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Abstract

From the archetypical example of Taylor-Aris dispersion to
chaotic advection in duct flows, transverse mixing is well-
known to suppress both longitudinal dispersion and residence
time distribution (RTD) variance in mean translational flows.
In this paper we consider the connection between these trans-
port modes which are quantified in terms of fundamental solu-
tions of the advection-diffusion operator, and demonstrate how
asymptotic and pre-asymptotic RTD evolution is governed by
the transverse mixing eigenmodes in both axially-constant and
axially-periodic duct flows. This formalism is validated via
application to a axially-periodic chaotic mixing flow, the Ro-
tated Arc Mixing (RAM) flow, and predictions of RTD evo-
lution based on the transverse mixing eigenmodes agree very
well with experimental observations. These results clearly elu-
cidate the intimate connection between transverse and longitu-
dinal dispersion and provide both a design basis for optimisa-
tion of e.g. micro-fluidic and continuous flow reaction devices,
and generate fundamental insights into macroscopic dispersion
in e.g. heterogeneous Darcy or turbulent duct flow.

Introduction

The link between transverse and longitudinal dispersion
in mean-translational flows is well-known, for example in
boundary-dominated or highly heterogeneous Darcy flow,
transverse dispersion significantly suppresses longitudinal dis-
persion generated by differences in translational velocity gen-
erated respectively by no-slip boundaries or permeability fluc-
tuations. A classic example is Taylor-Aris dispersion, where
transverse molecular diffusion alone acts to suppress longitu-
dinal variance from ballistic σ2

L(t) ∼ t2 to diffusive σ2
L(t) ∼ t

growth. More complex flows, such as turbulence or chaotic ad-
vection involve much faster transverse dispersion than molec-
ular diffusion alone, leading to even more strongly suppressed
longitudinal dispersion and RTD variance.

The ability to understand and control longitudinal dispersion
has widespread applications from modelling of transport in
complex flows to controlling transport in technological applica-
tions. For example, suppression of longitudinal dispersion (or
narrowing of RTD) in chemical and biochemical reactors signif-
icantly improves the product quality and yield due to increased
homogeneity of reaction times, whilst understanding the rela-
tionship between macroscopic transverse and longitudinal dis-
persion in e.g. heterogeneous Darcy or turbulent flow is piv-
otal to modelling transport in geophysical flows. In this paper
we explore the connection between transverse mixing and RTD
evolution in axially-constant and axially-periodic duct flows via
fundamental solutions of the advection-diffusion operator, and
show explicitly how both asymptotic and pre-asymptotic RTD
evolution is governed by transverse mixing dynamics alone.
Using a Fourier-Laplace transform of the advection-diffusion
equation (ADE), the link between these transport mechanisms
is clearly elucidated, where fundamental solutions of the RTD
evolution and longitudinal dispersion are expressed in terms of
the transverse mixing eigenmodes and associated decay rates.
This formalism provides fundamental insights into the intimate

connection between transverse mixing and RTD evolution in
duct flows, and provides a design basis for novel micro-fluidic
and macroscopic flow devices which demand narrow RTDs and
minimal longitudinal dispersion. We apply this quantitative
framework to an axially-periodic chaotic duct flow, the Rotated
Arc Mixer (RAM) flow, and validate predictions against exper-
imental observations.

Transverse Mixing

We first consider dispersion of a passive scalar (heat, chemical
species, etc) under the steady incompressible flow v∗(x∗) in a
d + 1-dimensional duct-shaped domain D with variable cross-
section Az extruded in the axial coordinate z∗, such that D =
Az× [0,∞), where physical space x∗ is divided into transverse
r∗ and axial z∗ coordinates. Steady transverse dispersion of the
passive scalar concentration c(x∗) within the steady flow field
v∗(x∗) is described by the steady advection-diffusion equation

