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Abstract

The discharge coefficient Cd associated with a strongly
contracting flow through a sharp-edged orifice is, in general,
assumed to be constant at sufficiently high Reynolds numbers.
The effect of buoyancy forces due to a difference in density
between the fluids on either side of the opening is typically
ignored.  In the absence of a buoyancy contrast, the discharging
flow contracts due to inertial effects giving Cd ≈ 0.6.  We
hypothesise that a density contrast may cause a significant
reduction in Cd for flows through horizontally or vertically
orientated openings.  We test this hypothesis by deducing Cd

from laboratory measurement of the volume flow rate driven
through an opening by hydrostatic pressure differences in a two-
layer saline stratification in water.

Plume theory shows that a discharge of buoyant fluid from an
area source may contract in addition to the inertial contraction.
The discharge through a horizontal or vertical opening is
characterised by conditions at the opening, represented by the
dimensionless discharge parameter Γd, which is a function of the
volume, buoyancy and momentum fluxes at the opening.  For
horizontal openings, once a critical value of Γd is exceeded, Cd

exhibits a strong dependence on the density contrast and
decreases rapidly with increasing Γd.  For vertical openings, Cd

decreases with Γd, for all Γd.  The dependence of Cd on density
contrast implies a potential for serious errors in the prediction of
volume flow rates through constrictions if a constant value of
Cd is assumed, as is current practice.

Introduction

Internal flows through sudden contractions are encountered in
many engineering and environmental flow situations.  For
example, the flow rate through a pipe may be calculated by
inserting an orifice plate to reduce the cross-sectional area, and
measuring the pressure drop across the plate (Ward-Smith [11]).
A pressure drop also occurs when the air stream through a
building contracts to pass through a window or door opening.

For sufficiently high Reynolds numbers Re ( >~ 4000, see Ward-
Smith [11]), the pipe flow of a homogeneous fluid through a
sharp-edged opening has the same general features regardless of
the details of the opening geometry. The flow accelerates as it
contracts from the pipe of area A/λ, through the orifice of area A,
and continues to contract to a minimum cross-sectional area of
Avc at the vena contracta, see figure 1a.  As the area ratio λ → 0,
the area of the pipe becomes much larger than the orifice.

Assuming a uniform velocity profile across the opening and no
subsequent contraction, inviscid flow theory (Batchelor [1])
shows that the maximum volume flow rate Qmax is given by

Q A pmax = 2 0∆ ρ , (1)

where ∆p is the driving pressure drop and ρ0 is the fluid density.
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actual flow rate Q may also depend on the fluid viscosity ν,
ing surface roughness ε, opening thickness L, and the area
 λ, so that Q f A p L= ( , , , , , , )∆ ρ ν ε λ0 , for some function f.
imensional grounds we expect
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e D is the opening diameter of a circular opening and Cd is
ed the discharge coefficient.  The Reynolds number Re is
lly based on the mean velocity and the opening diameter,

Re =  
QD

Aν
. (3)

certain opening geometries, further theoretical progress has
 made in expressing Cd in terms of the flow quantities,
ver, these analyses still draw on an empirical constant
vc/A, the degree of contraction.  Measurements show that,

sharp-edged openings (L/D « 1), Cd ≈ 0.6 over the wide
e of area ratios λ <~ 0.7 (Ward-Smith [11], pg.392).

e principles of homogeneous fluid flow through orifice
s in pipes are commonly applied even in heterogeneous
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e 1.  Schematics of the flow through a sudden contraction,
tion of flow indicated by the heavy arrows.  (a) A high Reynolds
er flow of homogeneous fluid through an orifice in a pipe (Dvc

es the hydraulic diameter of the jet at the vena contracta).  The
pattern is independent of the orientation of the pipe.  (b) A buoyant
arge through a horizontal opening.



fluids.  In many cases of practical interest, fluid of one density
may flow through an opening into a region of fluid of a different
density.  A common example is when warm air flows out
through an upper opening of a heated room into cooler air
outside.  While some measurements support the use of Cd ≈ 0.6
for buoyancy-driven flows through openings in buildings [3],
others indicate that the use of a constant value could lead to
significant errors in flow rate predictions [4].  However, in these
situations, the analogy of a constriction in a pipe may not always
be suitable because air flows may be deflected around the
building opening, which typically has a geometry far more
complex than the circular orifice plates commonly encountered
in pipes.

