (merger) can be calculated from (6), (7) as λs ≈ 0.4055,
λc ≈ −0.2877, the sum of which rates recovers the infinite-
time Lyapunov exponent λ∞ ≈ 0.1178 for random networks de-
rived in [3] which is the average stretching rate over a couplet.
From (), (), the logarithmic material length sn := ln l evolves
as sn+2 = sn +φ where φ = lnρs + lnρc, in [3] we showed that
both the mean (λ∞) and the variance (σ2 ≈ 0.11436) of the dis-
tribution Pφ(φ) are bounded. Via the central limit theorem the
distribution of log-length sn at pore n converges with n toward
a Gaussian distribution

Psn(s)≈
1

σ
√

nπ
exp

(
−
(s− s0− n

2 λ∞)
2

nσ2

)
, (8)

where the initial element length s0 = ln l0. This Gaussian distri-
bution captures evolution of the ensemble finite-time Lyapunov
exponent λ in [2], where λ = 1

n sn, and the 95% confidence in-
terval is given by λ∞ ± 2σ/n. Hence for random porous net-
works, as 2D material filaments flow through pore branches
and mergers, they undergo a series of punctuated stretching
and compression events around stagnation points which leads to
net exponential stretching in the xy-plane. The length of mate-
rial elements in the xy-plane as distributed log-normally, where
the mean and variance grow as n/2λ∞, n/2σ2 respectively. To
study the impact of pore-scale chaotic dynamics on fluid mixing
and transport, we compare dispersion in random 3D networks
(λ = λ∞) with that of 2D networks (λ = 0) which have the same
dynamics as ordered 3D networks with zero stretching.

Stretching Continuous Time Random Walk

The stretching dynamics for random media developed above
can be described via a stretching CTRW model, whereby fluid
elements undergo a series of punctuated stretching and fold-
ing events as they propagate through the topologically complex
porous network. As the gross impact of chaotic advection upon
steady-state mixing is to accelerate transport transverse to the
mean flow direction, we consider how the length l of a material
strip in an xy-plane evolves via the two-step stretching continu-
ous time random walk (CTRW)

ln+1 = lnρs(ϕn), tn+1 = tn +∆tn. (9)
ln+2 = ln+1ρc(ϕn +1), tn+2 = tn+1 +∆tn+1, (10)

where the angles φn are independent identically distributed uni-
form random variables in [0,π/2], and the time increment ∆tn
represents the advection time between pore elements. Assum-
ing advection of fluid particles through a pore branch or merger
is well represented by Poiseuille flow v(r) = v0

(
1− r2

R

)
, where

v0 is the maximum velocity and R the pore radius, leads to a
Pareto distribution for the dimensionless advection time ψ(∆t)

ψ(∆t) = ∆t−2H(∆t−1), (11)

where H(t) is the Heaviside step function. Hence the stretch-
ing CTRW consists of punctated random stretching and com-
pression events over each pore, and the advection time between
pores is distributed as the truncated power-law ψ(∆t).

Fluid Stretching and Scalar Mixing

The impact of fluid stretching upon mixing can be directly de-
termined by consideration of the advection diffusion equation
(ADE) for the scalar concentration c across a 1D material line
in the intrinsic coordinates {ξ,η} along a material line in the xy-
plane, where η is the coordinate transverse to the strip and ξ the

(a) (b)

Figure 2: (a) Evolution of material element squared length l2
n

with time tn for 5 different realizations over n = 1000 pores un-
der the CTRW model (solid) and approximation of the evolution
of l(t)2 via assumption of constant geometric growth as per (17)
(dashed). (b) Comparison of the PDF of lnτ based upon the an-
alytic approximation (18) (black), and the PDF of lnτ from the
CTRW model (coloured)

coordinate along the strip. Under exponential fluid stretching,
gradients in concentration c along the strip (ξ) exponentially de-
cay whilst those normal to the strip (η) are preserved, leading
to a simplified 1D transport equation in the transverse direction
η:

∂c
∂t
−λ(t)η

∂c
∂η
−Dm

∂2c
∂η2 = 0, (12)

where under considering steady state transport, t represents
the advection time for fluid elements are they are advected
through the network. The stretching rate λ(t) is defined by
λ(t) := d ln l(t)

dt where l(t) is the length of the strip at time t.
If the time to traverse component n is given by ∆tn, the average
deformation rate λn can be defined by

λn :=
1

∆tn

tn+1∫
tn

dt ′λ(t ′) =
1

∆tn
ln
(

ln+1

ln

)
, (13)

where ln = l(tn). For an initial Gaussian distribution c0(η) =

exp[−η2/(2σ2
0)]/

√
2πσ2

0 across the strip, the concentration
c(η, t) evolves as

c(η, t) =
exp
{
−η2 exp[−2Λ(t)]

