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Decentralized H2 Control Design with Limited
Model Information

Farhad Farokhi, Cédric Langbort, and Karl H. Johansson

Abstract—This paper deals with designing optimal decentral-
ized H2 controller for interconnected discrete-time time-invariant
systems with limited model information. We adapt the notion of
limited model information designs to handle the dynamic H2

controllers. The best decentralized control design strategy, in
terms of the competitive ratio and domination metrics, is found
for different acyclic plant graphs when the control graph equal
to the plant graph.

I. INTRODUCTION

With recent advances in control and communication, many
modern control systems consist of several subsystems coupled
to each other either with performance goals or dynamics. In
distributed and decentralized control, the designer often tries to
only use the state measurements of the immediate neighbors of
a subsystem in its controllers [1]–[6]. Here, we try to study the
complement of this problem. The designer only uses the local
model information for designing the controller of a subsystem
maybe because the precise model of other subsystems in the
plant is not available at the time of the control design. It might
be case that the designer prefers not to modify a particular
subcontroller if the characteristics of another subsystem, which
is not directly connected to it, changes and therefore, it feels
natural to design the controller for each subsystem solely based
on the description of that subsystem.

The main goal of this paper is to find the best control design
strategy using the amount of plant information available, and
to study the quality of controllers it can produce. To do
so, we look at “limited model information control design
methods” as elements of a particular class of maps between
the plant and controller sets, and characterize their achievable
performance via the competitive ratio and domination [7], [8].
The limitations on control design methods addressed in this
paper are significantly less than in those given in [8], since
we consider dynamic decentralized controllers.

This paper is organized as follows. In Section II, we
formulate the problem of interest and redefine the performance
metrics for H2 performance cost. A review of the properties
of the optimal control design is given in Section III. In
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Section IV, we characterize the best limited model information
control design method according to both competitive ratio
and domination metrics. Finally, the conclusions are given in
Section V.

A. Notation

Z denotes the set of integer numbers. The set of real
numbers and complex numbers are denoted by R and C,
respectively. The boundary of the unit circle is shown by
T. The subspace of Lebesgue measurable functions that are
bounded on T is presented by L∞ and RL∞ is the set of
real proper rational transfer functions in L∞. All other sets
will be denoted by calligraphic letters, such as P and A. If
A is a subset of M then Ac is the complement of A in M,
i.e., M\A. |X | shows the cardinality of the set X ; i.e., the
number of elements in the set X .

Let Sn++ (Sn+) be the set of symmetric positive definite (pos-
itive semidefinite) matrices in Rn×n. A > (≥)0 means that
the symmetric matrix A ∈ Rn×n is positive definite (positive
semidefinite) and A > (≥)B means that A−B > (≥)0.

Matrices are denoted by capital roman letters such as A.
The entry in the ith row and the jth column of the matrix A is
aij . Aj will denote the jth row of A. Aij denotes a sub-matrix
of matrix A, the dimension and the position of which will be
defined in the text.
λ(Y ) and λ̄(Y ) denote the smallest and the largest eigenval-

ues of the matrix Y , respectively. Similarly, σ(Y ) and σ̄(Y )
denote the smallest and the largest singular values of the matrix
Y , respectively. The function δ : Z → {0, 1} is the delta
function which is equal to one at origin and equal to zero
anywhere else. Vector ei denotes the column-vector with all
entries zero except the ith entry, which is equal to one.

All graphs considered in this paper are directed, possibly
with self-loops, with vertex set {1, ..., q} for some positive
integer q. If G = ({1, ..., q}, E) is a directed graph, we say
that i is a sink if there does not exist j 6= i such that (i, j) ∈ E.
A loop of length t in G is a set of distinct vertices {i1, ..., it}
such that (it, i1) ∈ E and (ip, ip+1) ∈ E for all 1 ≤ p ≤ t−1.
We will sometimes refer to this loop as (i1 → i2 → ...→ it →
i1). The adjacency matrix S of graph G is the q × q matrix
whose entries satisfy

sij =

{
1 if (j, i) ∈ E
0 otherwise.



II. CONTROL DESIGN WITH LIMITED MODEL
INFORMATION

A. Plant Model

Let a plant graph GP with adjacency matrix SP be given.
We define

A(SP) = {Ā ∈ Rn×n|Āij = 0 ∈ Rni×nj for all
1 ≤ i, j ≤ q such that (sP)ij = 0},

where for each 1 ≤ i ≤ q, integer ni > 0 is the order of
subsystem i and

∑q
i=1 ni = n. Also

B(ε) = {B̄ ∈ Rn×n | σ(B̄) ≥ ε,B̄ij = 0 ∈ Rni×nj

for all 1 ≤ i 6= j ≤ q},

for a given real scalar ε > 0 and

H = {H̄ ∈ Rn×n | det(H̄) 6= 0,H̄ij = 0 ∈ Rni×nj

for all 1 ≤ i 6= j ≤ q}.

Based on these definitions, we can introduce the set of plants
of interest P as the set of all discrete time linear time-invariant
systems

x(k + 1) = Ax(k) +Bu(k) +Hw(k) ; x(0) = 0, (1)

with A ∈ A(SP), B ∈ B(ε), and H ∈ H. Since the set
P is isomorph to A(SP) × B(ε) × H, with slightly abusing
notation, we identify a plant P ∈ P with the corresponding
triple (A,B,H).

A plant P ∈ P is as the interconnection of q subsystems,
with the structure of the interconnection characterized by the
graph GP . We will denote the ordered set of state indices per-
taining to subsystem i as Ii, i.e., Ii := (1+

∑i−1
j=1 nj , . . . , ni+∑i−1

j=1 nj). For subsystem i dynamics is

xi(k + 1) =

q∑
j=1

Aijxj(k) +Biiui(k) +Hiiwi(k).

where

xi =

 x`1
...

x`ni

 , ui =

 u`1
...

u`ni

 , wi =

 w`1
...

w`ni


with the ordered set of indices (`1, . . . , `ni) ≡ Ii.

B. Controller Model

Let a control graph GK be given, with adjacency matrix
SK. The control laws of interest in this paper are dynamic
discrete-time linear time-invariant state-feedback control laws
of the form

xK(k + 1) = AKxK(k) +BKx(k), xK(0) = 0,

u(k) = CKxK(k) +DKx(k).

Each controller can also be shown with the transfer function

K ,

[
AK BK
CK DK

]
= CK(zI −AK)−1BK +DK ,

where z is the symbol for one time-step forward shift operator,
and the controller K belongs to

K(SK) = {K ∈ (RL∞)n×n|Kij = 0 ∈ (RL∞)ni×nj

for all 1 ≤ i, j ≤ q such that (sK)ij = 0}.