We now consider the effect of a density contrast across an
opening.  For a horizontal opening, a discharge of buoyant fluid
will develop into a plume-like flow if unconfined.  Studies on
turbulent plumes [8, 2, 6] demonstrate that for a range of source
conditions a plume may contract as it rises above the source
(figure 1b).  The plume contraction is a result of the acceleration
of the fluid as it leaves the opening and is entirely due to the
action of the buoyancy forces.  The degree of plume contraction
depends on the initial plume conditions, that is conditions at the
discharge opening.  For a vertical opening, a discharge of
buoyant fluid will also develop into a plume-like flow in the
absence of boundaries.  However, the initial momentum flux is
perpendicular to the momentum flux that is generated by the
buoyancy force.

With this in mind, we hypothesise that the presence of a density
contrast will have a significant effect on the discharge
characteristics of an opening, so that (2) is modified to allow
Cd(Re,ε/D,L/D,λ,∆ρ/ρ0).  From the arguments above, we expect
an enhanced contraction that may yield Cd < 0.6.  In order to test
this hypothesis, a series of experiments were conducted and the
dependence of Cd on the source conditions of the discharge
deduced.  Experiments were conducted in water tanks using salt
solutions to create density contrasts. Both horizontal and vertical
openings are considered.  We restrict our attention to examining
the effect of a density contrast on specific opening types, and do
not investigate systematic variations with Re, ε/D, L/D or λ.  We
appeal to plume theory for further insight.

Theoretical plume contraction

A Boussinesq turbulent plume which results from a discharge of
buoyant fluid, density ρd = ρ0−∆ρ, into quiescent surroundings
of constant density ρ0 may be characterised in terms of the fluxes
of volume Qd, buoyancy Bd and momentum Md at the discharge
opening. The relative importance of these fluxes can be
expressed as a dimensionless parameter

Γd
d d

d

Q B

M
= 5

27 2 1 2

2

5/2/ /απ
, (4)

where α (≈ 0.083) is the plume entrainment coefficient [8,6].
The discharge parameter Γd represents the balance between
buoyancy and inertial effects at the discharge opening.  In the
absence of buoyancy, Γd = 0, and as buoyancy effects become
increasingly dominant, Γd increases.  Assuming a uniform
velocity profile across the opening, Md = Qd

2/A and (4) can be
expressed as

Γd
d

d

A g

Q
= ′5

27 2 1 2

5/2

2/ /απ
, (5)

where Bd = Qd g′d, and the reduced gravity is g′d = g∆ρ/ρ0.  The
solution of the plume conservation equations (Morton, Taylor &
Turner [10]) for a release from a horizontal opening subject to
the classical entrainment assumption, based on Gaussian profiles
across the plume, yields the integral equation for the volume
flux as a function of height,
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Hunt & Kaye [6], where b0 = 5Qd /3απ1/223/2Md
1/2.  The

e radius b(z), at height z above the source, can then be
essed as b(z)/b0 = Γd

-1/5((Q(z)/Qd)
2 - (Γd - 1)/Γd)

-1/5.
re 2 shows the plume radius as a function of z for a range of
Caulfield [2] predicts that plumes contract above the source
 if Γd > 2.5, as confirmed in figure 3 which shows the
mum plume radius bmin as a function of Γd.  These results
est that, for horizontally orientated openings, a critical value

d must be exceeded before the effects of buoyancy begin to
 the discharge characteristics of the openings.  As Γd

ases beyond 2.5, the contraction is more pronounced (also,
orton & Middleton [9]).  Note, from (5), that Γd can be

ased by increasing the source area and density contrast or
ducing the volume flow rate.

discharge parameter Γd is the only independent non-
nsional group which can be formed from the fluxes Qd, Bd

Md.  Hence we expect that discharges through openings in
cal surfaces will also be characterised by Γd, although the
mics of the subsequent flow will clearly be very different
 the vertically moving plume-like flow described above.

