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Abstract 
In this paper, the incipient separation induced by shock 
wave/turbulent boundary layer interactions at sharp fin is 
predicted with Dou and Deng's theory, and is compared with Lu 
and Settles' experimental data. The physical mechanism of the 
incipient separation induced by shock wave/turbulent boundary 
layer interactions at sharp fin is explained through the surface 
flow pattern analysis. The reason for the discrepancy in the 
predicted and experimental incipient separation conditions is 
clarified. In addition, a correlation for the correction of incipient 
separation angle predicted by theory is also given. 
 
Introduction 
 In the past 40 years, the incipient separation in shock 
wave/turbulent boundary layer interactions (SW/TBLI) induced 
by a sharp fin on a flat plate [2,13,14] has received considerable 
attention, Fig. 1. Because the occurrence of incipient separation 
changed the topology of the flow field, one problem encountered 
in research is how to judge the incipient separation. The typical 
topology of the surface flow pattern is shown in Fig.2. 
 
        Stanbrook[15] first defined that incipient separation takes 
place when the wall limiting streamlines align with the inviscid 
shock wave. Based on Stanbrook's criterion, McCabe[11] 
proposed a simple inviscid theory to predict the incipient 
separation by calculating the deflection of the vortex tubes 
caused by the lateral pressure gradient when the boundary-layer 
passes through the shock. For engineering purposes, Korkegi[6] 
carried out approximations to McCabe's theory and also 
corrections with test data and obtained one semi-empirical 
formula for incipient separation: =0.30, for k=1.4 and 

. Later, Lu[8] took into account the stretch of the 
vortex when the boundary-layer passes through the shock, and 
improved McCabe's theory. Based on 3D compressible boundary 
layer theory, Dou and Deng[3] proposed a method for analyzing 
the secondary flow within the boundary layer and predicted 
incipient separation conditions. This analysis appears better 
physically founded than those by McCabe and Korkegi as well as 
Lu, for it is easily understood, and the results also show the 
tendency of  decreasing with increasing . This issue has 
been discussed by Settles and Dolling [14], Lu[9], and Leung and 
Squire [7]. Both McCabe [11], and Dou and Deng [3] predicted 
the incipient separation angle through skin-friction line (also 
called ''limiting streamlines'' or ''surface streamlines''[14]) 
calculation and also correctly predicted the wall limiting 
streamline direction before separation. However, they overpredict 
the incipient separation condition. This problem has perplexed 
people for many years [14].  
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        In this paper, Dou and Deng's theory [3] is used to predict 
the surface streamline direction and is compared with Lu and 
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es's experimental data [10]. Then, the variation of the surface 
 pattern with increasing deflection angle is analyzed, and the 
anism of the incipient separation induced by SW/TBLI at 
 fin is explained.  

Fig.1 Sketch of sharp fin on the flat plate 

 Main features of the surface flow pattern generated by 
 fin on flat plate. All the angles are measured from 

ming freestream direction, centered at the virtual origin or 
in apex. : angle of upstream influence line; : angle of 
eparation line; : angle of the shock wave trace; : angle 
e reattachment line. 
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ory  
theory developed by Dou and Deng [3] is used to the 

iction of surface flow behaviour, and it is concisely 
duced as follows. For the flow in SW/TBL interaction 
rated by a sharp fin in supersonic flow, the boundary layer 
he walls is skewed owing to the pressure gradient and the 
mline curvature. The fluid particles near the walls flow 
g the path with larger curvature than the outer inviscid flows. 
direction of wall limiting streamline deviates from the 

ary streamline by an angle γw. The angle γw increases along 
flow toward downstream. When the direction of the wall 
ing streamline coincides with a conical polar line direction, a 
-dimensional separation occurs. The wall limiting streamline 
mes perpendicular to the direction of local pressure gradient 
e separation line. Therefore, it is possible to predict the 
ration line by calculating the variation of the direction of 
 limiting streamline. 