In particular, when GK is a complete graph, K(SK) =
(RL∞)n×n, while, if GK is totally disconnected with self-
loops, K(SK) represents the set of decentralized controllers.
When adjacency matrix SK is not relevant or can be deduced
from context, we refer to the set of controllers as K.

C. Control Design Methods

A control design method Γ is a map from the set of plants
P to the set of controllers K. Just like plants and controllers, a
control design method can exhibit structure which, in turn, can
be captured by a design graph. Let a control design method Γ
be partitioned according to subsystems dimensions as

Γ =

 Γ11 · · · Γ1q

...
. . .

...
Γq1 · · · Γqq

 (2)

and a graph GC be given, with adjacency matrix SC .
Each block Γij represents a map A(SP) × B(ε) × H →
(RL∞)ni×nj . Another representation of Γ is its partition in
the form

Γ =

 γ11 · · · γ1n

...
. . .

...
γn1 · · · γnn


where each γij is a map A(SP) × B(ε) × H → RL∞. For
instance

Γ11 =

 γ11 · · · γ1n1

...
. . .

...
γn11 · · · γn1n1

 .
We say that Γ has structure GC if, for all i, the map[

Γi1 · · · Γiq
]

is only a function of{[
Aj1 · · · Ajq

]
, Bjj , Hjj | (sC)ij 6= 0

}
.

In words, a control design method has structure GC if and only
if, for all i, the subcontroller of subsystem i is constructed with
knowledge of the plant model of only those subsystems j such
that (j, i) ∈ EC . The set of all control design methods with
structure GC will be denoted by C.

D. Performance Metrics

The goal of this paper is to investigate the influence of
the control graph on the properties of controllers constructed
by limited model information control design methods. To this
end, we will use two performance metrics for control design
methods. These performance metrics are the modified version
of the performance metrics originally defined in [7], [8]. We
start by introducing the closed-loop performance criterion.

To each plant P = (A,B,H) ∈ P and controller K ∈ K,
we associate the performance criterion

JP (K) = ‖Twy‖2, (3)



where Twy shows the closed-loop transfer function from the
exogenous input w(k) to the output

y(k) =

[
C
0

]
x(k) +

[
0
D

]
u(k).

The matrices C ∈ Rn×n and D ∈ Rn×n are block diagonal
full-rank matrices with each diagonal block entry belonging
to Rni×ni . We make the following two standing assumptions:

Assumption 2.1: C = D = I .
This is without loss of generality because the change of
variables (x̄, ū) = (Cx,Du) transforms the output of the
system and its state space representation into

y(k) =

[
I
0

]
x̄(k) +

[
0
I

]
ū(k), (4)

and

x̄(k + 1) = CAC−1x̄(k) + CBD−1ū(k).

This is done without changing the plant, control, or design
graphs because of the block diagonal structure of matrices C
and D.

Assumption 2.2: The set of matrices B(ε) is replaced with
the set of diagonal matrices with diagonal entries greater than
or equal to ε.

There is no loss of generality in this assumption since for
each plant P = (A,B,H) ∈ P , every Bii has a singular
value decomposition Bii = UiiΣiiV

T
ii with Σii ≥ εIni×ni

(because σ(B) ≥ ε for all B ∈ B(ε) by definition). Com-
bining these singular value decompositions together results
in a singular value decomposition for matrix B = UΣV T

where U = diag(U11, · · · , Uqq), Σ = diag(Σ11, · · · ,Σqq),
and V = diag(V11, · · · , Vqq). Using the change of variable
(x̄, ū) = (UTx, V Tu) do not change the norm output vec-
tor (4) because both U and V are unitary matrices. Besides,
because of the block diagonal structure of matrices U and V ,
this change of variable does not affect the plant, controller, or
design graph.

Definition 2.3: (Competitive Ratio) Let a plant graph GP ,
control graph GK and constant ε > 0 be given. Assume that,
for every plant P ∈ P , there exists an optimal controller
K∗(P ) ∈ K such that

JP (K∗(P )) ≤ JP (K), ∀K ∈ K.

The competitive ratio of a control design method Γ is defined
as

rP(Γ) = sup
P=(A,B,H)∈P

JP (Γ(P ))

JP (K∗(P ))
,

with the convention that “ 0
0 ” equals one.

Note that the mapping K∗ : P → K∗(P ) is not itself required
to lie in the set C, as every component of the optimal controller
may depend on all entries of the model matrices A, B, and
H .

Definition 2.4: (Domination) A control design method Γ is
said to dominate another control design method Γ′ if

JP (Γ(P )) ≤ JP (Γ′(P )), ∀ P = (A,B,H) ∈ P, (5)

with strict inequality holding for at least one plant in P . When
Γ′ ∈ C and no control design method Γ ∈ C exists that satisfies
(5), we say that Γ′ is undominated in C for plants in P .

E. Problem Formulation

With the definitions of the previous subsections in hand, we
can reformulate the main question of this paper regarding the
connection between closed-loop performance, plant structure,
and limited model information control design as follows. For a
given plant graph, control graph, and design graph, we would
like to determine

arg min
Γ∈C

rP(Γ). (6)

Since several design methods may achieve this minimum, we
are interested in determining which ones of these strategies
are undominated.

III. OPTIMAL CONTROL DESIGN

In this section, we introduced both centralized and decen-
tralized optimal control design strategy as we need them later
in proofs.

A. Centralized Controller

Lets denote the optimal centralized control design strategy
by K∗C . The co-domain of this control design strategy is not
necessarily a subset of K(SK) when the control graph GK is
not a complete graph; i.e., there may exist a plant P ∈ P such
that K∗C(P ) /∈ K(SK).

Definition 3.1: The optimal centralized control design
method K∗C : P → Rn×n ⊂ (RL∞)n×n is defined as

K∗C(P ) = −(I +BTXB)−1BTXA,

for all P = (A,B,H) ∈ P , where X is the unique positive-
definite solution to the discrete algebraic Riccati equation

X = I +ATXA−ATXB(I +BTXB)−1BTXA. (7)

For each plant P ∈ P , the cost of the optimal centralized
control design method K∗C(P ) can be calculated using

JP (K∗C(P )) =
√

tr(HTXH),

where tr(·) denote the summation of diagonal elements of a
matrix.

Proposition 3.2: Let index i be such that Aij = 0 and
Aji = 0 for all 1 ≤ j ≤ q, then (K∗C)ij(P ) = 0 and
(K∗C)ji(P ) = 0 for all 1 ≤ j ≤ q.
Proof: Without loss of generality, lets assume that i = 1
since otherwise we can always renumber the nodes in the
appropriate manner. Thus, we have

A =

[
0n1×n1

0n1×(n−n1)

0(n−n1)×n1
Ã

]
,

where

Ã =

 A22 · · · A2q

...
. . .

