
17th Australasian Fluid Mechanics Conference
Auckland, New Zealand
5-9 December 2010

A refined stretched-vortex model for large-eddy simulation of turbulent mixing layers

T. W. Mattner

School of Mathematical Sciences
The University of Adelaide, South Australia 5005, Australia

Abstract

Some simple modifications to the stretched-vortex model are
proposed. The first of these eliminates the need for calculating
estimates of the resolved second-order structure function, which
can be complicated on distorted or irregular grids. The second
modification improves estimates of subgrid-scale spectra and
associated integral quantities by equating the energy dissipation
calculated from the model spectrum with the energy transfer
from resolved to subgrid scales.

Introduction

Turbulent flows are characterised by irregular unsteady three-
dimensional fluid motion over a wide range of spatial and tem-
poral scales. Prediction of many turbulent flows by direct nu-
merical simulation remains impracticable due to the enormous
computational resources needed to resolve all relevant scales.
This problem is mitigated in a large-eddy simulation (LES)
because only the large-scale features of the flow are resolved,
while the fine-scale subgrid features are modelled.

The stretched-vortex model [9, 13, 11, 4, 2, 3] is one of many
models intended for large-eddy simulations. One of the capabil-
ities of this model is the systematic prediction of subgrid-scale
quantities, including the subgrid-scale spectra and associated
integral quantities such as the subgrid-scale variance [4, 2].

Recently, it has been found that the original procedures de-
veloped for computing subgrid-continued spectra produce re-
sults that are grid-dependent [3]. The problem is illustrated
in Figure 1, which shows one-dimensional energy spectra from
large-eddy simulations of a turbulent temporal shear-layer cal-
culated by the present author using procedures developed by
Hill et al. [4] (hereafter referred to as the original model). The
figure shows both resolved spectra and modelled subgrid ex-
tensions from simulations with different effective resolutions.
The spectra are scaled in terms of Kolmogorov variables and
should collapse at high wave-number but it is clear that the high
wave-number subgrid extensions are resolution dependent. Us-
ing simple scaling arguments, it can be shown that the original
model implies

λν
η

∼

(

∆
η

)1/3

, (1)

whereλν is the predicted viscous length-scale,∆ is the grid
spacing,η = (ν3/ε)1/4 is the Kolmogorov length-scale andε is
the energy dissipation rate.

Although this problem has very little effect on the resolved-
scale flow, it may be important if subgrid quantities are of direct
interest, as is the case in combustion problems or scalar mixing,
for example. Furthermore, plotting spectra with subgrid exten-
sions is a useful way of verifying that the model implementation
is working as intended.

The principal aim of this paper is to modify the original model
of Hill et al. [4] in order to eliminate grid resolution effects. The
paper begins by recapping the original model, which is identi-
cal to that used by Hillet al. [4] except for the subgrid-vortex
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Figure 1: Resolved-scale (black) and subgrid-continued (grey)
one-dimensional energy spectra for four different grid resolu-
tions: ∆/η = 16 (solid line), 64 (long-dash line), 503 (dot-dash
line) and 2082 (dotted line).

alignment model which follows that of Kosovicet al. [5]. This
is the model that was used to produce the spectra in Figure 1.
Two modifications to this model are described, both of which
make use of expressions for the local energy dissipation rate.
The first modification is introduced as a convenient alternative
to structure-function matching and appears to work just as well.
The second modification involves matching the dissipation cal-
culated from the model spectrum with the transfer of energy
from resolved to subgrid scales. Although Chung & Pullin [3]
have already devised a procedure to eliminate grid-resolution
effects, the method developed here is slightly different. It is
shown that the present modification leads to a model estimate
of the viscous length-scaleλν that scales with the Kolmogorov
length-scale as required. This is verified by plotting spectra
from large-eddy simulations of a temporal shear-layer at dif-
ferent effective resolutions.

