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Abstract

This study presents data from direct numerical simulation
(DNS) of pulsatile flow in a rigid smooth pipe approximating
the blood flow condition in the human aorta. Since blood flow
behaves in a laminar fashion in certain regions in the human
aorta but turbulent in other regions, pulsatile flows are numeri-
cally studied in both laminar and turbulent flow regimes. Pure
oscillatory simulations are carried out over a range of Womer-
sley numbers (α = 1,5,10,15) in the laminar regime. Numer-
ical velocity profiles and pressure-flow relationship from these
results in the laminar regime are validated with the analytical
solution. Blood flow inside an aorta is simulated by superim-
posing a mean pressure gradient component to an oscillatory
pressure gradient. The mean Reynolds number based on bulk
velocity is Re0 ≈ 5300 (equivalent to Reynolds number based
on uτ, Reτ = 180) and the oscillatory-flow Reynolds number
Rew is determined by the oscillatory component. The simu-
lated flow driven by the total pressure gradient falls in the turbu-
lent regime. An instantaneous flow field visualisation and mean
statistics are presented and analysed. The pressure-flow rela-
tionship of turbulent flow is also investigated. Turbulent pipe
flow with and without pulsation are compared and the effects of
the oscillatory pressure gradient on the mean velocity and wall
shear stress are demonstrated in this paper.

Introduction

Pulsatile pipe flow is not only an important topic in many engi-
neering applications such as internal combustion engines,but is
also applicable for understanding blood flow in human arteries.
Pulsatile flow can be used as a canonical problem that closely
approximates the haemodynamics in human aorta. The Wom-
ersley numbers (pulsation frequency) of a human at rest ranges
from 10−3 in capillaries to almost 20 in the aorta [2]. In gen-
eral, blood flow is laminar in the ascending aorta with Bronzino
[1] reported a mean Reynolds numberRe0 ≈ 1500. However,
peak Reynolds number could reach 4000 in certain regions of
the aorta [5].

From the fluid mechanics perspective, one of the key concernsis
the relationship between the pulsatile pressure gradient and the
instantaneous flow velocity. Pulsatile flow in laminar regime,
similar to Poiseuille’s flow, is uniform and easier to understand.
Womersley [11] derived an analytical solution for laminar pul-
satile flow and was later validated by Linford and Ryan [6]
experimentally. McDonald studied the phase-lag and ampli-
tude difference between the pressure gradient and flow rates
[8]. The difference can be expressed by mathematical equations
if a simple sinusoidal pressure gradient is considered. Uchida
[10] mathematically analysed such a problem and showed the
values of phase-lag when flow is in the laminar regime. The
phase-lag is radially dependent; there is larger phase-lagnear
the centreline than at the wall. He also demonstrated that the
phase-lag between pressure and cross-sectional averaged veloc-
ity is purely Womersley number dependent.

Chaotic turbulent phenomena which occurs at high Reynolds
numbers have been observed in a human body [4]. As a re-

sult, analyses of turbulent flow under a total pressure gradi-
ent are essential for the investigation of aortic flows. Lodahl
et al. [7] reported that pulsatile turbulent flow not only de-
pends on the mean Reynolds numberRe0, but also is a func-
tion of oscillatory-flow Reynolds numberRew (based on the
frequency and maximum centreline velocity of pure oscillatory
flow). Turbulent flow simulations are performed based on the
proper choice ofRe0 andRew. The spatial-period-averaged ve-
locity, relationship between pressure gradient and the flow, and
wall shear stress dynamics in the combined flow case are pre-
sented and discussed in this paper.

This study presents results from both laminar and turbulent
DNS data. In the first section, it provides a comparison be-
tween DNS results with analytical solutions to validate thenu-
merical methods in such a canonical problem. It also discusses
pressure-flow relationship in the laminar regime. In secondpart,
turbulent flow results are presented and the effects of turbulent
flow with the presence of an oscillatory pressure gradient are
analysed.

Methodology

Though blood is typically non-Newtonian fluid, simulations
were performed assuming incompressible Newtonian fluids for
simplicity. The governing equations are the incompressible
Navier–Stokes equations with a source term,

∂u
∂t

+u ·∇u−ν∇2u+F =−
1
ρ

∇p, (1)

∇ ·u = 0, (2)

whereρ is density,ν is kinematic viscosity of the fluid, andF =
F k is the total pressure gradient (source term) in the streamwise
direction which comprises the mean pressure gradientF0 k and
both oscillatory componentsFcncosωt k and Fsnsinωt k. Fcn
andFsn are the amplitudes andω is the angular frequency. For
simplicity, we assumed thatFcn = 0 in this paper.

The total velocity (spatial averaged) within the computational
domain evoked fromF with Fcn= 0 is

u = u0 +usn sin(ωt +φ), (3)

whereu = (vx,vy,u) and φ represents the phase-lag from the
pressure gradient.

