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Abstract

The electrokinetic flow resistance (electroviscous effect) in
steady state, pressure-driven liquid flow in a slit-like microflu-
idic contraction at low Reynolds number is predicted using a
finite volume numerical method. A uniform charge density is
assumed on the channel walls and the liquid is taken to be a
symmetric 1:1 electrolyte. Predictions of the apparent viscosity
are shown to be well described by a simple theory that calcu-
lates the pressure drop along the channel by adding the pressure
losses in the inlet, contraction and outlet sections (based on the
classical electrokinetic flow solution in a uniform slit) to the en-
try and exit losses due to the contraction. These entry and exit
losses are approximated using the low Reynolds number analyt-
ical solution for a slit orifice without electrokinetic effects.

Introduction

Electrokinetic phenomena develop when a charged surface is
brought into contact with an ionic liquid. A charged channel
wall attracts counter-ions in the liquid and a diffuse electric dou-
ble layer (EDL) forms in which the concentration of counter-
ions decreases away from the wall. In pressure-driven flow
these counter-ions are carried downstream setting up a current
that generates a potential field within the channel. This stream-
ing potential, in turn, induces an electrokinetic force that op-
poses the primary liquid flow, thereby increasing the flow resis-
tance and the apparent viscosity (electroviscous effect) [9, 12].
The effect only becomes significant for channel widths on the
scale of microns when the EDL thickness is a non-neglibible
fraction of the channel width (EDL thickness can range from
nanometres to one or two microns, depending on the ionic con-
centration and electrical properties of the liquid [12]). In recent
years there has been an explosion of research activity related to
micro-electro-mechanical systems (MEMS) [6]. Many new and
existing devices being developed for applications in biotechnol-
ogy involve the flow of gas or liquid in microchannels [19].

Modelling studies of the electroviscous effect in channels of
uniform cross-section have included slit-like channels [13, 14,
4], and channels whose cross-sections are cylindrical [1, 2],
rectangular [15, 11] and elliptic [8]. However non-uniform
geometries such as contractions and T-junctions are common
microfluidic elements. Very recently, the authors published a
numerical study of the electroviscous effect in the 1:4 slit-like
contraction-expansion [5] shown in figure 1. The current paper
presents some results not previously shown.

Model Description

Consider a symmetric 1:1 electrolyte solution of constant vis-
cosity (μ) and density (ρ), for which the anions and cations
(specified by � and �, respectively) have equal diffusivities
D and valencies z, with the bulk ionic concentration of each
species denoted by no. We investigate the two dimensional flow
of the electrolyte solution through the 1:4 slit-like contraction
shown in Fig 1. The half-width of the inlet and outlet channels
(taken to be equal) is denoted byW , and the mean inflow veloc-

ity is denoted by V̄ . The channel walls are assumed to carry a
net immobile electrostatic charge of surface density σ.

The velocity, length, time, number density of anions and
cations, and electrical potential are scaled according to V̄ , W ,
W�V̄ , no, kT�ze, respectively, where e is the elementary charge,
k is the Boltzmann constant and T denotes temperature. The di-
mensionless equations governing the flow, the electric field and
the ion transport are then:
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where the Poisson equation 1 relates the total electrical poten-
tial U at a point to the local charge density, the Nernst-Planck
equations 2 and 3 describe conservation of each ion species (n�
and n

�

are the dimensionless number of positive and negative
ions per unit volume, respectively), and equations 4 and 5 are
the usual Navier-Stokes equations, but with an additional body
force in the momentum equation that is the electrical force due
to free charges.

The dimensionless groups in the above equations are

Re�
ρV̄W
μ

� Sc�
μ

ρD
� B�

ρk2T 2ε0ε
2z2e2μ2

� K2�
2z2e2noW 2

ε0εkT
(6)

where Re and Sc are the familiar Reynolds number and Schmidt
number, K is the dimensionless inverse Debye length (i.e. a
measure of the ratio of the channel width W to the EDL thick-
ness), and B is a parameter that is fixed for a given liquid at a
specified temperature.

The surface charge density equals a jump in the dielectric dis-
placement normal to the boundary between the liquid and the
wall material. Since most liquids in biotechnology are aqueous-
based, and water has a dielectric constant of about 80 compared
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Figure 1: Schematic of the 1:4 contraction-expansion flow ge-
ometry.

798



with approximately 3 for glass or PMMA/PDMS, we ignore the
dielectric displacement in the wall material. In that case, the
wall boundary condition for the electrical potential is (in di-
mensionless form)

∂U
∂n

� S (7)

where n denotes the outwards normal at the channel wall (we
also use n for ion concentration, but it is always subscripted in
that case), and the dimensionless surface charge density

S �
zeσW
ε0εkT

(8)

Other wall boundary conditions are zero flux of ions normal to
the wall and the no slip velocity condition. The velocity and ion
concentrations at the inlet are taken to be those for steady, fully
developed electroviscousflow in a uniform two-dimensional slit
[3, 5]. In that case, the net axial current is zero. At steady state,
the total current passing through the outlet cross-section also
becomes zero. The axial potential gradient at the channel outlet
is taken to be uniform and is chosen to satisfy Gauss’s law over
the flow domain. The axial pressure gradient at the outlet is
chosen to ensure global mass conservation, and axial gradients
in the ion concentrations and axial velocity are taken to be zero
there.