Original model

The governing equations for large-eddy simulation of an incom-
pressible flow are

∂u j

∂x j
= 0, (2a)

∂ui

∂t
+

∂uiu j

∂x j
= −

∂p/ρ
∂xi

+
∂τi j

∂x j
−

∂Ti j

∂x j
, (2b)

wherexi andui are the components of the Eulerian position and
velocity vectors, respectively,p is the pressure,τi j is the viscous
stress tensor given by

τi j = ν
[

∂ui

∂x j
+

∂u j

∂xi

]

(3)



andν is the kinematic viscosity. In the derivation of the govern-
ing equations, overbars denote the filtering operation

f =
Z

G(x− x′) f (x′)dx′, (4)

whereG is a filter kernel. It is assumed that the filtered variables
correspond to the resolved-scale quantities obtained in an actual
LES. The additional term,

Ti j = uiu j −uiu j, (5)

is the subgrid stress.

The stretched-vortex subgrid stress model of Misra & Pullin [9]
is used to close equation (2b). The subgrid stress is

Ti j = K(δi j − ev
i ev

j) (6)

whereK is the subgrid kinetic energy per unit mass, andev
i

are the components of a unit vector which is aligned with the
subgrid vortex axis.The subgrid kinetic energy is

K =
Z ∞

kc

E(k)dk, (7)

where k is the wave-number,kc = π/∆ is the cut-off wave-
number,E(k) is the spectrum of the Lundgren spiral vortex,

E(k) =K0ε2/3k−5/3e−λ2
νk2

, (8)

K0 is the Kolmogorov prefactor,ε is the local cell-averaged
dissipation rate,λ2

ν = 2ν/(3|a|), a = ev
i ev

jSi j is the axial strain

along the subgrid vortex axis [13] andSi j is the resolved rate-
of-strain tensor. The groupK0ε2/3 is calculated from the lo-
cal resolved spherically-averaged second-order velocity struc-
ture functionF2 using

K0ε2/3 =
F2

A∆2/3
, (9)

whereA = 4
R π

0 u−5/3
(

1− sinu
u

)

du ≈ 1.90695 [8, 13, 11]. The

resolved-scale structure function is estimated at the pointx us-
ing
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(10)
whereδu±i = ui(x± e j∆)−ui(x) ande j is the unit vector in the
j-th direction [4]. Subgrid vortices are assumed to align either
with the principal extensional eigenvector of the resolved rate-
of-strain tensor,Si j, or the resolved vorticity vector,ω. The
respective proportions are given byλ and(1−λ), where

λ =
λ3

λ3 +‖ω‖
(11)

andλ3 is the principal extensional eigenvalue [5].

Modifications

An alternative method for calculating the groupK0ε2/3 can be
derived from the local energy balance [9],

ε = 2νSi jSi j + εsgs, (12)

whereε is the dissipation rate andεsgs is the subgrid dissipation
rate. These quantities are related to the energy spectrumE(k)
by

ε = 2ν
Z ∞

0
k2E(k)dk and εsgs= 2ν

Z ∞

kc

k2E(k)dk, (13)

c1 = 0.3032514285768450 c4 = 0.4519713785569435
c2 = 0.4138264302025380 c5 = 0.4660579752458206
c3 = 0.4314020733116885 c6 = 0.4736114577011807

Table 1: Coefficients of the six-term asymptotic expansion (19).

in which case

Si jSi j =
Z kc

0
k2E(k)dk. (14)

The integral in equation (14) is evaluated by assuming that
E(k) =K0ε2/3k−5/3, in which case

K0ε2/3 =
4
3

Si jSi j

k4/3
c

. (15)

The form of the spectrum used in the above calculation is con-
sistent with the model spectrum (8), provided thatkc lies within
the inertial range, but it is not strictly applicable at resolved
wave-numbers,k < kc. On the other hand, the integral is dom-
inated by the form of the spectrum for wave-numbers close to
kc, where the model spectrum is likely to be satisfactory. A
similar issue arises in the derivation of equation (9). Voeklet
al. [13] argue that a more detailed description of the energy
spectrum is not necessary because only the integral enters into
the model. A potential advantage of equation (15) over equa-
tion (9) is that it is unnecessary to calculate the resolved-scale
structure-function (10), which may be complicated on irregular
or distorted computational grids. Only existing computational
infrastructure (i.e. calculating derivatives) is needed.