∇ · (v∗(x∗)c)−Dm∇
2c = 0, x∗ ∈D, (1)

subject to the zero flux boundary and initial conditions n ·
∇φ|∂D = 0, c(r∗,0) = c0(r∗), where Dm is the molecular or
thermal diffusivity of the scalar field c. For simplicity of expo-
sition we define the following dimensionless variables t := t∗ D

a2 ,
z := z∗ 1

Pea , r := r∗ 1
a , v := v∗ 1

U , where U is the cross-sectionally
averaged velocity, a a characteristic cross-sectional dimension,
and Pe is the Péclet number relating the relative timescales of
advection and diffusion: Pe = Ua

Dm
. We first consider the case

where both the fluid velocity v and duct cross section Az are
constant in the z-direction, before extending the analysis to
axially-periodic flows. Under this simplification, the steady ve-
locity field may then be decomposed as v(x) = uz(r)êz +u⊥(r)
(where ⊥ denotes the transverse of the axial direction z), and
ignoring axial diffusion, the steady ADE simplifies to

∂

∂z
(uz(r)c) = H0[c] := ∇⊥ · (u⊥c+∇⊥c) , (2)

where ∇⊥ is the spatial gradient operator transverse to z, and
H0 is defined as the transverse advection-diffusion operator, the
eigenmodes f (0)n (r) of which satisfy

−uz(r)l
(0)
n f (0)n (r) = H0[ f

(0)
n (r)], (3)

where ln are the associated eigenvalues, ordered as ln ≤ ln+1
for all n = 0,1,2, . . . . Turbulent and chaotic flows are well-
known to significantly enhance transverse dispersion, where
for large Pe, the decay rates ln are several orders of magni-
tude greater than those for molecular diffusive alone. For such
flows f (0)n represent the “strange eigenmodes” of the advection-
diffusion operator, so called as they have non-trivial structures
informed by the chaotic Lagrangian mixing template in the sin-
gular limit Dm → 0. As the advection-diffusion operator H0

is non-self adjoint, in general the eigenmodes f (0)n (r) are not
generally orthogonal, however as the ADE (1) admits a finite-
dimensional inertial manifold M , then solutions on this man-
ifold are spanned by a finite set of orthogonal eigenmodes [3]



which are complete with respect to M . Hence solutions to the
advection diffusion equation (1) for all flows, whether regular
or chaotic, laminar or turbulent, are composed of a finite set of
eigenmodes plus an arbitrarily small non-eigenmode contribu-
tion

c(r,z) = 〈c0(r)〉+
N

∑
n=1

αn f (0)n (r)e−l(0)n z +O(e−ρz), (4)

where the angled brackets denote the cross-sectional average

〈x〉 :=
1

Az

∫
Az

xddr, (5)

and the average term 〈c0(r)〉 is equal to the weighted zero-decay
eigenmode α0 f (0)0 , and the weighting coefficients αn are given
by the initial condition c0(r). Whilst the set of N strange eigen-
modes are not complete, they do span the inertial manifold M ,
which for large N and square-integrable initial conditions rep-
resent all but the small non-eigenmode component O)(e−ρz).
Within a short axial distance the dominant eigenmode governs
transverse dispersion

c(r,z)−〈c0(r)〉 → c∞(r,z) = α1 f (0)1 (r)exp(−l(0)1 z), (6)

and so the dominant eigenvalue l(0)1 represents an asymptotic
measure of transverse dispersion. In general, both asymptotic
and pre-asymptotic transport is governed by the full spectral de-
composition of H0. Mezić et al [5] observe strong correlation
between asymptotic dispersion patterns for transverse mixing
(given by f1(r)) and the spatial distribution of residence times.
To probe this link more deeply, we consider how the spectral
properties of H0 inform the evolution of the residence time dis-
tribution.

