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Abstract— A framework is presented for scheduling smart
appliances based on electricity prices and constraints, such as
timing of service, delays between phases of operation and work-
ing regimes, and maximum permissible power consumption.
We use game theory to construct a distributed algorithm for
negotiating the optimal schedule for the appliances.

I. INTRODUCTION

Customers, in the past, were provided with average elec-
tricity prices that had little relationship with the real genera-
tion prices. Recently, operations involving real-time pricing
and critical-peak pricing are emerging to provide customers
with time-varying rates that reflect the generation prices. This
information can be used to shape the behavior the customers
to reduce carbon emissions and to decrease production costs
of the utility providers. This, however, relies on customers
changing their behavior by optimally scheduling their ap-
pliances in response to the prices, which is not often the
case because of the difficulties associated with solving such
scheduling problems. Therefore, there is a need for creating
algorithms that determine the best possible schedule based
on physical and/or user-specified constraints for utilizing the
appliances.

In this paper, specifically, we propose a framework in
which “smart” electronic appliances in a house can be
programmed to distributedly negotiate an optimal schedule
between themselves, based on time-varying electricity prices
and constraints such as, timing of service, delays between
phases, working regimes, and maximum allowable power
consumption in the house. We translate these specifications
into a game and use log-linear learning (e.g., see [1]) to
recover an equilibrium of the game, which is shown to
coincide with the optimal schedule. The learning algorithm
is fully distributed and only relies on a pricing mechanism
between the appliances to signal infeasible decisions. The
scheduling framework is close to [2]; however, we restrict
ourselves to a set of finite choices for the power consumption
in the various phases of appliance operation because, in
practice, we can only select from a few modes of operation
rather than being able to finely adjust the power consumption.
Further, we propose a distributed algorithm for negotiating
an optimal schedule rather than solving a centralized mixed-
integer linear program. The methodology of this paper is
closely related to [3], [4] in which the authors use game
theory for distributed control. However, in those studies, a
centralized optimization problem is translated into a game
using methods such as wonderful life utility, while, here, the
decentralized nature of the cost function automatically give
rise to a game.
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The rest of the paper is organized as follows. Section II
introduces the scheduling framework. The distributed al-
gorithm is presented in Section III. Finally, the numerical
results are shown in Section IV and the paper is concluded
in Section V.

II. SCHEDULING APPLIANCES

We consider the problem of scheduling n ∈ N electric
appliances over K ∈ N time slots. We assume that appliance
i ∈ I := {1, . . . , n} has ti ∈ N distinct uninterruptible
phases that need to be serviced sequentially. Let τij ∈
K := {1, . . . ,K} denote the time instance in which we start
servicing phase j ∈ Ji := {1, . . . , ti} of appliance i ∈ I.

Remark 1: In this framework, an appliance might refer to
one or more devices. For instance, when two or more devices
need to be run sequentially, e.g., the washing machine and
the dryer, we can lump them into an appliance and enforce
that the phases of the second device should be serviced
sequentially after the phases of the first device.

We assume that each phase can operate on a variety of
energy consumption patterns. For instance, we may select a
pattern that requires a lower power consumption while taking
longer (so that the total supplied energy is constant). In some
cases, lowering the power will result in a lower efficiency
(since appliances are generally designed to perform at the
highest achievable efficiency in nominal conditions) and,
thus, we need to supply a higher total energy. Let us
assume that phase j of appliance i can select from power
consumption patterns pzij : Z → R≥0 for z ∈ Zij :=
{1, . . . , Zij}, where Zij ∈ N denotes the number of modes
of operation. We assume that pzij(k) = 0 for all k ∈ Z \ K
and all z ∈ Zij , j ∈ Ji, and i ∈ I. Therefore, the power
consumption of phase j of appliance i at time k ∈ K is
given by

∑
z∈Zij

xzijp
z
ij(k − τij) in which xzij ∈ {0, 1},

∀z ∈ Zij , satisfies
∑
z∈Zij

xzij = 1 (to ensure that only
one of the patterns is active). Let us use the notation δzij
to denote the duration of pattern z ∈ Zij . Note that since
the phases are uninterruptible, this is well-defined. We define
Dij =

∑
z∈Zij

xzijδ
z
ij to denote the duration of the chosen

mode of operation. We impose the following constraints

Di1 ≤ τi1 ≤ Di1, i ∈ I, (1a)

Dij ≤ τij − (Di,j−1+τi,j−1) ≤ Dij ,

∀j ∈ Ji \ {1}, i ∈ I, (1b)

where constants 0 ≤ Dij ≤ Dij , respectively, denote
the minimum and the maximum acceptable delays between
phases j− 1 and j. Note that the condition Dij ≥ 0 ensures
that phase j can only start after phase j − 1 is finished. We
can also set a deadline fi ∈ K by which appliance i should
be serviced. This can be enforced by

Diti + τiti ≤ fi, ∀i ∈ I. (2)