An alternative method for calculating the rate-of-strain parame-
ter a can be derived by assuming that

εsgs= −Si jTi j. (16)

The quantity−Si jTi j is more correctly interpreted as the trans-
fer of kinetic energy from resolved to subgrid scales. However,
this quantity is often used as a surrogate for the subgrid dis-
sipation. Substituting equation (6) into the right-hand-side of
equation (16) yieldsεsgs= Ka, wherea = ev

i ev
jSi j. Note that

a is the resolved axial strain along the subgrid vortex axis and
is the same asa in the original model. Using the model spec-
trum (8) to evaluate the second integral in (13) and substituting
the result into (16) yields

Re∆ X Γ(−1/3,X)−Γ(2/3,X) = 0, (17)

whereX = k2
c λ2

ν,

Re∆ =
a

2νk2
c

=
a

3aX
(18)

and Γ(n,x) is the incomplete Gamma function. The rate-of-
strain a is determined by calculatingRe∆ using the resolved
rate-of-straina, solving equation (17) forX and finally using
(18) to finda.

In practice, an asymptotic solution of equation (17) is used in
order to avoid unnecessary evaluations of the Gamma function.
The asymptotic solution is

X ∼ Re−3/2
∆

6

∑
m=1

cmRe
− 1

2 (m−1)
∆ asRe∆ → ∞, (19)

where the coefficientscm are listed in Table 1. The asymptotic
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Figure 2: Asymptotic and direct numerical solutions of equa-
tion (17) (circles and solid line, respectively).

and direct numerical solutions of equation (17) are plotted to-
gether in Figure 2. ForRe∆ > 4.3011, the error in the asymp-
totic solution is less than two percent. It is unnecessary to calcu-
lateX for Re∆ < 4.3011 because the external strain rate is then
considered fully resolved, in which casea = a.

The above algorithm completely resolves the grid dependence
problem described earlier. Using the leading-order term in the
asymptotic expansion and noting that the resolved rate-of-strain
scales asa ∼ ε1/3∆−2/3 yields

λ2
ν =

X

k2
c

=

(

a
2ν

)−3/2

kc ∼ η2, (20)

as required.

The above algorithm works whenεsgs= −Si jTi j > 0. This is
true when the subgrid vortices are aligned with the principal
extensional eigenvector. However, when the subgrid vortices
are aligned with the resolved vorticity it is possible forεsgs<
0. In that case, it is impossible to find a solution because the
integral forεsgs is positive. Several adhoc choices can be made.
In the present simulations, the problem is avoided by using|a|
in place ofa, as in equation (8).

The modification introduced by Chung & Pullin [3] is quite sim-
ilar, but they make the additional assumption that

a =
( ε

15ν

)1/2
, (21)

which corresponds to isotropic flow, and essentially solve equa-
tion (16) without evaluating integrals of the form (13).

Results

The modified model is used to simulate turbulent temporal
shear-layer flow in a rectangular prism. Cartesian coordinates
(x,y,z) are oriented in the streamwise, cross-stream and span-
wise directions, respectively, with corresponding components
of velocity (u,v,w). Periodic boundary conditions are imposed
in the homogeneous streamwise and spanwise directions. The
top and bottom of the domain are modelled as free-slip walls. A
Fourier spectral collocation scheme is used in the homogeneous
x andz directions. An eighth–order compact finite–difference
scheme [7] is used in the inhomogeneousy direction. The grid
spacing,∆, is identical in each direction. All the simulations are
run on the same 128×642 grid. The effective resolution∆/η is
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Figure 3: Resolved-scale (black) and subgrid-continued (grey)
one-dimensional energy spectra for four different grid resolu-
tions:∆/η = 25 (solid line), 259 (long-dash line) and 8264 (dot-
dash line). Circles correspond to the empirical spectrum given
by Pope [10]

controlled by changing the viscosity. Aliasing is minimised by
calculating the nonlinear convective terms in skew–symmetric
form [1]. A third–order variable–time–step Adams–Bashforth–
Moulton scheme is used for temporal integration. The code
was validated by computing solutions of the incompressible un-
steady Stuart vortex (with the subgrid-scale model turned off
and with suitably modified boundary conditions) [12].