Numerical Considerations

We extend a single phase version of the transient, explicit, two-
fluid finite volumemethod described by Rudman [16] to include
electrokinetic flow, and use this to integrate to a steady state.
The authors have previously used the Rudman algorithm for
various transient, two fluid flows with interfaces, but without
electrokinetics [7]. Using the Rudman code here will make it
more convenient to extend the work to electrokinetic flows with
deforming interfaces in the future.

A uniform staggered grid with 32 mesh cells over the half-width
W of the inlet is used. A semi-implicit time stepping procedure
that allows for larger timesteps at low Reynolds numbers is used
to speed up the computation of the steady state. Time step con-
straints required for numerical stability include limits involving
the electrokinetic parameters as well as the Courant condition.
Details can be found in Davidson and Harvie [5].

Results and Discussion

We present selected results for B� 2�34�10�4, Sc� 1000 and
Re � 0�01. The first two parameter values are derived using
the properties of water and a temperature of 298 K. The geom-
etry is chosen with Lin�W � Lout�W � Lc�W � 5 (see figure
1). Figure 2 shows the charge distribution for S � 16. Results
for negative values of S can be obtained by setting new values
of U , n� and n� equal to �U , n� and n�, respectively. The
figure shows that the region of negative charge that is induced
by the positive surface charge expands away from the wall, and
the net charge within the contraction becomes more negative,
as K decreases and the EDL becomes thicker. The charge is
more negative in the contraction than it is in the inlet and outlet
sections. The variation in the net charge with K and a compar-
ison of the charge within the contraction with that in the inlet
and outlet sections is quantified more clearly in figure 3 which
shows the charge on the centreline.

Figure 4 shows the electrical potential along the centreline. The
potential decreases in the direction of flow because of the ad-
vection of negative charge along the channel. As K decreases,
the magnitude of the potential gradient becomes greater, since
the EDLs occupy a greater fraction of the channel width so that
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Figure 2: Dimensionless charge distribution (n�� n
�

) for sur-
face charge density parameter S � 16 and different values of
scaled inverse Debye length K.
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Figure 3: Dimensionless charge (n��n�) on the centreline for
surface charge density parameter S� 16 and different values of
scaled inverse Debye length K.
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Figure 4: Dimensionless potential U on the centreline for sur-
face charge density parameter S � 16 and different values of
scaled inverse Debye length K.

more counterions are transported by the flow. The potential gra-
dient is also greatest in the contraction for the same reason.

In figure 5 the lateral profiles of electrical potential are com-
pared with those for a uniform slit having the same width as the
local channel width. Comparisons are made at locations half
way along the contraction and outlet sections for surface charge
parameter S � 16. The modified potential U�x�y��U�x�0��
ψ�0� is compared with ψ�y� where ψ�y� is the EDL potential
in a uniform channel (see [5] for details). This has the effect
of removing axial variation in U and forcing the value of the
modified potential to equalψ�0� on the axis; the two curves are
then compared for y � 0. The predicted lateral profiles are ef-
fectively coincident with their uniform slit counterparts. The
same applies for lateral profiles of ion concentrations and axial
velocity (not shown).

Apparent Viscosity

The additional flow resistance due to the electrical force in
equation 4 results in a pressure drop ΔP that is larger than the
pressure drop ΔPo that occurs when the electrical force is ab-
sent. Here we quantify this using an apparent viscosity μe f f
which is the viscosity of a fluid with no electrical forcing that
will achieve the pressure drop ΔP for fixed flow rate. For low
Reynolds number, as is the case here, μe f f �μ � ΔP�ΔPo in
steady flow. Figure 6 shows the variation for various K and
S values. The trends are the same as for a uniform channel [4]
with μe f f �μ decreasing towards 1 with increasing K, and de-
creasing overall as S becomes smaller.

The continuous lines in figure 6 are an approximation to μe f f �μ
based on the overall pressure drop, estimated as

ΔPm � ΔPio�ΔPc�ΔPe (9)

where ΔPio is the pressure drop due to fully developed electro-
viscous flow for a uniform slit in the sections before the con-
traction and after the expansion of length (length Lin�Lout and
half-width W ), ΔPc is the corresponding pressure drop in a slit
having the length of the contraction (Lc) and half-width W�4.
The excess pressure drop ΔPe is obtained from the analytical
creeping flow solution [18] for a slit orifice in an infinite un-
charged planar wall. An expression for electrokinetic orifice
flow would be preferable but none is available. The uniform slit
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Figure 5: Comparison between numerical predictions for the
dimensionless EDL portential for the expansion-contraction
(solid lines) and classical results for a uniform slit having a
width the same as the contraction or the outlet (dashed lines)
when the surface charge parameter S � 16. Transverse profiles
are shown at locations half way along the contraction and outlet
sections.

solution is summarised in [5]. The dimensionless excess pres-
sure drop is given by

ΔPe �
16

πd2Re
(10)

where d denotes the contraction ratio (here d � 0�25). The ad-
vantage of using this simple model of pressure drop to estimate
the apparent viscosity is that it is more convenient than a full
numerical simulation of the flow. Sisavath et al. [17] success-
fully used a similar approach to approximate the pressure drop
along a tube containing an axisymmetric sudden contraction or
expansion, without electrokinetic effects.