The behaviours of laminar pipe flow under mean pressure gradi-
ent are well documented. Womersley’s work only relates to the
oscillatory component as such laminar flow simulations were
performed withF = Fsnsinωt. In other words, fluid particles
are not convecting downstream but oscillate about a local po-
sition in time averaged sense. These laminar flow simulations
provide the fundamental analyses and validations against previ-
ous research studies on pulsatile pipe flow. The flow field re-
sulting from the mean pressure gradient, if needed, can be later
superimposed onto the puslatile field.

The pulsatile flow field was obtained by directly solving equa-
tions (1) and (2) using a finite volume method, OpenFOAM



(OpenCFD, Ltd.) with the convective and diffusive terms being
approximated by central differencing scheme and fully implicit
backward scheme for the unsteady terms. The Pressure Implicit
with Splitting of Operator (PISO) method was employed to cou-
ple the velocity and pressure in the solver. Convergence criteria
are set at 10−8 for u and 10−6 for p.

Periodic boundary conditions were used at both ends of the
pipe. The pipe has a unit diameter (D = 1) and a length of
L = πD for laminar flow simulations. The domain length was
extended to 2πD for turbulent flow simulations. To ensure ade-
quate spatial resolutions, 1.2 million hexahedral elements were
employed for laminar flow studies and the hexahedral elements
were increased to 5 millions for turbulent flow simulations.Fig-
ure 1 illustrates the computational domain and hexahedral ele-
ments arrangement used in the turbulent flow simulation. Foril-
lustration purpose, the number of hexahedral elements in figure
1 is about 5 times less. Higher spatial resolution was assigned
at the wall where the velocity gradient is steep. DNS data from
laminar flow studies were firstly validated with analytical so-
lutions to ensure the correct implementation of the numerical
solver.

There are two dimensionless parameters that govern the charac-
teristics of pulsatile pipe flow, Reynolds and Womersley num-
bers. The Womersley number is directly related to the oscilla-
tory frequencyω,

α = R

√

ω
ν
, (4)

whereR is the radius of the pipe. Simulations were performed at
α = 1,5,10,15 for laminar cases whereas only one Womersley
numberα= 15 was considered for the turbulent case. The mean
Reynolds numberRe0 of the turbulent case is approximately
5300.

Figure 1. Computational grids for laminar flow simulations.
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Figure 2. Instantaneous DNS results in comparison with the Womersley
profile atα = 15.

DNS results of laminar flow cases were validated against the an-
alytical Womersley velocity profile for all Womersley numbers
considered. Womersley [11] obtained a mathematical expres-
sion to desribe pipe flow driven by oscillatory pressure gradient,

uz = Re
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 , (5)

whereA is a complex number representing the amplitudes of
the driving forceA= Fcn+ iFsn andJ0 is the zero order Bessel
function of the first kind.

Figure 2 presents the instantaneous velocity profile at time
t/T = 0.96 for one of the Womersley numbers (α = 15). It
is plotted from the centre (r = 0) to the wall (r = R) of the
pipe at an arbitrary streamwisez location. Both equation (5)
and DNS results show that the velocity profile is independentof
the streamwisez location. In other words, flow within the en-
tire computational domain at a given time instant has the same
velocity profile. The instantaneous DNS velocity profile repre-
sented by the solid line in figure 2 agrees well with the analyti-
cal solution. Simulation results of all other Womersley numbers
also show good agreement.
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Figure 3. DNS results of phase-lag and amplitude differenceat four
different Womersley numbers compared to the analytical solution [10].

The analytical solutions by Uchida [10] for both phase-lag and
amplitude difference are plotted with DNS results for four dif-
ferent Womersley numbers in figure 3. Both phase-lags and
amplitude difference between cross-sectional averaged veloc-
ity and pressure gradient are observed in the simulated flow.
The phase-lagφ is the time lag between the total pressure gra-
dient and the averaged velocity. The amplitude difference is
represented by the ratio of these two parameters,uz/F . The
analytical solution of amplitude difference from [10] is slightly
modified to accomodate the appropriate comparison to the DNS
results in figure 3.

In figure 3, the phase-lag increases with Womersley num-
bers and asymptotically approaches 90◦, whereas the amplitude
difference decreases with increasing Womersley numbers and
asymptotes to 0. It shows that the variation of both parameters
is large at low Womersley numbers (1≤ α ≤ 5). All DNS re-
sults are taken from laminar flows regimes and they show good
agreement with the analytical solution. The existence of phase-
lag has been experimentally investigated and explained by Mc-
Donald [8]. Under pulsation, the flow is initially accelerated by
the positive pressure gradient. At the beginning of the negative
pressure gradient, the inertia of the fluid keeps the flow under
acceleration before it decelerates leading to time lags. Given
the pressure gradients used in all simulations are sine functions
with a constant amplitude, the phase-lag and amplitude differ-
ence are only Womersley number dependent. This is consistent
with the equation derived mathematically by Uchida [10].