...
Aq2 · · · Aqq

 ,



Lets define B̃ = diag(B22, . . . , Bqq). The unique positive
definite solution of the discrete algebraic Riccati equation
in (7) is

X =

[
I 0

0 X̃

]
,

where X̃ is the unique positive definite solution of the discrete
algebraic Riccati equation

X̃ = I + ÃT X̃Ã− ÃT X̃B̃(I + B̃T X̃B̃)−1B̃T X̃Ã.

Consequently, we get

K∗C(P ) =

[
0n1×n1

0n1×(n−n1)

0(n−n1)×n1
−(I + B̃T X̃B̃)−1B̃T X̃Ã

]
.

This concludes the proof.

B. Decentralized Controller

In general, finding the optimal control design strategy K∗

for incomplete control graph GK is intractable. To solve this
problem, we restrict our attention to those design problems
that are convex and relatively easy to solve. Here, we use the
method discussed in [4], [9] to find the optimal control design
strategy K∗ for this case. First, we need to introduce some
notation to formulate the controller easier.

Definition 3.3: Assume that the plant graph GP is a di-
rected acyclic graph, and the control graph GK is equal
to the plant graph GP . We define the set of ancestors Ni
(descendants Di) as the set of all the vertices ` such that
there is a path that connects node ` to node i (connects
node i to node `) in the plant graph GP . Besides, we define
N ′i = Ni−Ii and D′i = Di−Ii. Consider a matrix W ∈ Rn×n
and sets X ,Y ⊂ {1, . . . , q}, the matrix WXY denotes the sub-
matrix of the matrix W constructed by eliminating all the rows
(columns) `1 ∈ I` such that ` /∈ X (` /∈ Y).

Now, we are ready to define the optimal decentralized
control design strategy when the control graph GK is equal to
the acyclic plant graph GP .

Definition 3.4 ( [9]): Assume that the plant graph GP is a
directed acyclic graph, and the control graph GK is equal to
the plant graph GP . For all subsystems 1 ≤ i ≤ q, we have

X(i) = I +ATDiDi
X(i)ADiDi −ATDiDi

X(i)BDiDi

×
(
I +BTDiDi

X(i)BDiDi

)−1

BTDiDi
X(i)ADiDi

,
(8)

M (i) =
(
I +BTDiDi

X(i)BDiDi

)−1

BTDiDi
X(i)ADiDi . (9)

The optimal decentralized controller is

ui(k) = −
q∑
`=1

I{i}D`
M (`)ξ

`
(k), (10)

ξ
`
(k) = E(xD`

(k)|xN`
(0 : k))− E(xD`

(k)|xN ′` (0 : k)),

(11)

where E(·) stands for expected-value and x(0 : k) is shorthand
notation for the ordered set (x(0), . . . , x(k)).

We do not use this complicated way of finding the optimal
decentralized controller, because we do not need the state-
space representation of the controller for general q subsystems

to prove the later results. Here, we only need the state-space
representation of the controller for a special case.

Proposition 3.5: Let a directed acyclic plant graph GP and
a control graph GK equal to the plant graph GP be given.
Assume there exists indices 1 ≤ i 6= j ≤ q such that
(sP)jj 6= 0, (sP)ij 6= 0 and (sP)ii 6= 0. Consider a plant
P = (A,B,H) ∈ P . Let the matrix A ∈ A(SP) be defined
as a matrix with all its submatrices A`t be equal to zero except
submatrices Ajj , Aij , and Aii. Then the optimal decentralized
controller K∗(P ) is equal to

zj(k + 1) = (Aii −BiiMii)zj(k) + (Aij −BiiMij)xj(k),

uj(k) = −Mjizj(k)−Mjjxj(k),

zi(k + 1) = (Aii −BiiMii)zi(k) + (Aij −BiiMij)xj(k),

ui(k) = (J −Mii)zi(k)−Mijxj(k)− Jxi(k).

and u`(k) = 0 for all ` 6= i, j and all k ≥ 0. In the above
formulation, we have

M ,

[
Mjj Mji

Mij Mii

]
= (I + B̃T X̃B̃)−1B̃T X̃Ã, (12)

J = (I +BTiiY Bii)
−1BTiiY Aii. (13)

where X̃ is the unique positive definite solution of the discrete
algebraic Riccati equation

X̃ = I + ÃT X̃Ã− ÃT X̃B̃(I + B̃T X̃B̃)−1B̃T X̃Ã, (14)

and Y is the unique positive definite solution of the discrete
algebraic Riccati equation

Y = I+ATiiY Aii−ATiiY Bii(I+BTiiY Bii)
−1BTiiY Aii, (15)

with parameters B̃ = diag(Bjj , Bii) and

Ã =

[
Ajj 0
Aij Aii

]
. (16)

Proof: For all 1 ≤ p ≤ q such that p 6= i, j, we have

up(k) = −
q∑
`=1

I{p}D`
M (`)ξ

`
(k).

Using Proposition 3.2, it is easy to see that for all 1 ≤ ` ≤ q
we have I{p}D`

M (`) = 0. This is true because all the rows
and columns of the matrix AD`D`

related to subsystem p
are zero (and therefore all the controller gains related to
this subsystem). Now, we have to check the controller for
subsystems i and j controller. Clearly, for index j, we have

ξ
j
(k) =

[
xj(k)T E(xi(k)|xj(0 : k))T 0 · · · 0

]T
since E(xt(k)|xNj

(0 : k)) = E(xt(k)|xN ′j (0 : k)) for all
t ∈ Di such that t 6= i, j because the rest of the subsystems
are not affected by subsystem j or any of its ancestors’ state
(and therefore are independent of their states). In addition
E(xi(k)|xNj

(0 : k)) = E(xi(k)|xj(0 : k)) because subsystem
i is only dependent on subsystem j state. For index i, we have

ξ
i
(k) =

[
xi(k)T − E(xi(k)|xj(0 : k))T 0 · · · 0

]T
since E(xt(k)|xNi

(0 : k)) = E(xt(k)|xN ′i (0 : k)) for all t ∈
Di such that t 6= i because similarly the rest of the subsystems



are not affected by subsystem i or any of its ancestors’ state.
Besides E(xi(k)|xN ′i (0 : k)) = E(xi(k)|xj(0 : k)) because
subsystem i is only dependent on subsystem j in set N ′i . The
optimal controller for subsystem j is

uj(k) =−
q∑
`=1

I{j}D`
M (`)ξ

`
(k)

=−Mjjxj(k)−MjiE(xi(k)|xj(0 : k)),

and for subsystem i is

ui(k) =−
q∑
`=1

I{i}D`
M (`)ξ

`
(k)

=−Mijxj(k)−MiiE(xi(k)|xj(0 : k))

− J(xi(k)− E(xi(k)|xj(0 : k)))

=(J −Mii)E(xi(k)|xj(0 : k))−Mijxj(k)− Jxi(k).