Figure 6 compares the apparent viscosity determined from the
numerical model (symbols) with that (solid lines) based on the
simple model described above. The simple model overestimates
the apparent viscosity (flow resistance). This overestimate tends
to be larger when the surface charge parameter is greatest (S �
16 ) and lower when it is smallest (S � 4). Also the simple
model becomes a very good approximation as K increases.

The difference between the predictions of the simple model and
the simulation are explained by the absence of electrokinetic
effects in the expression for the excess pressure drop. This ab-
sencemeans that the simple model does not account for flow re-
sistance due to surface charge over the forward and rear facing
sections of the wall at the entrance and exit of the contraction.
Along the step located at x � Lin, the flow is directed towards
the centre line which promotes a positive local potential gradi-
ent ∂U�∂y (for S � 0). This is reinforced by the positive po-
tential gradient normal to the outer wall at y�W near x� Lin
and produces a lateral electrical force that reduces the inwardly
directed velocity parallel to the forward facing step. This con-
sequently reduces the wall friction on the step compared to that
which occurs when surface charge on the step is ignored. The
lateral potential gradient ∂U�∂y is found to be small along the
step located at x� Lout . This occurs because the flow there now
promotes a negative local potential gradient that is opposite to
the gradient normal to the outer wall, and these two factors ef-
fectively cancel each other. Consequently, there is little influ-
ence on wall friction over the step at the contraction exit.
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Figure 6: Comparison between numerical predictions (sym-
bols) of the ratio of apparent viscosity to physical viscosity for
contraction-expansion flow and corresponding predictions of a
simple low Reynolds number model (lines).

Conclusions

The apparent viscosity incorporating flow resistance due to
electroviscous effects is predicted for steady state, pressure-
driven liquid flow at low Reynolds number in a 1:4 slit-like mi-
crofluidic contraction. The two-dimensional electrokinetic flow
equations are solved numerically using a finite volume method.
The apparent viscosity/physical viscosity ratio decreases to-
wards one with decreasing surface charge density and decreas-
ing EDL thickness, and are the same trends as for a uniform
channel.

The apparent viscosity is estimated using a simple theory that
approximates the entry and exit losses (excess pressure drop)
due to the contraction by the low Reynolds number analytical
solution for a slit orifice in a infinite wall without electrokinetic
effects. The overall pressure drop (and hence the apparent vis-
cosity) is then approximated by adding the pressure losses in
each uniform section of the channel, using the classical fully
developed electrokinetic flow solution in a uniform slit, to the
estimated excess pressure drop.

The simple theory overestimates the apparent viscosity by up to
5-10 percent, comparedwith the numerical solution. The reason
is that the orifice contribution to the simple model does not in-
clude the effect of surface charge on the forward and rear facing
steps at the entrance and exit of the contraction. The electroki-
netic effect at these steps is to assist, rather than oppose, the
flow.
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Notation

B ρk2T 2ε0ε�2z2e2μ2
D diffusivity of positive and negative ions,

assumed equal (m2s�1)
d contraction ratio
e elementary charge (C)
k Boltzmann constant (JK�1)
K dimensionless inverse Debye length�

2z2e2noW 2�ε0εkT
�1�2

Lin length of inlet section of the channel
(m)

Lout length of outlet section of the channel
(m)

Lc length of the contracted section of the
channel (m)

no bulk ionic concentration (m�3)
n�, n� dimensionless concentrations of posi-

tive and negative ions, respectively
n (no subscript) dimensionless outward

normal to the channel wall
P pressure
Re Reynolds number ρV̄W�μ
S dimensionless surface charge density

zeσW�ε0εkT
Sc Schmidt number μ�ρD
T temperature (K)
t dimensionless time
U total dimensionless electrical potential
v dimensionless liquid velocity
V̄ mean inlet velocity (ms�1)
W half-width of the inlet or outlet section

of the channel (m)
x, y axial and transverse coordinates, re-

spectively
z valence of positive and negative ions,

assumed equal

Greek symbols
ε dielectric constant of the liquid
ε0 permittivity of free space (CV�1m�1)
ΔP pressure drop
ΔPo pressure drop without electrokinetic ef-

fects
ΔPe pressure drop due to contrac-

tion/expansion
ΔPm pressure drop predicted by the simple

model
ΔPio pressure drop for fully developed flow

in the uncontracted section
ΔPc pressure drop for fully developed flow

in the contracted section
μ liquid viscosity (Pa s)
ψ dimensionless electrostatic potential in

a uniform slit
ρ liquid density (kg m�3)
σ surface charge density (Cm�2)

Scaling f actors
electrical potential kT�ze
ion concentration no
length W
pressure ρV̄2
time W�V̄
velocity V̄
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