 e

  
For this type of pressure-driven three-dimensional turbulent 
boundary-layer, if the wall shear angle  γw  is not very large and 
the lateral flow is not bi-directional, Johnston's triangular model 
gives the best approximation(Olcmen and Simpson [12]). This 
model has been widely used in many engineering problems 
(Swafford and Whitfield [16]). Johnston [5] divided the turbulent 
boundary layer into two regions in the direction of boundary 
layer thickness. He assumed that a collateral region (inner region) 
near the wall exists and the direction of the velocity vector at this 
region is coincident with the shear stress vector. In the outer 
region, the behavior of flow is primarily dominated by the outer 
inviscid flow. According to this model, the crossflow velocity 
profile of the boundary layer can be expressed as follows. 
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where, γw is the angle between the wall limiting streamline and 
the external streamline,  is the streamwise  velocity 

ratio at the apex of the triangle. If the variation of the direction of 
external flow is known, the direction of the wall limiting 
streamline  can be calculated by evaluating the angle  γw. 
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From Eq.(1), the following expression is obtained 
 

 ( )[ ]1/tan 1 −= −
pew uuAγ                                    (2) 

It can be seen that the parameters A and must be 

determined for the calculation of γw. Johnston[5] expressed the 
parameter A as a function of the parameters of the main flow 
even for the cases of a pressure gradient existence, 
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where, ue  is the velocity at the outer edge of the boundary-layer, 
α is the turning angle of main flow and is measured relative to 
the main flow direction at the beginning of the turn of main flow 
streamline. 
 
According to the conservation of energy, the velocity ratio across 
the shock wave is expressed as follows. 
 

                 
( )[ ]
( )[ ] 2

2

2
1

1

2

1

2

2/11
2/11

Mk
Mk

M
M

u
u

e

e

−+
−+

=                          (4)

 

 

 
Introducing Eq.(8)  into Eq.(3), and using the Prandtl-Meyer 
relation, then integrating and simplifying, the Eq.(12)  can be 
solved 
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(5)  
Prandtl-Meyer relation is expressed as 
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 deflection angle is related to Prandtl-Meyer

               
  

( ) ( 12 MM −=να )

parameter ( )peuu /  is  expressed as [5,15]   
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, and  is the component of the 

friction coefficient in the direction of main flow. The density 
  can be calculated from the energy equation for 
pressible flow.  By the physical relationship for the three-
nsional boundary-layer, the value of 

fxc

py  is related to the 

itions of boundary layers. It is assumed that py =11.0 from 
xperimental data in supersonic flows (Dou and Deng [3]).  
local skin friction coefficient toward the streamline direction 
obtained by Dou and Deng [3],  

   (9) cfx cfxi M/ .
.

= +
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e  is the coefficient of skin friction for incompressible 

lent boundary layer on flat plate. In this paper, the Karman-
enherr's equation recommended by Hopkins and Inouye[4] 
ployed. This equation is applicable to the whole range of the 
olds number of turbulent boundary layer.  
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tituting Eqs(12) and  (13) into Eq.(2), the following equation 
e derived 
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shock wave angle can be calculated by the implicit oblique 
k wave theory, or by the approximate equation given by Dou 
Deng[1]. Using Eqs(6) to (15), the variation α-γw along the 
mwise direction can be calculated for given Mach number 
α-γw number of incoming flow with the increasing α-γw. 
, the turning angle α-γw of surface streamline on the wall by 

action of shock disturbance can be evaluated. When the 
ng angle α-γw at the wall equals to the shock angle α-γw, the 
ration of the three-dimensional boundary layer is considered 
ccur as was shown by Stanbrook[15]. Similar calculations 
e carried out for various incoming flow conditions. 