According to [9], we know that zj(k) = E(xi(k)|xj(0 : k))
can be found as

zj(k + 1) = (Aii −BiiMii)zj(k) + (Aij −BiiMij)xj(k).

In addition, since we want to implement the controller in
a decentralized fashion, we need to copy this estimator in
subsystem i as zi(k) = zj(k). This concludes the proof.

The following proposition helps us to identify two type of
plants P = (A,B,H) ∈ P which result in JP (K∗(P )) =
JP (K∗C(P )).

Proposition 3.6: Let the plant graph GP be a directed
acyclic graph and the control graph GK be a graph of
which the plant graph GP is a subgraph. Consider a plant
P = (A,B,H) ∈ P . We have JP (K∗(P )) = JP (K∗C(P )) if
one of the following conditions is satisfied
(a) if matrix A = diag(A11, . . . , Aqq) ∈ A(SP),
(b) if the matrix A ∈ A(SP) is a nilpotent matrix of degree
two; i.e., A2 = 0.

Proof:
(a) The proof is immediate, using the fact that for block
diagonal matrices A, the positive definite solution X of the
discrete algebraic Riccati equation in (7) is block diagonal
and as a result K∗C(P ) is also block diagonal. Therefore, the
optimal centralized control design strategy K∗C(P ) is fully
decentralized and it has the same structure as the matrix A.
Thus, K∗C(P ) ∈ K(SK) because the control graph GK is
a supergraph of the plant graph GP . Now, considering that
K∗(P ) is the global optimal decentralized controller, it has
a lower cost than any other decentralized controller K ∈
K(SK), specially K∗C(P ), because K∗C(P ) belongs to the set
K(SK) for this particular plant

JP (K∗(P )) ≤ JP (K∗C(P )).

On the other hand, it is evident that

JP (K∗C(P )) ≤ JP (K∗(P )).

The proof is a directed use of these two inequalities together.
(b) Using the proof of Theorem 3.3 in [8], we know that for
nilpotent matrix A, we have

K∗C(P ) = −(I +BTB)−1BTA,

and therefore, K∗C(P ) ∈ K(SK) because the control graph
GK is a supergraph of the plant graph GP . Now, The same
argument as in the proof of the part (a) can be used to prove
the statement.

In both cases that we discuss in Proposition 3.6, it is easy
to see that K∗(P ) = K∗C(P ) because of the facts that the
optimal controller is unique and JP (K∗(P )) = JP (K∗C(P )).

Now, we are ready to tackle the problem.

IV. MAIN RESULTS

In this section, we find an undominated solution to prob-
lem (6). Let c ≥ 1 be the number of sinks in the plant graph
GP (note that any directed acyclic graph GP has at least
one sink [10]). Up to a relabeling of the vertices, the lower-
triangular adjacency matrix SP is of the form

SP =

[
(SP)11 0(q−c)×(c)

(SP)21 (SP)22

]
, (17)

where

(SP)11 =

 (sP)11 · · · 0
...

. . .
...

(sP)q−c,1 · · · (sP)q−c,q−c

 ,

(SP)21 =

 (sP)q−c+1,1 · · · (sP)q−c+1,q−c
...

. . .
...

(sP)q,1 · · · (sP)q,q−c

 ,
and

(SP)22 =

 (sP)q−c+1,q−c+1 · · · 0
...

. . .
...

0 · · · (sP)qq

 .
With this notation, lets introduce the control design method
ΓΘ as

ΓΘ(P ) = −diag(B−1
11 , . . . , B

−1
q−c,q−c,

Wq−c+1(P ), . . . ,Wq(P ))A
(18)

for all P = (A,B,H) ∈ A(SP)× B(ε)×H, where

Wi(Aii, Bii) = (I +BTiiXiiBii)
−1BTiiXii (19)

for all q−c+1 ≤ i ≤ q and Xii is the unique positive definite
solution of the Riccati equation

ATiiXiiAii −ATiiXiiBii(I +BTiiXiiBii)
−1BTiiXiiAii

−Xii + I = 0.

The control design strategy ΓΘ was first introduced in [8].
This design method applies the so-called deadbeat control
design strategy (see, e.g. [8]) to every subsystem that is not a
sink and, for every sink, applies the same optimal control law
as if the node were decoupled from the rest of the graph.

We will show that ΓΘ is a minimizer of the competitive
ratio and it is undominated by communication-less methods
Γ ∈ C.

Lemma 4.1: Let the directed acyclic plant graph GP con-
tain no isolated node, and the control graph GK be a graph of



which the plant graph GP is a subgraph. Then the competitive
ratio of the limited model information design method ΓΘ

introduced in equation (18) is

rP(ΓΘ) =


1, if (SP)11 = 0 and (SP)22 = 0,√

1 + 1/ε2, if (SP)11 is not diagonal
or (SP)22 6= 0.

Proof: Based on the proof of the “only if” part of Theo-
rem 3.13 in [8], we know that for all plants P = (A,B,H) ∈
P

Z ≤ ATB−TB−1A+ I (20)

where Z is the unique positive definite solution of the discrete
algebraic Lyapunov equation

(A+BΓΘ(P ))TZ(A+BΓΘ(P ))− Z
+ I + ΓΘ(P )TΓΘ(P ) = 0.

Thus, the cost of the control design strategy ΓΘ for each plant
P = (A,B,H) is upper-bounded as

JP (ΓΘ(P ))2 = tr
(
HTZH

)
≤ tr

(
HT

(
ATB−TB−1A+ I

)
H
)

≤ (1 + 1/ε2)tr
(
HTXH

)
= (1 + 1/ε2)JP (K∗C(P ))2

since using Lemma 3.2 in [8] it is clear that

ATB−TB−1A ≤ (1 + 1/ε2)(X − I),

and equivalently

tr
(
HTATB−TB−1AH

)
≤ (1 + 1/ε2)tr

(
HT (X − I)H

)
.

Clearly, because JP (K∗C(P )) ≤ JP (K∗(P )), we have

JP (ΓΘ(P ))2 ≤ (1 + 1/ε2)JP (K∗(P ))2

and, as a result

rp(Γ
Θ) = sup

P=(A,B,H)∈P

JP (ΓΘ(P ))

JP (K∗(P ))
≤
√

1 +
1

ε2
.

To show that this upper-bound is tight, we now exhibit plants
for which it is attained. We use a different construction
depending on matrices (SP)11 and (SP)22.