eriments

ctangular acrylic container of constant rectangular cross-
on S was immersed in a larger water-filled tank.  A layer of
e salt solution was introduced in the base of the container,
rained out through one or more openings in the base, while
 water was drawn in through the top of the container.  In the

ext of the natural ventilation of buildings, this type of flow
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is termed a displacement flow.  When studying discharges
through horizontal openings, circular openings were cut in the
base and top of the container and the container top could be
completely removed.  A smaller number of experiments were
used to study discharges through vertical openings, when
rectangular slots were opened at the base of a side wall, and the
top was left open.  The areas of the upper and lower vents will
be denoted by aupper and alower, respectively.  In general,
alower « aupper, and the flow rate through the container was
controlled by the discharge through the lower opening [7].  In a
few experiments, alower = aupper, and with knowledge of Cd for the
lower opening, Cd for the upper opening could be deduced.

Discharges through circular horizontal openings with D = 5.5cm
were carried out in containers with L = 1cm, and S = 600cm2 or
1600cm2.  Discharges through vertical openings were carried out
in a container with L = 3.5cm, and S = 1760cm2.  The vertical
openings were rectangular, with height l = 4cm and width w in
the range 1.25cm < w < 40cm.

Two types of experiment were performed.  In the first, the
container was initially filled to a depth h0 with dense saline fluid
of a known reduced gravity g′d, which was allowed to drain.
The rate of descent of the interface height h was recorded while
the interface remained more than one opening diameter above the
opening.  For lower interface positions, a mixture of fluid from
both above and below the interface is drawn out of the container.
The discharge fluxes, and hence Γd, vary as the container drains.

In the second type of experiment, a steady two-layer
stratification was established by introducing a localised negative
buoyancy source in the container, positioned at height H above
the base.  The experimental set-up is depicted in Hunt &
Holford [5].   Saline solution of reduced gravity g′p was supplied
at a constant flow rate Qp.  After an initial transient period, the
resulting descending plume supplied a dense layer of steady
depth h and uniform steady reduced gravity g′d.  By varying the
height H, a range of different steady density stratifications and
discharge parameters Γd were produced.  Measurements were
again limited to those experiments in which the interface was
more than one opening diameter above the base.

In both types of experiment, the depth h was measured to within
1 mm from digitised images.  The density of the ambient, the
lower layer and, where used, the plume supply fluid, were
measured with an Anton Paar density meter, giving the reduced
gravities to an accuracy of 5×10-3cms-2.  The maximum possible
range of reduced gravity was used for the saline layer, with
1cms-2 < g′d < 190cms-2.  The volume flow rate Qp of the plume
supply was measured with a calibrated inline flowmeter to an
accuracy of 8×10-2cm3s-1.

In the first type of experiment, Qd is calculated from the rate of
change of interface height, Qd = S dh/dt.  In the second type of
experiment, Qd is calculated from conservation of buoyancy,
based on the input buoyancy flux at the plume source,
Qd = Qpg′p/g′d.  The advantage of this method of calculating Qd

is that no account of plume dynamics or origin corrections is
necessary.  Estimated errors in Qd by either method are <10%.
The Reynolds number and discharge parameter are calculated
from (3) and (5), respectively.

The pressure driving flow through the openings is the excess
hydrostatic pressure ∆p = ρ0g′dh resulting from the dense layer
of thickness h.  In the situation when there are openings at the
top and bottom (aupper « S), the pressure drop is split between the
openings, and (2) must be extended to
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inden et al. [7].  For alower « aupper, the simplification

C
Q

a g h
dlower

d

lower d

=
′2

, (8)

used, while for alower = aupper, Cdupper was deduced from (7).

 (5) and (8), it can be shown that Γd ∝ a lower
1/2/h ∝ D/h, for

gle circular opening.  Hence it is possible that any changes

d with Γd may be due to a change in the geometric ratio D/h
r than to a change in the balance of fluxes at the outlet
ing.  To rule out this possibility, a number of experiments
 carried out with two equal area openings in the base.

scaling factors in the definition of Γd in (5) are appropriate
n axisymmetric (circular) opening.  An equivalent ΓL can be
ed for the fluxes per unit length from a 2D line source.
n calculating Γd for discharges through rectangular
ings, the smaller of the axisymmetric and 2D parameters
chosen, as a means of interpolating smoothly between the
limits.  The Reynolds number was based on the mean

city and the smaller of the width and height of the opening.