Finally, to ensure the total power drawn at any time instance
is limited, we impose the constraint that∑

i∈I

∑
j∈Ji

∑
z∈Zij

xzijp
z
ij(k − τij) ≤M, ∀k ∈ K, (3)

where M ∈ R≥0 is the largest permissible power consump-
tion by the whole house (or, at least, by the smart appliances).
The cost of running all these appliances is∑

k∈K

ck

(∑
i∈I

∑
j∈Ji

∑
z∈Zij

xzijp
z
ij(k − τij)

)
, (4)

where ck is price of the power at any k ∈ K.
Let us define the set of feasible decision variables for each

appliance i ∈ I as

Ξi :=

{
(τij , (x

z
ij)z∈Zij

)j∈Ji
| τij ∈ K,∀j ∈ Ji

Dij ≤ τij −
( ∑
z∈Zij

xzi,j−1δ
z
i,j−1

+ τi,j−1

)
≤ Dij ,∀j ∈ Ji \ {1},( ∑

z∈Zij

xzitiδ
z
iti

)
+ τiti ≤ fi

}
.

For scheduling the appliances, the central planner is inter-
ested in solving the mixed-integer linear program

min
∑
k∈K

ck

(∑
i∈I

∑
j∈Ji

∑
z∈Zij

xzijp
z
ij(k − τij)

)
, (5a)

s.t. (τij , (x
z
ij)z∈Zij

)j∈Ji
∈ Ξi,∀i ∈ I, (5b)∑

i∈I

∑
j∈Ji

∑
z∈Zij

xzijp
z
ij(k − τij) ≤M,∀k ∈ K. (5c)

We relax the problem in (5) by removing the hard con-
straint (5c) and penalizing the decision variables that violate
this constraint. Let us define

φρ((τij , (x
z
ij)z∈Zij

)j∈Ji,i∈I)

=
∑
k∈K

exp

(
ρ

(∑
i∈I

∑
j∈Ji

∑
z∈Zij

xzijp
z
ij(k − τij)−M

))
,

where ρ > 0 is a constant. As ρ tends to infinity, the mapping
φρ(·) approaches the perfect measure of the feasibility of
the hard constraint in (5c), that is, its outcome is equal
to zero if the constraint is satisfied and equal to infinity
otherwise. For the purpose of this paper, we can pick a
large enough value for this constant, solve the problem, and
observe the frequency/amount of the constraint violation. If
the performance is not satisfactory, we can gradually increase
this constant while feeding the solution of the previous
step as a starting point until we meet the requirements.
Let us, for the sake of simplicity of presentation, define
ξi = (τij , (x

z
ij)z∈Zij

)j∈Ji
. Now, we may rewrite (5) as

min
(ξi)i∈I∈

∏
i∈I Ξi

U((ξi)i∈I), (6)

where

U((ξi)i∈I) :=
∑
k∈K

ck

(∑
i∈I

∑
j∈Ji

∑
z∈Zij

xzijp
z
ij(k − τij)

)
+ φρ((τij , (x

z
ij)z∈Zij

)j∈Ji,i∈I). (7)

Algorithm 1 Log-linear dynamics for negotiating an optimal
schedule by the appliances.
Require: γ ∈ R>0

1: Initialize ξi[0] ∈ Ξi, i ∈ I, arbitrarily
2: for r = 1, 2, . . . do
3: Select i randomly with uniform distribution
4: Set ξ−i[r] = ξ−i[r − 1]
5: Select ξi[r] randomly according to the distribution

P{ξi[r] = ξ̄i} =
exp(−Vi(ξ̄i, ξ−i[r])/γ)∑

ξ̃i∈Ξi
exp(−Vi(ξ̃i, ξ−i[r])/γ)

6: end for

III. DISTRIBUTED NEGOTIATION

As an alternative to solving the optimization problem (6)
in a completely centralised fashion, consider a partially
distributed approach in which each appliance solves an
optimization problem

min
ξi∈Ξi

Vi(ξi, ξ−i), (8)

where ξ−i = (ξq)q∈I\{i} and

Vi(ξi, ξ−i):=
∑
k∈K

ck

(∑
j∈Ji

∑
z∈Zij

xzijp
z
ij(k − τij)

)
+ζi(ξi, ξ−i),

with ζi :
∏
q∈I Ξq → R denoting an appropriately selected

mapping for determining the prices enforced by a central
planner, on the basis of a prior iterate of the decision
variables for which a level of communication is required.
This function can be seen as a signaling mechanism and
need not reflect actual monetary transactions. Now, we can
properly define the scheduling game in the normal-form
representation; e.g., see [5, p. 4].

Definition 1 (Scheduling Game): A scheduling game is
defined as a tuple (I, (Ξi)i∈I , (Vi)i∈I), that is, players in
I with the action space (Ξi)i∈I and costs (Vi)i∈I .