Case #1: If (SP)11 has an off-diagonal entry; i.e., there
exist 1 ≤ i 6= j ≤ q − c such that (sP)ij 6= 0. In this case,
choose indices i1 ∈ Ii and j1 ∈ Ij and define A(r) = rei1e

T
j1

,
B = εI , and H = I . Using Proposition 3.6 part (b), we know
that for this special plant JP (K∗(P )) = JP (K∗C(P )) since
A(r) is a nilpotent matrix of degree two, thus

lim
r→∞

JP (ΓΘ(P ))

JP (K∗(P ))
= lim
r→∞

√
n+ r2/ε2

n+ r2/(ε2 + 1)
=

√
1 +

1

ε2

because the control design ΓΘ acts like the deadbeat control
design method on this plant [8].

Case #2: In this case, first lets fix the control graph GK to
be equal to the plant graph GP . Now, suppose that (SP)22

is nonzero; i.e., there exists q − c + 1 ≤ i ≤ q such that

(sP)ii 6= 0. From the assumption that the plant graph contains
no isolated node, we know that there must exist 1 ≤ j ≤
q − c such that (sP)ij 6= 0. Accordingly, let us pick i1 ∈ Ii
and j1 ∈ Ij and consider the 2-parameter family of matrices
A(r, s) in A(SP) with all entries equal to zero except ai1i1 ,
which is equal to r, and ai1j1 , which is equal to s. Let B = εI
and H = I . Using Proposition 3.5, we know that the optimal
decentralized controller is equal to

zj(k + 1) = (Aii −BiiMii)zj(k) + (Aij −BiiMij)xj(k),

uj(k) = −Mjizj(k)−Mjjxj(k),

zi(k + 1) = (Aii −BiiMii)zi(k) + (Aij −BiiMij)xj(k),

ui(k) = (J −Mii)zi(k)−Mijxj(k)− Jxi(k).

and u`(k) = 0 for all ` 6= i, j and all k ≥ 0, where the matrices
M and J are defined in (12) and (13), respectively. We know
that zj(k) = zi(k) for all k ≥ 0, since both controllers have
the same dynamics and their initial conditions is equal zj(0) =

zi(0) = 0. Defining x̂i(k) , xi(k) − zj(k), the closed-loop
subsystems i and j become

xj(k + 1) = (Ajj −BjjMjj)xj(k)−Mjizj(k)

and

x̂i(k + 1) = xi(k + 1)− zj(k + 1)

= (Aii −BiiJ)xi(k)− (Aii −BiiJ)zj(k)

= (Aii −BiiJ)x̂i(k).

Augmenting subsystems i and j dynamics with their controller
result in the state-space representation given in (21). Stochastic
interpretation of H2 norm of the system results in (22) which
is equivalent to calculating the cost as

JP (K∗(P ))2 = tr(H̄TV H̄) +
∑
6̀=i,j

n`

where the matrix

V =

 V11 V12 V13

V T12 V22 V23

V T13 V T23 V33

 ,
is unique positive definite solution of the discrete algebraic
Lyapunov equation in (23) and

H̄ = diag(Inj×nj
, 0ni×ni

, Ini×ni
).

Therefore, we get

JP (K∗(P ))2 = tr(V11) + tr(V33) +
∑
` 6=i,j

n`.

If we split the discrete algebraic Lyapunov equation in (23),
we get[

Ajj −BjjMjj −BjjMji

Aij −BiiMij Aii −BiiMii

]T [
V11 V12

V T
12 V22

]
×
[

Ajj −BjjMjj −BjjMji

Aij −BiiMij Aii −BiiMii

]
−
[

V11 V12

V T
12 V22

]
+ I +MTM = 0,

(24)

(Aii −BiiJ)TV33(Aii −BiiJ)− V33 + I + JTJ = 0, (25)



 xj(k + 1)
zj(k + 1)
x̂i(k + 1)

 =

 Ajj −BjjMjj −BjjMji 0
Aij −BiiMij Aii −BiiMii 0

0 0 Aii −BiiJ

 xj(k)
zj(k)
x̂i(k)

+

 wj(k)
0

wi(k)

 . (21)

JP (K∗(P ))2 = lim
T→∞

E

{
1

T

T−1∑
k=0

q∑
`=1

[
x`(k)Tx`(k) + u`(k)Tu`(k)

]}

= lim
T→∞

E

 1

T

T−1∑
k=0

∑
6̀=i,j

[
x`(k)Tx`(k)

]+ lim
T→∞

E

 1

T

T−1∑
k=0

∑
`=i,j

[
x`(k)Tx`(k) + u`(k)Tu`(k)

]
=
∑
` 6=i,j

n` + lim
T→∞

E

{
1

T

T−1∑
k=0

[
xi(k)Txi(k) + xj(k)Txj(k) + ui(k)Tui(k) + uj(k)Tuj(k)

]}
.

(22)

 Ajj −BjjMjj −BjjMji 0
Aij −BiiMij Aii −BiiMii 0

0 0 Aii −BiiJ

T  V11 V12 V13

V T
12 V22 V23

V T
13 V T

23 V33

 Ajj −BjjMjj −BjjMji 0
Aij −BiiMij Aii −BiiMii 0

0 0 Aii −BiiJ


−

 V11 V12 V13

V T
12 V22 V23

V T
13 V T

23 V33

+

 I 0 0
0 I I
0 I I

+

 MT
jjMjj +MT

ijMij MT
jjMji +MT

ijMii MT
ijJ

MT
iiMij +MT

jiMjj MT
jiMji +MT

iiMii MT
iiJ

JTMij JTMii JTJ

 = 0.

(23)

and[
Ajj −BjjMjj −BjjMji

Aij −BiiMij Aii −BiiMii

]T [
V13

V23

]
× (Aii −BiiJ)−

[
V13

V23

]
+

[
MT
ijJ

MT
ii J

]
+

[
0
I

]
= 0.

(26)

The unique positive definite solution of the discrete algebraic
Lyapunov equation in (24) is equal to the unique positive
definite solution of the discrete algebraic Riccati equation
in (14) and consequently[

V11 V12

V T12 V22

]
=

[
X̃jj X̃ji

X̃T
ji X̃ii

]
.

On the other hand, the unique positive definite solution of
the discrete algebraic Lyapunov equation (25) is equal to
the unique positive definite solution of the discrete algebraic
Riccati equation (15) and as a result

V33 = Y.

Finally, we get

JP (K∗(P ))2 = tr(X̃jj) + tr(Y ) +
∑
` 6=i,j

n`. (27)

Using the proof of Theorem 3.18 in [8], it is evident that

X ,

[
X̃jj X̃ji

X̃T
ji X̃ii

]
= I + βK∗Ã

T Ã, (28)

where Ã can be recalled from (16) and βK∗ is

βK∗ =
ε2s2 + r2(1 + ε2)− (ε2 + 1)2 +

√
c+c−

2ε2(ε2 + 1)(s2 + r2)
,

c± = ε2s2 + (r2 ± 2r)(ε2 + r) + (ε2 + 1)2.