unting for the use of one or two lower openings in the
ainer, the contraction ratio in these experiments spanned the
e 0.006 < λ < 0.09.  The horizontal openings were relatively
 (L/D = 0.18) while the vertical openings had significant
ness (L/l = 0.88).

ults
izontal Openings
discharge coefficient Cd deduced from the laboratory
urements is plotted as a function of Γd in figure 4.  Data are
 from draining experiments (+) and from steady-state

riments (� and ◊), using either one or two lower openings,
ctively.  The dependence of Cd on Γd is clear and dramatic.
mall Γd, Cd takes a constant value, within the experimental

er, whereas for larger Γd, Cd decreases as Γd increases.  An
ase in Γd from 0 to 15 results in a decrease in Cd of around
.

st squares best fit to the draining data, in two regions, is

d
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ough the data for Γd = 0 are not shown on this log-log plot,
 0.63 in this limit also.  This value is consistent with
ing measurements, in the absence of a density contrast, for
ings with L/D = 0.18.

ts representing experiments with one or two base openings
w the same trend, showing that Γd, rather than D/h, is the
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re 4.  Discharge coefficient Cd as a function of the discharge
meter Γd, for experiments with horizontal openings.  Draining data
ne base opening (+) and steady data for one (�) and two (◊) base
ings are shown, together with the best fit line (9).



important parameter.  For the draining experiments shown, the
Reynolds number lay in the range 200 <~ Re <~ 10000, while the
steady state experiments covered the narrower range
1300 <~ Re <~ 2900.  For each draining experiment, Re falls as Γd

rises.  However, figure 5 shows that there is no collapse in Cd as
a function of Re, since the reduction in Cd below the value for a
homogeneous, high Re flow is not correlated with Re.

Vertical Openings
The discharge coefficient Cd deduced from the laboratory
measurements of draining experiments is plotted as a function of
Γd in figure 6.  The data, for three opening areas comprising two
vents, and one comprising a single vent, has collapsed, within
experimental error, onto a single curve.  In contrast to discharges
through horizontal openings, there is a sharp decrease in Cd as
Γd increases above zero.  An increase in Γd from 0 to 15 results
in a decrease in Cd of around 33 % below the expected value of
0.63.  A least squares quadratic fit through these data give

Cd d= × −
0 56

0 101
.

.Γ . (10)
Reynolds numbers lie in the range 1000 <~ Re <~  12000, and
again there is no systematic variation with Re.

Conclusions

The discharge coefficient Cd associated with sharply contracting
flow through openings in horizontal and vertical surfaces has
been measured for a range of density differences across the
opening.  The measurements show that Cd is dependent on the
density contrast ∆ρ across the opening, through the
dimensionless discharge parameter Γd, and that large density
contrasts may reduce Cd significantly.
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one (+) and two (×) base openings, and steady data for one (�) and two
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uoyant discharge from a horizontal opening produces a
e-like flow, which may contract considerably in cross
on as it rises.  This buoyancy-induced contraction is in
tion to the inertial contraction and reduces the fraction of
opening area occupied by the discharge, giving rise to
ced values of Cd.  The discharge parameter Γd provides a
ure of the relative importance of buoyancy forces and
ia at the opening.  Essentially, discharges with a large value

d accelerate through the opening because of the local
ancy contrast, while discharges with a small value of Γd are
d out by the imposed pressure difference across the
ing.  The same discharge parameter may be used to quantify
alance between buoyancy forces and inertia in the flow
gh a vertical opening.

small values of Γd, buoyancy effects are weak and Cd ≈ 0.6
easured.  For horizontal openings, once a critical value of
 5 is exceeded, buoyancy effects become increasingly
rtant and Cd decreases rapidly with increasing Γd.  For
cal openings, buoyancy effects are important at all Γd > 0
stigated here, and Cd again decreases with increasing Γd.

dependence of Cd on density contrast implies a potential for
ficant over-prediction of volume flow rates through
trictions, if a constant value of Cd is assumed when Γd >> 1.
example, in a ventilated space with horizontal upper and
r openings each of 0.1m2 connecting to the ambient, a 0.3m
 layer of air 5K warmer than ambient drives a flow rate of
3m3s-1, which discharges with Γd = 10.  The flow rate
lated using Cd = 0.63 is 16% greater than this true value.
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