Evolution Of The Residence Time Distribution

The residence time distribution ψ(τ) is a commonly used metric
to characterize transport in various processes, from performance
of chemical reactor vessels to transport in disordered media or
geophysical flows. For a given flow system, the RTD relates the
cross-sectionally averaged inlet Cin(t) and outlet Cout concen-
tration profiles via the convolution

Cout(t) =
∫

∞

−∞

dτψ(τ)Cin(t− τ). (7)

It shall prove useful to consider the evolution of the probability
density P of residence times of fluid particles, where a parti-
cle enters the flow system with age τ = 0, and ages as τ̇ = 1.
The differential probability density dP that a given species par-
ticle belongs to the d+2-dimensional element dτdx at time t is
dP=P(x, t,τ)dτdx, and so for a steady flow the RTD ψ(τ) is re-
lated to P(x,τ) as the “mixing-cup” average ψ(τ) = 〈uzP〉/〈uz〉.
For steady flow the PDF P(x,τ) is governed by the “unsteady”
(where τ plays the role of psuedo-time) transport equation

∇ · (v(x)P)−Dm∇
2
⊥P =−∂P

∂τ
, x ∈D, (8)

subject to the boundary condition n ·∇P|∂Az
= 0 and “initial”

condition Pt(x, t,0) = δ(τ)δ(z). Following the velocity decom-
position above, and ignoring axial diffusion, P evolves as

∂P
∂τ

+
∂

∂z
(uz(r)P) = H0[P], (9)

which is simply the unsteady analogue of the transverse mixing
ADE (2), subject to the initial condition P(x,0) = P0(x)δ(z).

Fundamental Solutions of the Advection Diffusion Equation

Both transverse mixing and RTD evolution are governed by
ADEs (2), (9) over the domain D subject to homogeneous Neu-
mann boundary conditions. A natural approach to study the
link between these two phenomena is via consideration of the
Green’s function G(r,z, t;r0) of the unsteady ADE (9), such that
an arbitrary scalar φ(x, t) which represents either the concentra-
tion field c(x, t) or residence time PDF P(x, t) is given as

φ(r,z, t) =
∫

Az

dr0

∫
∞

−∞

dz0G(r,z− z0, t;r0)φ0(r0,z0), (10)

where the initial condition φ0(r0,z0) is equal to δ(z) for the
RTD problem or c0(r0)δ(z) for the transverse mixing problem.
Denoting the Fourier transform F (of z into frequency space
k) and Laplace transform L (of t into inverse time s) of the
Greens function G as Ḡ(r,k,s;r0) := F LG, then the Fourier
and Laplace transform of the unsteady ADE (9) is then

H0[Ḡ]− (s+ ikuz(r))Ḡ =−πδ(r− r0). (11)

Solutions to (11) are given in terms the eigenfunctions fn(r;s),
ln(s) of the unsteady advection diffusion operator H (s)

Hs[ fn(r,s)] =−ln(s)uz(r) fn(r,s), (12)

where Hs := H0 − s. This relationship characterizes the re-
lationship between RTD evolution and transverse mixing in
Laplace space, where the eigenmodes for both problems cor-
respond in asymptotic limit t→ ∞ (s→ 0), such that f (0)n (r) =
fn(r,0). The question of how transverse mixing impacts RTD
evolution can now be posed as how the eigenfunctions of
H0 and Hs are related, and how these manifest in terms of
quantitative measures of RTD evolution and transverse mixing,
and physical aspects such as variance of asymptotic and pre-
asymptotic transport. One common means to characterise RTD
evolution is via the temporal moments of P, where the lowest-
order moments capture the most important characteristics such
temporal mean, variance and skewness.