The initial mean velocity profile is

u
∆U

=
1
2

tanh
( y

d

)

, (22)

where∆U is the velocity difference across the layer andd is
set to approximately 1.6∆ (this is the thinnest resolvable on
the grid). This is perturbed by a random, three-dimensional,
divergence-free disturbance.

One-dimensional energy spectra from simulations at three dif-
ferent effective resolutions are plotted in Figure 3. The spec-
tra are defined such that

R ∞
0 Eii(kx)dkx = 〈u′2i 〉 [10], where the

angled brackets denote a plane average andkx is the wave-
number in the longitudinalx direction. Both the resolved-scale
and subgrid-scale extensions are shown. Model estimates of
the subgrid contributions to the resolved-scale spectrum have
been included. The plane-averaged dissipation rate〈ε〉, which
is used to scale the spectra, is calculated from equation (12).
Also included on this figure is the model spectrum developed
by Pope [10], which is a good fit to a wide variety of spectral
data.

The collapse of the spectra in Figure 3 indicates that the pre-
dicted subgrid extensions are independent of the effective res-
olution. There is excellent agreement between the simulation
spectra and the empirical model in the inertial range. However,
the subgrid extensions tend to overshoot the model spectrum
near the viscous cut-off. This can be more clearly seen by plot-
ting the compensated spectrum in log-linear coordinates, as is
done in Figure 4. The simulations appear to produce spectra
with an exponential cut-off of the form exp(−βkη) as origi-
nally proposed by Kraichnan [6], but the value ofβ is closer
to 2 rather than the value of 5.2 that is commonly observed in
experiments and simulations Pope [10].

Figure 5 shows spectra from three simulations which use differ-



kxη

〈ε
〉-2

/3
k x5/

3
E

xx

0 0.2 0.4 0.6 0.8 1

10-2

10-1

100

Figure 4: Resolved-scale (black) and subgrid-continued (grey)
one-dimensional compensated energy spectra for four different
grid resolutions:∆/η = 25 (solid line), 259 (long-dash line)
and 8264 (dot-dash line). Lines with circles correspond to the
empirical spectrum given by Pope [10]

ent elements of the modified and original model:

Simulation A is run using the mixed alignment model and
equation (15) to estimateK0ε2/3.

Simulation B is run using the mixed alignment model and
equation (9) to estimateK0ε2/3.

Simulation C is run using a single vortex aligned with the
principal extensional eigenvector and equation (15) to es-
timateK0ε2/3.

These simulations are otherwise identical. The spectra from
Simulations A and B are almost indiscernible, which indicates
that equation (15) is at least as good as the original method of
estimatingK0ε2/3 using structure functions. Close inspection
of the resolved-scale spectrum from Simulation C suggests that
the largest resolved wave-numbers are somewhat more damped
when the single-vortex alignment model is used instead of the
mixed alignment model.

Conclusion

The model modifications presented in this paper produce es-
timates of the subgrid spectrum that are independent of the
effective grid resolution. The modified model forces the en-
ergy transfer from resolved to subgrid scales (−Si jTi j) to be the
same as the estimate of the subgrid dissipation obtained by in-
tegrating the model spectrum, at least when the former quantity
is positive. If a single-vortex alignment model is used, then
−Si jTi j > 0 and the two estimates of the subgrid dissipation
are identical, but this comes at the expense of some additional
damping at the largest resolved wave-numbers.
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