ults and Discussion 
parison of the Theories with Experiments 

data of incipient separation were generally obtained by an oil 
visualization technique in tunnel experiments[2,14]. The 
ient separation in experiments was mostly decided in terms 
e formation of convergent line from the upstream, according 



to Lighthill's criterion [14]. Figure 6 shows the comparison of the 
experimental data reported by Lu and Settles [10] and the 
predictions by using Dou and Deng's method for four Mach 
numbers. The intersection point of the turning angle of surface 
streamlines with the shock wave angle corresponds to the 
condition set by Stanbrook's criterion (A-A line). The agreement 
of value between the theory and the experiments is very good 
before incipient separation (even for , i.e. about A-A 
line), which successfully confirms the theory. The arrows at the 
abscissa indicate the incipient separation judged with Korkegi's 
equation (B-B line), as reported by Lu and Settles [10]. They are 
lower than those obtained by using Stanbrook's criterion. The 
incipient separation reported by experiments is even lower a little 
than Korkegi's values[6].  
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Fig.3 Comparison of predictions by Dou and Deng's theory with 
the experimental data of Lu and Settles[21] for the surface 
streamline direction. 

 
Fig.4 The variation of surface flow structure during the process 
of the formation of primary separation line.  

    surface streamline 
 shock wave 

                           reattachment line   
upstream influence; and  

                          downstream boundary of interaction region.  
 (a)  attached flow. (b)  attached flow. (c)  
incipient separation line formed. (d)  wall limiting 
streamlines parallel to shock. (e)  ''incipient separation 
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' turning gradually. (f)  primary separation line 
ed. 

0βσ <

lysis of Surface Flow Pattern 
process of formation of the incipient separation could be 
ribed by analyzing the evolution of the surface flow pattern. 
variation of surface flow pattern with the increase of the 
gth of shock wave for given incoming Mach number could 
ivided into the following six stages (Fig. 4). 

 
he deflection angle is small and the shock wave is weak, and 
ffect of secondary flow is negligible. (b) On increasing the 
ction angle, the wall limiting streamlines behind the shock 
to the shock wave gradually. The main feature of this stage 
e gathering of surface streamlines from the upstream behind 
hock. (c) Further increasing the deflection angle, the wall 
ing streamlines converge and coalesce onto a single line 
 the upstream, when the turning of the surface streamlines 
nd the shock are still not large enough to deflect the surface 
mlines parallel to the shock. The single line formed from the 
eam is just the ''incipient separation line'' exhibited by oil 
k pattern technique in experiments, which symbolizes the 
nning of the separation process. (d) Upon further increasing 
eflection angle, this single line formed from the upstream 

es (shifts) continuously with the increasing shock wave 
e, and the surface streamlines behind the shock are parallel to 
shock. This is the condition defined by the Stanbrook's 
rion. Of course, this condition arrives later than the 
arance of ''incipient separation line'' indicated by 
riments. This is the reason why the theories overpredict the 
rrence of the incipient separation compared with the 
riments shown in Fig. 6 and Fig. 7.  (e) On further increase 
e deflection angle, this single line formed from the upstream 
es (shifts) continuously with the increasing shock wave 
e, and the wall limiting streamlines converge to this line 
 both sides. (f) When the deflection angle is increased to a 
in value, the ''primary separation line'' is formed. 

 
sical Mechanism for Incipient Separation 
three-dimensional separations induced by SW/TBLI at sharp 
an be described by the model of Maskell or Lighthill [14]. 
rding to Lighthill's criterion, it is considered to be separated 
 the wall limiting streamlines converge to a single line. In 

s of mass conservation, converging only from the upstream 
single line is enough to be considered separated. From the 

librium of force, the vector of skin-friction force is 
endicular to the direction of local pressure gradient at the 
ient separation line. Therefore, when the skin-friction lines 
coming flow becomes perpendicular to the direction of the 
 pressure gradient, a formation of the ''incipient separation 

' becomes possible. In fact, Stanbrook's criterion satisfies this 
ition. However, on the gradual increasing of the shock wave 
e, the state marked by Stanbrook's criterion is not the first 
arance of this condition. This condition is satisfied indeed 
what earlier, at the case(c) of Fig.8. This is the real reason 

he formation of incipient separation line. 
 