It is worth mentioning that tr(Y ) is only a function of r
since the discrete algebraic Riccati equation in (15) is only

a function of Aii(r). In addition, tr(X̃jj) is an increasing
function of s using (28). Therefore, tr(Y )/tr(X̃jj) goes to
zero as s/r goes to infinity.

On the other hand, again using the proof of Theo-
rem 3.18 in [8], we get

JP (ΓΘ(P ))2 = tr(I + βΘÃ
T Ã) +

∑
` 6=i,j

n`,

where

βΘ =

√
r4 + 2r2ε2 − 2ar2 + ε4 + 2ε2 + 1 + r2 − ε2 − 1

2ε2r2
.

Then,

rP(ΓΘ) ≥ lim
r→∞, sr→∞

JP (ΓΘ(P ))

JP (K∗(P ))

= lim
r→∞, sr→∞

√√√√ βΘ

βK∗

(
1 +

r2

s2

)
1 + n

βΘ(r2+s2)

1 + n+tr(Y )

tr(X̃jj)

=

√
1 +

1

ε2
.

At the beginning of this case, we assumed that the control
graph GK is equal to the directed acyclic plant graph GP .
Now, if we assume that the control graph GK is a super-
graph of the acyclic plant graph GP , it is easy to see that
JP (K∗(P )) ≤ JP (K∗P(P )), where K∗P(P ) is the optimal
control design strategy when the control graph GK is equal to
the acyclic plant graph GP . Therefore, we get

sup
P∈P

JP (ΓΘ(P ))

JP (K∗P(P ))
≤ sup
P∈P

JP (ΓΘ(P ))

JP (K∗(P ))
≤
√

1 + 1/ε2.

Thus, if there is an example that shows the ratio
JP (ΓΘ(P ))/JP (K∗P(P )) attains its upper-bound, it also
serves the purpose for any control graph GK that is a su-
pergraph of the acyclic plant graph GP .



Case #3: At last, suppose that both (SP)11 = 0 and
(SP)22 = 0. Then, every matrix A ∈ A(SP) has the form[

0 0
∗ 0

]
and, in particular, is nilpotent of degree 2; i.e.,

A2 = 0. In this case, the Riccati equation yielding the optimal
control gain K∗(P ) can be readily solved, using the same
idea as in the proof of the part (b) of Proposition 3.6, and
we find that K∗(P ) = −(I +BTB)−1BTA ∈ K(SK) for all
P = (A,B,H) ∈ P . As a result, K∗(P ) = ΓΘ(P ) for all
plant P = (A,B,H) ∈ P (since Wi(P ) = (I+BTiiBii)

−1BTii
for all q − c+ 1 ≤ i ≤ q), which implies that the competitive
ratio of ΓΘ against plants in P is equal to one.

Remark 4.2: There is no loss of generality in assuming
that there is no isolated node in the plant graph GP , since
it is always possible to design a controller for an isolated
subsystem without any model information about the other
subsystems and without impacting cost (24). In particular, this
implies that there are q ≥ 2 vertices in the graph.

Theorem 4.3: Let the directed acyclic plant graph GP
contain no isolated node, the control graph GK be a graph of
which the plant graph GP is a subgraph, and the design graph
GC be a totally disconnected graph with self-loops. Then the
competitive ratio of any control design strategy Γ ∈ C satisfies

rP(Γ) ≥
√

1 + 1/ε2,

if either (SP)11 is not diagonal or (SP)22 6= 0.
Proof: We use the following notation to deal with different
parts of the control design strategy Γ as

Γ(P ) =

[
AΓ(P ) BΓ(P )
CΓ(P ) DΓ(P )

]
,

where entries AΓ(P ), BΓ(P ), CΓ(P ), and DΓ(P ) are ma-
trices with appropriate dimension for each plant P =
(A,B,H) ∈ P and matrices AΓ(P ) and CΓ(P ) are block
diagonal matrices because different parts of the controller
should not share state variables; i.e., the controller should be
implemented in a decentralized fashion. This realization is not
necessarily minimal.

We use a different reasoning depending on matrices (SP)11

and (SP)22.
Case #1: Suppose that (SP)11 has an off-diagonal entry;

i.e., there exist 1 ≤ i 6= j ≤ q− c such that (sP)ij 6= 0. Node
i is not a sink, therefore, there exists an index ` 6= i such that
(sP)`i 6= 0. In this case, choose indices `1 ∈ I`, i1 ∈ Ii and
j1 ∈ Ij and define A(r, s) = sei1e

T
j1

+ re`1e
T
i1

and B = εI .
Let Hjj = rI and Htt = I for all t 6= j. Using Figure 1 for
the exogenous impulse input w(k) = δ(k)ej1 , we have

JP (Γ(P ))2 ≥
∞∑
k=0

y(k)T y(k)

≥ u`1(2)2 + x`1(3)2

= u`1(2)2 + (r2(s+ ε(dΓ)i1j1(s)) + εu`1(2))2

≥ r4(s+ ε(dΓ)i1j1(s))2/(ε2 + 1),

because, irrespective of the choice of u`1(2), the function
u`1(2)2 + (r2(s+ ε(dΓ)i1j1(s)) + εu`1(2))2 is lower-bounded
by r4(s+ ε(dΓ)i1j1(s))2/(ε2 + 1). It is worth mentioning that

(dΓ)i1j1(s) is only a function of the scalar s and it cannot
be dependent on the scalar r (because it appeared in model
matrices of the subsystems `, j 6= i and we are considering the
case that the design graph is fully disconnected with self-loops
only). On the other hand

JP (Γ∆(P )) =

√
tr
(
HT

(
1

ε2
ATA+ I

)
H

)
=
√

(s2r2 + r2)/ε2 + n− nj + njr2,

where Γ∆(P ) = −B−1A is the deadbeat control design
strategy [8]. This results in

rP(Γ) = sup
P∈P

JP (Γ(P ))

JP (K∗(P ))

= sup
P∈P

JP (Γ(P ))

JP (Γ∆(P ))

JP (Γ∆(P ))

JP (K∗(P ))

≥ sup
P∈P

JP (Γ(P ))

JP (Γ∆(P ))

≥ lim
r→∞

√
r4(s+ εui1(1))2/(ε2 + 1)

(s2r2 + r2)/ε2 + n− nj + njr2
.