Temporal Moments of Fundamental Solution

The temporal moments of G are defined as

m(i)
G :=

∫
∞

0
dt t iG(r,z, t;r0) = (−1)i ∂iLG

∂si

∣∣
s=0, (13)

and by linear superposition the corresponding moments m(i) for
an arbitrary initial condition φ0(r0,z0) are then

m(i) =
1
Az

∫
∞

−∞

∫
Az

m(i)
G φ0(r0,z0)ddr0dz0. (14)

From (13), all of the temporal moments of the residence time
PDF are governed by derivatives of the eigenfunctions fn(r),s
and eigenvalues ln(s) evaluated at s = 0, denoted as

f (i)n (r) :=
∂i fn(r,s)

∂si

∣∣
s=0, l(i)n :=

∂iln(s)
∂si

∣∣
s=0, (15)

where f (0)n (r), l(0)n are also the eigenfunctions and eigenvalues
of the steady operator H0. Hence the link between transverse
mixing and RTD evolution is given by the Taylor series expan-
sions of fn(r,s), ln(s) about s = 0

fn(r,s) =
∞

∑
j=0

1
j!

f ( j)
n (r)s j, ln(s) =

∞

∑
j=0

1
j!

l( j)
n s j, (16)



Relationships between f ( j)
n , l( j)

n and f (0)n , l(0)n may then be de-
veloped by consideration of (12). As the eigenfunctions f (0)n are
orthonormal, then 〈uz(r) f (0)n (r) f (0)m (r)〉 = δn,m, and from inte-

gration of (3) over Az, 〈H [ f j
n ]〉 = 0 and 〈uz(r) f (0)n (r)〉 = δn,0,

hence f (0)0 = 1 and l(0)0 = 0.

Pre-Asymptotic and Asymptotic Temporal Moments

From (13), (14), (16), the pre-asymptotic temporal moments
m(i) can be derived which are of the form

m(i)(r,z) =
∞

∑
n=0

g(i)n (r,z)e−l(0)n z, (17)

where g(i)n (r,z) is an order i polynomial in z with coefficients
dependant upon f ( j)

n (r), and so these moments converge with
z to the asymptotic state (n = 0) at rate l(0)1 . From these pre-
asymptotic moments we focus on the leading cross-sectionally
averaged asymptotic moments

µ∞ := lim
z→∞
〈m(1)〉= z+2〈uz f (1)0 〉−2J(1)0 , (18)

σ
2
∞ := lim

z→∞
〈m(2)−m(1)2〉=−2l(2)0 z−2(〈 f (1)20 〉−2J(2)0 )−4〈uz f (1)0 ,〉

(19)

where J j
n := 〈 f ( j)

n 〉. As σ2
∞ is an asymptotic measure of RTD

variance, then the asymptotic growth of RTD variance is gov-
erned by the positive constant

κ =−l(2)0 , (20)

where the classical result κ = 1/48 is recovered for Taylor-
Aris dispersion. We seek a quantitative connection between
l(2)0 and the transverse mixing eigenmodes f (0)n and eigenval-

ues l(0)n . Note that pre-asymptotic transport is also governed by
the small-s eigenmodes f (i)n , l(i)n for i = 0 : 2, and so we also
seek approximations to these values in terms of f (0)n , l(0)n .

Solution of Hs Eigenfunctions

To quantify pre-asymptotic and asymptotic RTD evolution, we
require expressions for the the unsteady eigenmodes f ( j)

n and
eigenvalues l( j)

n , j > 0 in terms of the steady eigenfunctions
f (0)n and eigenvalues l(0)n . Insertion of the small-s expansions
(16) into the eigenfunction equation (12) for the unsteady ADE
yields a series of eigenvalues problems for each power of s as

1
j!

H0[ f
( j)
n ] =

f ( j−1)
n

( j−1)!
−uz

j

∑
k=0

f ( j−k)
n l(k)n

( j− k)!k!
. (21)

In general, we seek expansions of f ( j)
n (r) in terms of the H0

eigenfunctions as

f ( j)
n (r) =

∞

∑
i=0

p( j)
n,i f (0)i (r), (22)

where substitution into (21) yields hierarchical expressions
(building up from j = 0 for any n) for the coefficients p( j)

n,i and

eigenvalues l( j)
n

l( j)
n = j

∞

∑
i=0

p( j−1)
n,i 〈 f (0)i f (0)n 〉−

j−1

∑
k=1

(
j
k

)
lk
n p j−k

nn , (23)

p( j)
n,l =

1

l(0)n − l(0)l

(
j

∞

∑
i=0

p( j−1)
n,i 〈 f (0)i f (0)l 〉−

j−1

∑
k=1

(
j
k

)
lk
n p j−k

n,l

)
,

(24)

p( j)
n,n =−

1

J(0)n

∞

∑
i 6=n

p( j)
n,i J(0)i . (25)

