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Abstract

The evolution of the axisymmetric swirling vortex ring is stud-
ied by solving the Navier-Stokes equations in cylindrical coor-
dinates. Simulations were carried out at various Reynolds num-
bers, Re, and swirl numbers, S. It was found that the propaga-
tion velocity of the vortex ring decreases with increasing S. Itis
shown that this is due to the presence of secondary vorticity at
the front of the ring which is of the opposite sign to the primary
vortex ring.

Introduction

The term “vortex ring with swirl” refers to a vortex ring with an
azimuthal component of velocity. From the fundamental view-
point, the swirling vortex ring is an interesting fb w case where
a careful study may be conducted on the detailed mechanism of
vortex stretching. In the absence of swirl, all vortex lines are
circular and stretching is proportional to the change in circum-
ference of a circular vortex line as it approaches or moves away
from the axis of symmetry. However, for a swirling vortex ring,
coupling of swirl and meridional fo w also causes reorientation
of the vortex lines, hence additional stretching ([10]). From a
more practical point of view, the study of vortex rings with swirl
may provide vital information to enhance our understanding of
an axisymmetric or “bubble” type vortex breakdown which is
known to occur in the leading edge vortices of a highly swept
wing at high angle of attack (see [8] and [10]).

The study of the vortex rings with swirl has so far been limited
to theoretical analyses with most work concentrating mainly
on obtaining steady solutions of the Euler equations (see [2],
[5] and [9]). Recently, [10] carried out a numerical study of
the dynamics of initially polarized isolated viscous vortex rings
(which include vortex rings with swirl) through vorticity trans-
port equations using divergence free axisymmetric eigenfunc-
tions of the curl operator. Their results are consistent with the
force-balance argument (see [7], [12] and [6]) which show that
if the vortex core is thin, the propagation velocity of the vor-
tex ring decreases with increasing swirl. However, [10] further
shows that even if the cores are thick, vortex rings still exhibit
the same behaviour, even for Hill’s spherical vortex with weak
swirl.

Apart from the theoretical and numerical works, limited exper-
iments on a vortex ring with swirl has been carried out by [4].
The results obtained were not conclusive due to the contamina-
tion by spurious vorticity entering the vortex ring during gen-
eration. The diffculties faced by [4] in obtaining conclusive
results leads us to the present numerical study with the aim of
getting a better understanding of how the azimuthal component
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of velocity (i.e. the swirl) affects the behaviour and the topo-
logical structure of viscous vortex rings. One of the advantages
of the numerical simulation over the experiment is that we can
easily control the initial fb w parameters.

Numerical Model

The axisymmetric Navier-Stokes equations in cylindrical coor-
dinates are given by
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where v, vg and v, are the radial, azimuthal and axial compo-
nents of velocity. For an ordinary vortex ring (without swirl),
vg = 0 everywhere and the only non-zero component of vortic-
ity is wg. In general, for a swirling vortex ring, all three com-
ponents of velocity and vorticity are non-zero.

The axisymmetric Navier-Stokes equations is solved using a hy-
brid Fourier-fnite difference method. A ffth order upwind bi-
ased scheme is used for the convective terms and a fourth order
central fnite difference scheme is used for the viscous terms. In
all simulations described in this paper, 95 and 251 grid points
were used in the radial and axial directions respectively. Coor-
dinate mapping is used in both directions to ensure that most of
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Figure 1: Inlet profles for v; and vg for S =0.1.
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Figure 3: Comparison of v; at z/D = 2.5 with experimental
data of [11]. current computation, o experimental data
of [11].

the grid points are clustered close to the inlet and axis of sym-
metry (see [3] for more details on the numerical method).

The Reynolds number, Re, is defned as

“

where U), is the maximum piston velocity and D is the piston
diameter. The swirl component is introduced according to the
swirl number, S, defned by [1] to be
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The velocity profle used at the inlet for S = 0.1 is shown in
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fgure 1.

In this paper, we will attempt to simulate the vortex ring gener-
ated by the motion according to [11]. The piston motion con-
sists of a linear acceleration followed by constant speed motion
and linear deceleration to zero velocity. The piston motion is
modelled in the simulation by prescribing velocity profles for
v; and vg (shown in fgure 1) at the inlet with amplitude follow-
ing the experimental piston motion.

It must be noted that the method for generating the initial
swirling vortex ring in this paper is different to the method used
in [10]. There, a swirling vortex ring (obtained from a linear
combination of the left- and right-handed components of a He-
lical Wave Decomposition) is specifed as an initial condition
in the computations. In this study, the initial condition is a qui-
escent fiid. The swirling vortex ring is generated by ramping
up the inlet profie (shown in fgure 1), keeping it at constant
amplitude for a short period of time, followed by a linear decel-
eration. This is a numerical approximation of an experimental
situation where the axial and rotational motion of a piston is
used to create swirling vortex rings with different values of S.