Turbulent Flow

When combined flows are considered, three parameters sug-
gested by Lodahl et al. [7] were used to determine the turbu-
lent flow regime. (i) The mean Reyonlds numberRe0 = u0D/ν
is the Reynolds number used in flow under mean pressure gra-
dient F0, whereu0 is the mean velocity purely under the mean
pressure gradient. (ii) The oscillatory-flow Reynolds number
Rew = ucla/ν is based on pure oscillatory flow, wherea is the
amplitude of the oscillatory flow calculated asa= uclT/2π (T
is the period of oscillation), anducl represents the maximum
streamwise centreline flow velocity. (iii) The radius-to-Stokes’-
layer-thickness ratioR/δ whereδ =

√

2ν/ω. Parameters (ii)
and (iii) are essentially related to the oscillatory characteristics
and can be calculated from Womersley numberα. The turbu-
lent flow simulation parameters are summarised in table 1. The
value of mean Reynolds numberRe0 was estimated based on
the friction Reynolds numberReτ.

The turbulent DNS simulation was performed under the com-
bined pressure gradient for 8 periods and data presented in this
paper were taken from the final period. Transient effect has
been noticed at the beginning of the simulation and the data are
believed to be statistically steady at the time of collection.

DNS parameters

F α ν Reτ Re0 R/δ Rew
−4−6sinωt 15 1/360 180 5300 10.6 830

Table 1. Simulation settings: turbulent pulsatile flow.

Experimental results from Lodahl et al. [7] showed that turbu-
lent pipe flow may relaminarise when superimposed with the
oscillatory flow. AtRe0 ≈ 5300, Lodahl’s results indicated that
the flow relaminarises if the choice ofRew makes the flow con-
dition fall within the laminar region in figure 4. Because turbu-
lent blood flow is believed to have a direct impact on the arterial
wall and may contribute to weaken the wall [9], the simulation
should be performed in the turbulent flow regime for investiga-
tions. As the oscillatory component of the pressure gradient is a
sine function, a relationship is obtained betweenFsn anducl by
evaluatingucl at variousFsnsinωt:

ucl = 0.4002Fsn+0.0017. (6)

The desired value ofRew is chosen by selecting the oscillatory
component of the pressure gradient to be−6sinωt. The esti-
mated flow condition is represented by× in figure 4 which lies
within the turbulent regime.
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Figure 4. Experimental relationship betweenRe0 andRew for R/δ> 10.
Figure produced using data from [7].

The employed simulation parameters ensure that the combined
pipe flow is within the turbulent regime and the mean pressure
gradientF0 dominates. That is, when the ratio ofu0/ucl is

greater than unity, the combined flow is considered being dom-
inated byu0 [7]. In our simulation,u0/ucl ≈ 6.1. Instantaneous
flow fields captured in figure 7 show an agreement with figure
4 that he overall flow under the total pressure gradient remains
turbulent.
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Figure 5. Centreline velocity, pressure gradient and time-dependent
wall shear stress for both laminar and turbulent flows.

Similar to laminar flow mentioned in previous section, phase-
lag and amplitude difference are also observed in turbulentflow.
Figure 5 shows the relationship between the centreline velocity,
pressure gradient and mean wall shear stress through a complete
cycle for both laminar and turbulent case. The phase-lag be-
tween the pressure gradientF/F0 and the time-dependent wall
shear stressτ/τ0 is smaller than that betweenF/F0 anducl for
the laminar case but similar findings cannot be observed for the
turbulent case. In addition, DNS results show that there is a
phase-lag of 76◦ betweenu andF , and the ratio ofu/F = 0.112.
Both values are not the same with the laminar case atα = 15 in
figure 3 due to non-linear behaviour of turbulent flow.

The spatial-averaged velocity profiles represented by colour
markers for 8 different time instants throughout an oscillatory
period is presented in figure 6, together with the mean velocity
profile under mean pressure gradientF0 at Reτ = 180. In the
inset, the corresponding phases in a cycle are shown along with
τ/τ0 and total pressure gradientF/F0. The spatial-averaged ve-
locity profile is different from time to time. It oscillates against
the mean velocityu0. The acceleration and deceleration of fluid
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Figure 6. Spatial-averaged velocity profiles of turbulent flow under total
pressure gradient at various time instants.
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Figure 7. Instantaneous streamwise velocity field at the central Y-Z
plane at various time instants.

by Fsnsin(ωt) can be clearly seen from the relative position to
the mean velocity profile. The instantaneous spatia-averaged
velocity profiles no longer possess a log-law region. The time-
dependent wall shear stressτ is fluctuating against the mean
wall shear stressτ0. When the wall shear stress is enhanced
by the oscillatory pressure gradient, the instantaneous spatial-
averaged velocity profile has a steeper gradient near the wall.
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Figure 8. Spatial-time averaged velocity under mean and total pressure
gradient by OpenFOAM with DNS data from [3].