surface flow pattern formed by a sharp fin is a conical one, 
not cylindrical [2,14]. For both the cylindrical and conical 
actions to be possible, it is required that the direction of the 
friction line at incipient separation line is perpendicular to 
ocal pressure gradient. However, for conical interactions, it 
t necessary for the ''incipient separation line'' to align with 
k wave, while it is necessary for cylindrical interactions. The 
action region on the flat plate generated by SW/TBLI at 
 fin is a conical zone, which is across the inviscid shock 
. Thus, the maximum turning of the surface streamlines as 

 as the primarily formed convergence line is behind the 
k wave, and this convergence line makes an angle to the 



inviscid shock line. Therefore, this convergence line is first 
formed as the increasing of shock wave angle. 
From the above discussions we can find that when the wall 
limiting streamlines after shock align along with one polar line 
from the fin apex(or a virtual origin) with the increasing strength 
of shock wave, the incipient separation line is generated. At this 
polar line, the direction of the skin-friction vector is 
perpendicular to the local pressure gradient. The wall limiting 
streamlines of incoming flow converge and coalesce to it. Thus, 
this polar line could prevent the oil substance from passing 
through and could be detected in experiments with oil streak 
pattern technique, and is considered as the incipient separation 
line by Lighthill's criterion. 
  
If the flow is cylindrical, there is no the stage from the case(c) to 
the case (d) in Fig.8, and the case (d) coincides with the case (c). 
The incipient separation line formed from the upstream uniquely 
corresponds to that defined by Stanbrook's criterion[15]. 
Therefore, the process of the formation of the primary separation 
line for conical interactions is very different from that for 
cylindrical interactions. The Stanbrook's criterion is applicable to 
cylindrical interactions, but not directly applicable to conical 
interactions. The discrepancy of incipient separation conditions 
between the predictions using this criterion and the experimental 
data is resulted from the intrinsic behavior of conical interactions. 

Fig. 5 Correlation for the correction of incipient 
separation angle predicted by theory.  
 
Correction for Incipient Separation Angle  
The difference of the deflection angle between the condition(c) 
and (d), ∆  is shown in Fig.5 for two set of data. It is found that 
the  decreases with the increasing Mach number. This 
accords with the physical mechanism of the interaction because 
the pressure ratio across the shock wave increases with the Mach 
number, and the pressure ratio at separation line is almost 
constant for three-dimensional separation of supersonic 
flows[2,14]. Since it is difficult to find a criterion to define the 
condition of Fig.8(c), we still take Stanbrook's criterion as the 
incipient separation criterion, and add a correction to the 
predicted incipient separation angle  using the experimental 
data.  Assume that the correction is only related to the Mach 
number, a correlation for the correction to the theoretical 
prediction is 
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The corrected incipient separation angle is  icα
 
                                 (12) 560.1 1 <<∆−= Mforiic ααα
 
Conclusions  
The conclusion goes along the following lines. 
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 theoretical model to analyze the three-dimensional turbulent 
dary-layer in SW/TBLI is described, which is firstly 
rted in [9]. The prediction of the wall limiting streamline 
tion by this model yielded good agreement with Lu and 
es' experimental data. 

 
he ''incipient separation line'' formed from the upstream is 
rated by the secondary flow induced by the lateral pressure 
ient. The incipient separation line indicated by experiments 
e condition of the first appearance of the wall limiting 
mline perpendicular to the local pressure gradient. 

 
e process of the formation of the primary separation line for 

cal interactions is very different from those for cylindrical 
actions. The disagreement between the prediction by this 
rion and the experiments is caused by the intrinsic behavior 
nical interaction. 

 
he difference of the deflection angle for incipient separation 
een the prediction and the experiments, ∆ decreases with 
increasing Mach number. A correlation equation for the 
ction to the theoretical predicted incipient separation angle 

is given. 
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