(29)

The competitive ratio rP(Γ) is bounded only if s +
ε(dΓ)i1j1(s) = 0. Therefore, there is no loss of generality
in assuming that (dΓ)i1j1(s) = −s/ε because otherwise the
rP(Γ) is infinity and the inequality rP(Γ) ≥ rP(ΓΘ) is
trivially satisfied. Now, lets redefine A(s) = sei1e

T
j1

, H = I
and B = εI . Since the parameters of the subsystem i is
not changed, if we use the same exogenous impulse input
w(k) = δ(k)ej1 , we should have (dΓ)i1j1(s) = −s/ε and
therefore

JP (Γ(P ))2 ≥ ui1(1)2 = (dΓ)i1j1(s)2 = s2/ε2,

Using part (b) of Proposition 3.6, we know that the cost of
the K∗(P ) is equal to the cost of the K∗C(P ), and therefore

rP(Γ) ≥ lim
s→∞

√
s2/ε2

s2/(1 + ε2) + n
=

√
1 +

1

ε2
.

Case #2: Next, suppose that (SP)22 is nonzero; i.e., there
exists q − c + 1 ≤ i ≤ q such that (sP)ii 6= 0. From the
assumption that the plant graph contains no isolated node, we
know that there must exist 1 ≤ j ≤ q−c such that (sP)ij 6= 0.
Accordingly, let us pick i1 ∈ Ii and j1 ∈ Ij and consider
the 2-parameter family of matrices A(r, s) in A(SP) with all
entries equal to zero except ai1i1 , which is equal to r, and
ai1j1 , which is equal to s. Let B = εI and H = I . According
to the proof of the “only if” part of Theorem 3.13 in [8], for
this particular family of plants, ΓΘ(P ) is the globally optimal
linear quadratic state-feedback controller (therefore, it is the
globally optimal H2 state-feedback controller) and using the
proof of Theorem 4.1, it is easy to see that rP ≥

√
1 + 1/ε2.

Again, note that in the proof of Theorem 4.1, it is assumed that
the control graph GK is equal to the acyclic plant graph GP .
Now, if the control graph GK be a supergraph of the acyclic
plant graph GP , we know that JP (K∗(P )) ≤ JP (K∗P(P )),
where K∗P(P ) is the optimal control design strategy when



...

Fig. 1. State transition of the closed-loop system and controller as a function of time for the disturbance introduced in the proof of Theorem 4.3.

the control graph GK is equal to the acyclic plant graph GP .
Therefore, for any Γ ∈ C, we have√

1 +
1

ε2
≤ sup
P∈P

JP (Γ(P ))

JP (K∗P(P ))
≤ sup
P∈P

JP (Γ(P ))

JP (K∗(P ))
= rP(Γ).

Remark 4.4: Combining Theorems 4.1 and 4.3 implies
that if either (SP)11 is not diagonal or (SP)22 6= 0, control
design method ΓΘ exhibits the smallest ratio achievable by a
communication-less control method. Therefore, it is a solution
to problem (6). Furthermore, if (SP)11 and (SP)22 are both
zero, then ΓΘ is equal to K∗, which shows that ΓΘ is a
solution to problem (6), in this case too.

Remark 4.5: The case where (SP)11 is diagonal and
(SP)22 = 0 is still open.

The next theorem shows that ΓΘ is a desirable control
design method, since it is undominated by communication-
less design methods.

Theorem 4.6: Let the directed acyclic plant graph GP
contain no isolated node, the control graph GK be equal to
the plant graph GP , and the design graph GC be a totally
disconnected graph with self-loops. The control design method
ΓΘ is undominated by any control design method Γ ∈ C.
Proof: For ease of notation in this proof, we use [A]i =
[Ai1 · · · Aiq]. We prove that for any control design method
Γ ∈ C\

{
ΓΘ
}

, there exists a plant P ∈ P such that
JP (Γ(P )) > JP (ΓΘ(P )). First, we partition the set of limited
model information control design methods C as follows

C =W0 ∪W1 ∪W2 ∪
{

ΓΘ
}
,

where

W0 := {Γ ∈ C | ∃i ∈ {q − c+ 1, . . . , q},
[Γ]i(P ) = [ΓΘ]i(P )},

W1 := {Γ ∈ C \W0 | ∃i ∈ {1, · · · , q − c},
[A]i +Bii[DΓ]i(P ) 6= 0},

and

W2 := {Γ ∈ C \W0 ∪W1 | ∃i ∈ {1, . . . , q − c}
such that (CΓ)ii(P )[BΓ]i(P ) 6= 0} .

First, we prove that ΓΘ is undominated by control design
methods in W0. Assume there exists a plant P̄ = (Ā, B,H)
such that [Γ]i(P̄ ) = [ΓΘ]i(P̄ ) for some q − c + 1 ≤ i ≤ q.
Define matrix A such that [A]i = [Ā]i and [A]` = 0 for all

` 6= i. For this particular matrix P = (A,B,H) ∈ P , we know
from the proof of the “only if” part of the Theorem 3.13 in [8],
that ΓΘ(P ) is the globally optimal linear quadratic state-
feedback controller (therefore, it is the globally optimal H2

state-feedback controller). Hence, every other control design
method in C leads to a controller with greater performance
criterion than ΓΘ for this particular type of plants. Therefore,
the control design ΓΘ is undominated by control design
methods in W0.

Second, we prove that ΓΘ is undominated by control design
strategies inW1. Let Γ ∈ W1 and let 1 ≤ i ≤ q−c be such that
[Ā]i + B̄ii[DΓ]i(P̄ ) 6= 0 for some matrices Ā, B̄, and H̄; i.e.,
P̄ = (Ā, B̄, H̄) ∈ P . This means that there exists at least one
i1 ∈ Ii and 1 ≤ j1 ≤ n such that āi1j1 +b̄i1i1(dΓ)i1j1(P̄ ) 6= 0.
Let index j be such that j1 ∈ Ij . Since subsystem i is not
a sink (because 1 ≤ i ≤ q − c), we know that there exists
an index ` 6= i such that (sP)`i 6= 0. Pick an index `1 ∈ I`.
We use a different construction and reasoning depending on
indices i and j.

Case #1: Assume that i 6= j. Define matrix A as [A]i = [Ā]i,
and a`1i1 = r and all other entries of A equal to zero. Let
Hjj = rI and Htt = H̄tt for all t 6= j and B = B̄. Using the
exogenous impulse input w(k) = δ(k)ej1 and Figure 1, we
can see that

JP (Γ(P ))2 ≥
∞∑
k=0

y(k)T y(k)

≥ u`1(2)2 + x`1(3)2

= u`1(2)2 + (r2(ai1j1 + bi1i1(dΓ)i1j1(P ))

+ b`1`1u`1(2))2

and irrespective of the choice of u`1(2), we get

u`1(2)2 + (r2(ai1j1 + bi1i1(dΓ)i1j1(P )) + b`1`1u`1(2))2

≥ r4(ai1j1 + bi1i1(dΓ)i1j1(P ))2

b2`1`1 + 1
.