Hence the RTD temporal moments of arbitrary order for both
asymptotic and pre-asymptotic transport can be explicitly ex-
pressed in terms of the H0 eigenmodes f (0)n and eigenvalues
of l(0)n . From these the expressions, the eigenvalue l(2)0 which
quantifies asymptotic RTD variance is given as

l(2)0 =−2
∞

∑
n=1

(
J(0)n

)2

l(0)n

. (26)

RTD variance growth κ is related to the spectrum of transverse
mixing eigenmodes l(0)n , which typically grow as n2 for large
n. As the eigenmodes f (0)n are normalised as 〈uz f (0)n 〉= 1, then
the coefficients J(0)n quantify the impact of zero or slow-flow
regions upon RTD evolution. Studies of chaotic flows demon-
strate that l(0)n typically grows as n2 due to the spectral gap con-
dition. Furthermore, λ

(0)
n grows as Pe1/2 for large Pe in globally

ergodic flows, hence collapse of the RTD can be very signifi-
cant in high Pe flows. In general, κ∼ Peα for various classes of
flows, and so in dimensional terms the asymptotic longitudinal
dispersion coefficient D∗ is related to κ as

D∗ = Dm

(
1+κ0Pe2−αDm

)
, (27)

where α 1/2 for globally chaotic flows, but other scalings arise
for different flow regimes. In general, if transverse mixing
scales as Peα, longitudinal dispersion scales as Pe2−α.

Axially Periodic Flows

In this Section we very briefly extend the above results to the
case of axially-periodic duct flows, where both the fluid veloc-
ity field and domain D are L-periodic in the axial direction;
v(x)|z=z′ = v(x)|z=z′+L, Az = Az+L. Whilst this flow is more
complicated than the axially-constant flow, the main theoretical
underpinnings persist, namely that the ADE (2) admits a (now z-
periodic) finite-dimensional inertial manifold M (z) [3] which is
spanned by a finite set of orthogonal eigenmodes which are also
z-periodic (however complex eigenmodes may exhibit subhar-
monic or quasi-periodic dynamics). As such, finite-dimensional
Floquet theory can be used to inform the connection between
the eigenfunctions and eigenvalues of the z-periodic advection-
diffusion operators H0 and Hs, as these operators still ad-
mit spectral decomposition with discrete eigenvalues. In this
case the z-periodic eigenmodes fn(r,z)(0) of H0 satisfy (3),
with uz(r,z) = uz(r,z+L), u⊥(r,z) = u⊥(r,z+L) fn(r,z)(0) =
fn(r,z + L)(0), and l(0)n constant. Hence the Laplace space
eigenmodes for the axially-periodic operator Hs satisfy

Hs[ fn(r,s,z)] =−ln(s)uz(r,z) fn(r,s,z), (28)

where fn(r,s,z) = fn(r,s,z+ L). Similarly the Taylor expan-
sion (15) of the eigenfunction fn(r,s,z) involves z-periodic
terms f ( j)

n (r,z) = f ( j)
n (r,z+L), and also the eigenfunction ex-

pansion (22) of f ( j)
n (r,z) now involves axially-periodic coeffi-

cients p( j)
n,i (z). As such, Floquet decomposition of the unsteady

ADE (9) projected onto the axially-periodic inertial manifold
M (z) = M (z+ L) demonstrates that the connection between



(a) (b) (c)

Figure 1: (a)-(c) Snapshots of the dominant three non-trivial
(n = 1 : 3) z-periodic eigenmodes f (0)n (r,z) of the H0 operator
at Pe = 104 for the RAM flow shown at z = 0 in the period
z ∈ [0,L].