2σ2
0+4Dmτ(t)

}
√

2π
[
σ2

0 +2Dτ(t)
] , τ(t) =

t∫
0

dt ′ exp[−2Λ(t ′)],

(14)

where Λ(t) =
∫ t

0 dt ′λ(t ′), and so the maximum concentration
cmax(t) = c(0, t) evolves as

cmax(t) =
1√

2π
[
σ2

0 +2Dmτ(t)
] . (15)

The evolution of the maximum concentration cmax(t) depends
on the deformation history of the strip encoded via τ(t). Whilst
the solution (14) of (12) is Gaussian, its variance σ2(t) =
σ2

0 + 2Dmτ(t) is not Markovian, but rather depends on the full
deformation history in terms of the operational time τ(t), which
can be directly integrated to yield

τ(t) =
t∫

0

dt ′
[

l(t)
l(0)

]2
, (16)
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Figure 3: Comparison of the evolution of the PDF in 3D (solid)
and 2D (dotted) random porous networks of cmax over n =2-
500 pores for (a) Pe = 102, (b) Pe = 104, (c) Pe = 104, and (d)
comparison between the evolution of cmax for Pe = 100 - 108.

where the advection time t is given by the sum of ∆t for a fluid
particle to arrive at the current position under consideration.

As the operational time τ depends upon the full history of the
elongation l(t), derivation of the PDF of τ is not trivial. One
approach is approximate the current value of l, ln by assuming
l(t) evolves smoothly from l0 at t = 0 in a geometric fashion
as suggested by (8). As such, given l(tn) = ln, the stretching
history of l(t) may be approximated as

l(t)≈ l0

(
ln
l0

) t
tn
, (17)

which, as shown in Fig. 2 (a), is a remarkably good approxi-
mation over large n despite the unbounded nature of the Pareto
distribution for ∆t. From (17), the operational time τ(t) may
then be approximated as

τ(t)≈ l2
n −1
2ln ln

tn, (18)

hence an approximate PDF of τ(t) and cmax(t) may be derived
from both the PDF of ln, Pln(l) = exp(l)Psn(exp(l)), and the
PDF of tn = ∑

n
i=1 ∆ti, which converges to a stable distribution

via the generalized central limit theorem, see [3] for details.
Whilst the details of this derivation is beyond the scope of this
article, the comparison between the analytic approximation and
numerical simulations of the CTRW model are shown in Fig-
ure 2 (b), indicating the accuracy of the approximation and
demonstrating that accurate analytic estimates of the maximum
concentration PDF and concentration PDF can be derived for
the model random 3D and 2D networks. Numerical simulations
of the CTRW for PDF of maximum concentration cmax and the
mean maximum concentration 〈cmax〉 are shown in Figure 3
for both 3D random and 2D random porous networks, which
clearly illustrate the impact of chaotic advection upon scalar

dispersion. At large values of the Peclét number Pe = 1/Dm,
exponential fluid stretching inherent to random 3D porous net-
works generates significantly accelerated dispersion. These dy-
namics are most apparent in Figure 3 (d), where from (??) the
average maximum concentration decays algebraically as t−1/2

for random 2D networks (as λ = 0, τ(t) = t), whereas for 3D
networks, 〈cmax〉 decays exponentially as exp−λ∞t for random
3D networks. As such, even at low values of Pe, significant
acceleration of dispersion occurs on long time scales. These
results clearly demonstrate the impact of chaotic mixing upon
dispersion in 3D porous media due to the topological complex-
ity inherent to almost all porous media.

Conclusions

We show that the basic topological complexity inherent to all
porous media - heterogeneous, homogeneous, open networks
and granular media - imparts ubiquitous and persistent chaotic
advection which imparts accelerated dispersion in random 3D
media. A novel stretching CTRW model is developed to de-
scribe punctuated stretching of fluid elements during advection
which admits approximate analytic solutions for the maxiumum
concentration and full concentration PDF of a diffusive tracer
as it is advected through the porous network. Comparisons be-
tween 2D and 3D random media clearly show the impact of ex-
ponential fluid stretching, leading to an acceleration of decay of
the maximum concentration cmax from algebraic (cmax ∼ t−1/2)
to exponential (cmax ∼ exp(−λ∞t)), where λ∞ ≈ 0.1178 is the
Lyapunov exponent for random 3D networks, suggesting fur-
ther accelerated dispersion is possible in ordered 3D media
(with λ = ln2). These results suggest that topological mix-
ing inherent to random 3D media is an important and previ-
ously ignored transport mechanism at the pore-scale, which is
furthermore expected to have significant impacts upon macro-
scopic transport. Future studies will consider up-scaling to
macroscopic transport in both heterogeneous and homogeneous
porous media.
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