Therefore, we have

JP (Γ(P ))2 ≥ r4(ai1j1 + bi1i1(dΓ)i1j1(P ))2

b2`1`1 + 1
.

On the other hand, using (20), we get

JP (ΓΘ(P ))2 ≤ tr
(
HT [A]Ti B

−T
ii B−1

ii [A]iH
)

+
r2

b2`1`1

∑
t∈Ii

h2
i1t + tr(HTH),

(30)



and as a result

lim
r→∞

JP (Γ(P ))− JP (ΓΘ(P )) = +∞,

because JP (Γ(P )) is of order r2 and JP (ΓΘ(P )) is of order
r. Hence, we can always construct a plant P ∈ P with
appropriate choice of index ` and a scalar r large enough
to make the cost difference JP (Γ(P ))−JP (ΓΘ(P )) positive.
Therefore, for this case, the control design ΓΘ is undominated
by control design methods in W1.

Case #2: Assume that i = j and 1 ≤ ` ≤ q−c. Let H = H̄
and B = B̄. Define matrix A as [A]i = [Ā]i, and a`1i1 = r and
all other entries of A equal to zero. The proof of the Case #1
shows that (dΓ)`1i1(P ) = −r/b`1`1 since ` 6= i. Now, the
closed-loop system would become[

x(k + 1)
z(k + 1)

]
=

[
A+BDΓ BCΓ

BΓ AΓ

] [
x(k)
z(k)

]
+

[
H
0

]
w(k)

and the performance cost of the closed-loop system can be
found as

JP (Γ(P ))2 = tr

([
H
0

]T
V

[
H
0

])
where V is the unique positive definite solution of the discrete
algebraic Riccati equation[

A+BDΓ BCΓ

BΓ AΓ

]T
V

[
A+BDΓ BCΓ

BΓ AΓ

]
− V +

[
I 0
0 0

]
+

[
DT

ΓDΓ DT
ΓCΓ

CTΓDΓ CTΓCΓ

]
= 0

Using the exogenous impulse input w(t)(k) = δ(k)et, it is
easy to see that

∞∑
k=0

y(t)(k)T y(t)(k) = eTt

([
H
0

]T
V

[
H
0

])
et.

where y(t)(k) is the output of the closed-loop system to the
exogenous impulse input w(t)(k) = δ(k)et. Now, we may
write

JP (Γ(P ))2 = tr

([
H
0

]T
V

[
H
0

])

=

n∑
t=1

eTt

([
H
0

]T
V

[
H
0

])
et

≥
∑
t∈Ii

eTt

([
H
0

]T
V

[
H
0

])
et

=
∑
t∈Ii

∞∑
k=0

y(t)(k)T y(t)(k).

For all t ∈ Ii such that t 6= j1, we have
∞∑
k=0

y(t)(k)T y(t)(k) ≥ u`1(1)2 =
r2h2

i1t

b2`1`1
.

and for t = j1, we have
∞∑
k=0

y(j1)(k)T y(j1)(k) ≥ u`1(1)2 + u`1(2)2 + x`1(3)2

=
r2(ai1j1 + bi1i1(dΓ)i1j1(P ))2h2

j1j1

b2`1`1
+
r2h2

i1j1

b2`1`1
.

Thus

JP (Γ(P ))2 ≥
r2(ai1j1 + bi1i1(dΓ)i1j1(P ))2h2

j1j1

b2`1`1

+
r2

b2`1`1

∑
t∈Ii

h2
i1t.

On the other hand, we have

JP (ΓΘ(P ))2 = tr
(
HT [A]Ti B

−T
ii B−1

ii [A]iH
)

+
r2

b2`1`1

∑
t∈Ii

h2
i1t + tr(HTH).

because ΓΘ act like deadbeat on that part of the system. Finally

lim
r→∞

JP (Γ(P ))− JP (ΓΘ(P )) = +∞.

Hence, we can always construct a plant P ∈ P with appro-
priate choice of index ` and a scalar r large enough to make
the performance cost difference positive. Therefore, for this
case, the control design ΓΘ is undominated by control design
methods in W1.

Case #3: Assume that i = j and q − c + 1 ≤ ` ≤ q.
Let H = H̄ and B = B̄. Define matrix A as [A]i = [Ā]i,
and a`1i1 = r and all other entries of A equal to zero. Since
Γ /∈ W0, we have (dΓ)`1i1(P ) = −b`1`1r/(b2`1`1 + 1). Using
the same idea and the same set of exogenous impulse inputs
that we used in the proof of Case #2, we have

JP (Γ(P ))2 ≥
r2(ai1j1 + bi1i1(dΓ)i1j1(P ))2h2

j1j1
b2`1`1

(b2`1`1 + 1)2

+
r2

b2`1`1 + 1

∑
t∈Ii

h2
i1t.

The performance cost of the control design strategy ΓΘ, can
be found as

JP (ΓΘ(P ))2 = tr
(
HT [A]Ti B

−T
ii B−1

ii [A]iH
)

+
r2

b2`1`1 + 1

∑
t∈Ii

h2
i1t + tr(HTH).

because ΓΘ acts like deadbeat on subsystem i. As a result,
once again

lim
r→∞

JP (Γ(P ))− JP (ΓΘ(P )) = +∞.

Hence, we can always construct a plant P ∈ P with appro-
priate choice of index ` and a scalar r large enough to make
the performance cost difference positive. Therefore, for this
case, the control design ΓΘ is undominated by control design
methods in W1.

Finally, we prove that Θ is undominated by control design
methods in W2. Define matrix A such that [A]i = [Ā]i and
[A]` = 0 for all ` 6= i. Using the previous parts of the proof,
the control design strategy DΓ should act as the deadbeat on
this part of the system. Therefore, the state of the subsystem
i reaches zero in just one time-step. If (CΓ)ii(P )[BΓ]i(P ) 6=
0 the controller will make the state of subsystem i nonzero
again in the second time-step. Therefore, the cost of the control
design strategy Γ becomes greater than the cost of the control



design strategy ΓΘ. Thus, the control design strategy Γ ∈ W2

cannot dominate the control design ΓΘ.

Remark 4.7: Theorems 4.1, 4.3, and 4.6 together show
that, the control design strategy ΓΘ is the best control design
strategy that one can propose based on local subsystems’
model and the plant graph GP , because the control design
strategy ΓΘ is a minimizer of the competitive ratio and it is
undominated.

V. CONCLUSION

We presented a framework for designing of optimal H2

dynamic controller laws with limited plant model information.
We solved the problem of designing optimal controller in
a sense of competitive ratio and dominance for a class of
discrete-time time-invariant dynamical systems. We showed
that this controller is a surprisingly a static one. Possible
future work will focus on extending the present framework
to situations where the number of inputs is strictly less than
the order of the system.
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