Results and Discussion
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Figure 4: Evolution of contours of wg for Re=4020 and S=0.1.
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As a reference, a simulation was carried out at Re = 1727 with
S = 0. Contours of ®g when the vortex ring is at z/D = 2.5 are
shown in fgure 2. The ring shows the typical head-tail struc-
ture reported in [10]. Since experimental data for this case is
available (see [11]), a more quantitative test of the accuracy of
the numerical method is possible. Figure 3 shows the radial dis-
tribution of axial velocity, v, at z/D = 2.5. Results from the



current simulation compares well with experimental data. The
slight differences in the experimental and numerical data can be
explained by what is happening at the pipe outlet. In the ex-
periment, the velocity profle is not exactly the top hat profle as
was used in the simulations. Furthermore, in the experiment, the
pipe extends into the fb w feld. The consequence of the numer-
ical model for the entrance condition is that the start up vortex,
which moves into the pipe in the experiments, has no place to
go in the simulations and remains near the entrance section and
interacts with the wall boundary (see left side of fgure 2). It
must be mentioned here that the presence of the start up vor-
tex have no inflience on the results below as we have managed
to qualitatively reproduce the numerical data in [10] which was
obtained without the presence of the “numerical” pipe.

Numerical simulations of swirling vortex rings were carried out
at Re = 1727 and Re = 4020 with § = 0.1, 0.2 and 0.5. Evolu-
tion of the contours of wy for the simulation at Re = 4020 with
S = 0.1 is shown in fgure 4. Initially, a primary vortex ring
is formed due to the shear layer at the inlet. This primary vor-
tex ring is convected downstream. At later times, a weaker sec-
ondary ring of the opposite sign (shown as dashed contour lines)
is formed close to the axis of symmetry. Due to the presence
of the primary vortex ring, this patch of secondary azimuthal
vorticity is convected away from the axis of symmetry in the
radial direction, eventually moving in front of the primary vor-
tex ring. The primary vortex ring actually moves faster than
the secondary vorticity and will eventually drag the secondary
vortex ring over it.
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Figure 5: Evolution of contours of ®, for Re=4020 and S=0.1.

Perhaps the most surprising observation from fgure 4 is the
emergence of the secondary azimuthal vorticity in front of the
primary vortex ring. This could be explained by examining the
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Figure 6: Evolution of contours of wg for Re=4020 and S=0.1.

Figure 7: Evolution of vy for Re=4020 and S=0.1 on the r/D =
0.1 axis.

evolution equation for azimuthal vorticity given by
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and carefully studying the evolution of ®,;, g and vg shown in
fgures 5, 6 and 7 respectively. Contours of w; in fgure 5 shows
that the imposed swirl velocity (vg), introduces axial vorticity
into the fo w feld. This vorticity intensifes due to the strain
feld generated by the primary vortex ring. As the vortex ring
is convected downstream, the axial vorticity pinches off and a



region of high (negative) axial gradient of vy is formed close
to the axis of symmetry (see fgure 7). This high axial gradient
compresses azimuthal vorticity and makes do g/0f negative (see
the ffth term on the right hand side of equation (6)).

The propagation velocity of the primary vortex ring is affected
by the presence of the secondary azimuthal vorticity as it in-
duces a velocity in the opposite direction of the primary vortex
ring. This is evident in fgure 8 which shows contours of g at
the same point in time for a simulation at Re = 4020 but with
different values of the swirl parameter, S. It is clear that at the
same values of Re, the propagation velocity of the primary vor-
tex ring reduces with increasing values of S. Another interesting
observation from fgure 8 is that diameter of the primary vortex
ring appear to increase for higher values of S. This is due to
the presence of secondary azimuthal vorticity which induces a
radial component to the propagation velocity.
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Figure 8: Contours of wg for Re=4020 and different values of
S. Data taken at t’=5.8.

Conclusions

Numerical simulations of the axisymmetric swirling vortex ring
have been carried out at various Re and with different values of
swirl parameter, S. For the reference case of a vortex ring with-
out swirl, relatively good agreement was found between experi-
mental data and numerical predictions. Data from the numerical
simulations of the swirling vortex rings show that a secondary
azimuthal vorticity is generated which is of the oppposite sign
to the primary vortex ring. It was shown that this secondary az-
imuthal vorticity is initially generated close to the axis of sym-
metry and is convected away from the axis of symmetry by the
primary vortex ring. The presence of the secondary azimuthal
vorticity slows down the propagation velocity, Uy, of the pri-
mary vortex ring. It was also found that U, decreases with in-
creasing values of S.
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