Although the instantaneous profiles in figure 6 do not agree with
the mean profile, the spatial-period-averaged velocity is found
to be essentially the same as the mean velocity. Moreover, the
period-averaged wall shear stressτ̃ is unity which is the same as
τ0. For near-wall turbulence, the dominant timescale is usually
defined in viscous units. The oscillatory period defined in this
manner isT+ = 900 (whereT+ = Tu2

τ/ν anduτ is the mean
friction velocity). This period is relatively long compared to
the life-time of the near-wall turbulence, and hence it is perhaps
unlikely that the oscillatory pressure gradient directly interacts
with the turbulent structure for this particular case. The result of
the mean profile is consistent with the experimental resultsby
Lodahl et al. [7]. As the flow is dominated byu0, the oscillatory
component of the pressure gradient is not sufficient to causeany
change to the spatial-period-averaged velocity and wall shear
stress.

Conclusions

Direct numerical simulation results illustrate the correct imple-
mentation of the total pressure gradient as a source term in the
momentum equation in order to produce oscillatory flow in a
rigid pipe. The laminar velocity profiles show good agreement
with the analytical solution for all Womersley numbers. The
trend of phase-lag and amplitude difference between the pres-
sure gradient and flow rates are validated. There are substantial
phase-lags when Womersley number is large and the velocity
amplitude is attenuated with increasing Womersley number.

Pulsatile flow only transits to turbulence when the all threekey
parameters:Reb, Rew and R/δ are of certain values. Both

phase-lag and amplitude difference are observed in turbulent
flow but have different values from laminar flow. The instan-
taneous spatial-averaged velocity profiles show consistent char-
acteristics with the pusatile pressure gradient, though they no
longer have a log-law region. As the flow is dominated by the
mean velocity instead of the oscillatory velocity, both spatial-
period-averaged velocity and wall shear stress remain the same
as those under mean pressure gradient.

Acknowledgements

This work was supported by the ARC Linkage project
(LP120100233) and VLSCI grant (VR0210).

References

[1] Bronzino, J.D.,Biomedical Engineering Handbook, vol-
ume 1, 1999.

[2] Chandran, K.B., Rittger, S.E. and Yoganathan, A.P.,
Biofluid Mechanics: the Human Circulation, CRC Press,
2012.

[3] Eggels, J.G.M., Unger, F., Weiss, M.H., Westerwell, J.,
Adrian, R.J., Friedrich, R. and Nieuwstadt, F.T.M., Fully
Developed Turbulent Pipe Flow: A Comparison between
Direct Numerical Simulation and Experiment,Journal of
Fluid Mechanics, 268, 1994, 175–210.

[4] Fischern, P.F., Loth, F., Lee, S.E., Lee, S.-W., Smith, D.S.
and Bassiouny, H.S., Simulation of High Reynolds Num-
ber Vascular Flows,Computer Methods in Applied Me-
chanics and Engineering, 196, 2007, 3049–3060.

[5] Ku, D.N., Blood Flow in Arteries,Annual Review of Fluid
Mechanics, 29, 1997, 399–434.

[6] Linford, R.G. and Ryan, N.W., Pulsatile Flow in Rigid
Tubes,Journal of Fluid Mechanics, 373, 1965, 313–348.

[7] Lodahl, C.R., Sumer, B.M. and Fredsoe, J., Turbulent
Combined Oscillatory Flow and Current in a Pipe,Journal
of Applied Physiology, 20, 1998, 1078–1082.

[8] McDonald, D.A., The Relation of Pulsatile Pressure to
Flow in Arteries,The Journal of Physiology, 127, 1955,
533–552.

[9] Nichols, W., O’Rourke, M. and Vlachopoulos, C.,Mc-
Donald’s Blood Flow in Arteries: Theoretical, Experi-
mental and Clinical Principles, CRC Press, 2011.

[10] Uchida, S., The Pulsating Viscous Flow Superposed on
the Steady Laminar Motion of Incompressible Fluid in a
Circular Pipe,Zeitschrift fr angewandte Mathematik und
Physik ZAMP, 7, 1956, 403–422.

[11] Womersley, J.R., Method for the Calculation of Velocity,
Rate of Flow and Viscous Drag in Arteries when the Pres-
sure Gradient is Known,The Journal of Physiology, 127,
1955, 553–563.