(a) (b)

Figure 2: (a) Leading 10 eigenvalues l(0)n (black) and coeffi-
cients Ĵ(0)n (grey) of the RAM H0 operator, which roughly scale
as n2 and 1/n respectively, leading to n4 convergence the sum
(31), (b) experimentally measured RTD curve ψ(t) for the RAM
flow.

the Hs and H0 eigenmodes follows as for the axially-constant
case, with the exception that the eigenmodes fn(r,s,z) are ax-
ially periodic, but most importantly the eigenvalues ln(s) re-
main constant. The expression (23) for the l( j)

n coefficients is
augmented such that all axially-periodic terms (p( j)

n,i (z), J( j)
n (z),

〈 f (i)n f ( j)
n 〉, etc) are replaced with the axial average

x̂ :=
1
L

∫ L

0
x(z)dz. (29)

As such, the RTD variance growth for axially-periodic flows is
given as

κ =−l(2)0 = 2
∞

∑
n=1

(
Ĵ(0)n

)2

l(0)n

. (30)

Application to the Rotated Arc Mixer Flow

To validate this theory, we apply (30) to an axially-periodic
chaotic mixing flow, the Rotated Arc Mixer (RAM) flow [4],
and compare predictions of asymptotic RTD growth via (30)
with experimental results given in [4]. A highly efficient spec-
tral method to determine the transverse mixing (H0) eigen-
modes fn(r,z) for axially-periodic duct flows has been devel-
oped [2, 1], and applied to the RAM flow, where the three dom-
inant non-trivial eigenmodes are shown in Figure 1. The spec-
trum of transverse mixing eigenvalues l(0)n and projections Ĵ(0)n
for the leading 10 modes and experimental measurements of the
RTD ψ(t) for the RAM flow after mixing windows (zout = 32L,
with L= 0.05m) are shown in Figure 2. From these eigenvalues,
at z = zout the pre-asymptotic moments (17) have converged to

within 3.4% of the asymptotic moments, and so (19) is an accu-
rate expression for the measured RTD variance. Furthermore,
we find the z-independent terms in (19) to be negligible with
respect to the leading term linear in z, and so the measured RTD
variance is well approximated as

var(ψ(t))≈ σ
2
∞ ≈ 4zout

∞

∑
n=1

(
Ĵ(0)n

)2

l(0)n

≈ 0.0118 (31)

which agrees quite well with the measured RTD variance of
var(ψ(t)) ≈ 0.0129. Whilst beyond the scope of this paper,
it is possible to use these results to estimate the higher-order
temporal moments of the RTD, and hence the measured RTD
ψ(t) in Figure 2 (b). This quantitative validation, whilst lim-
ited, demonstrates that transverse mixing directly controls evo-
lution of the RTD via the eigenmodes of the advection-diffusion
operator

Conclusions

From the archetypical example of Taylor-Aris dispersion, trans-
verse and longitudinal dispersion in mean translational flows are
intimately and inversely connected due to the impact of fluid
transport between no-slip boundaries (or slow regions in Darcy
flow) and the fluid bulk. This connection is clearly illustrated
by consideration of the fundamental solutions of the steady and
transient ADE for such flows, such that eigenfunctions of the
steady AD operator H0 governs the temporal (in the case of
RTD evolution) and spatial (for longitudinal dispersion) mo-
ments of the transient counterpart. We solve the temporal mo-
ments for both pre-asymptotic and asymptotic RTD in terms of
the H0 operator for both axially-constant and axially-periodic
flows, and validate the theoretical predications against exper-
imental measurements of RTD for an axially-periodic chaotic
mixing flow. These results provide deeper insights into the na-
ture of transverse and longitudinal dispersion (including RTD
evolution) in natural and man-made systems, and further pro-
vide optimization tools for a new generation class of laminar
flow devices which demand simultaneously demand rapid trans-
verse mixing and greatly suppressed longitudinal dispersion.
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