Definition 2 (Nash equilibrium): (ξ∗i )i∈I ∈
∏
i∈I Ξi

constitutes an equilibrium of the scheduling game if
Vi(ξ

∗
i , ξ
∗
−i) ≤ Vi(ξi, ξ∗−i) for all ξi ∈ Ξi and all i ∈ I.

Now, we can prove the following fundamental result.
Theorem 1: Any solution of (6) is an equilibrium of the

game with ζi(ξi, ξ−i)=φρ((τij , (xzij)z∈Zij )j∈Ji,i∈I),∀i ∈ I.
Proof: We first prove that the social cost function U :∏

q∈I Ξq → R, defined as in (7), is a potential function
for the game (e.g., see [6]), that is, for all i ∈ I, we have
U(ξi, ξ−i) − U(ξ̄i, ξ−i) = Vi(ξi, ξ−i) − Vi(ξ̄i, ξ−i) for all
ξi, ξ̄i ∈ Ξi and ξ−i ∈

∏
q∈I\{i} Ξq . This can be proved by

noting that (9), on top of the next page, holds. The rest of
the proof follows from applying Lemma 2.1 in [6].

Now, it remains to design an algorithm that recovers
an equilibrium of the proposed game. There are many
algorithms available for games with finite discrete action
sets. We use the log-linear learning dynamics to find a
Nash equilibrium [1]. Algorithm 1 introduces the log-linear
learning dynamics in the context of the proposed game.
For this algorithm, we can prove the following convergence
property.



U(ξi, ξ−i)− U(ξ̄i, ξ−i) =
∑
k∈K

ck

( ∑
j∈Ji

∑
z∈Zij

xzijp
z
ij(k − τij)

)
−
∑
k∈K

ck

( ∑
j∈Ji

∑
z∈Zij

x̄zijp
z
ij(k − τ̄ij)

)
+ φρ((τij , (x

z
ij)z∈Zij

)j∈Ji
, (τqj , (x

z
qj)z∈Zqj

)j∈Ji,q∈I\{i})

− φρ((τ̄ij , (x̄zij)z∈Zij
)j∈Ji

, (τqj , (x
z
qj)z∈Zqj

)j∈Ji,q∈I\{i})

=Vi(ξi, ξ−i)− Vi(ξ̄i, ξ−i). (9)

Algorithm 2 Metropolis-Hastings algorithm for decision
sampling in Line 5 of Algorithm 1.
Require: W ∈ N
Ensure: ξi[r] distributed according to Line 5 of Algorithm 1

1: Select ξi[r] uniformly from Ξi
2: for w = 1, 2, . . . ,W do
3: Select ξ′i uniformly from Ξi
4: Select u uniformly from [0, 1]
5: if u<exp([Vi(ξi[r], ξ−i[r])−Vi(ξ′i, ξ−i[r])]/γ) then
6: ξi[r]← ξ′i
7: end if
8: end for

Algorithm 3 Rejection sampling algorithm for uniform
selection from Ξi in Lines 1 and 3 of Algorithm 2.
Ensure: ξi uniformly selected from Ξi

1: repeat
2: for j = 1, . . . , ti do
3: if j = 1 then
4: Select τi1 uniformly from {Di1, . . . , Di1}
5: else
6: Select τij uniformly from {Di,j−1 + τi,j−1 +

Dij , . . . , Di,j−1 + τi,j−1 +Dij}
7: end if
8: Select z uniformly from Zij
9: Set xzij = 1 and xz

′

ij = 0 for all z′ ∈ Zij \ {z}
10: Set Dij = δzij
11: end for
12: Set ξi = (τij , (x

z
ij)z∈Zij

)j∈Ji

13: until ξi ∈ Ξi

Theorem 2: If (ξ̄i)i∈I ∈
∏
i∈I Ξi, the stationary distri-

bution of the action profile of the players in Algorithm 1
follows

lim
r→∞

P{ξi[r] = ξ̄i,∀i ∈ I}

=
exp(−U((ξ̄q)q∈I)/γ)∑

((ξ̃q)q∈I)∈
∏

q∈I Ξq
exp(−U((ξ̃q)q∈I)/γ)

and otherwise limr→∞ P{ξi[r] = ξ̄i,∀i ∈ I} = 0.
Proof: The proof follows from [1], [7].

Remark 2: If we select a small enough γ, Theorem 2
shows that the stationary distribution of the decisions of
the appliances in Algorithm 1 concentrates on the global
minimizer of the social cost function. Therefore, for small γ,
we can extract the solution of (6) distributedly.

We use the Metropolis-Hastings algorithm in Algorithm 2
for the sampling required in Line 5 of Algorithm 1. Fol-
lowing Theorem 6.2.3 in [8, p. 235], we know that if we

TABLE I
THE NOMINAL ENERGY CONSUMPTION AND THE NOMINAL OPERATING

TIME OF EACH PHASE OF THE DISH-WASHER.
Energy phase Energy (Wh) Nominal Operation Time (min)

pre-wash 16.0 14.9
wash 751.2 32.1

1st rinse 17.3 10.1
drain 1.6 4.3

2nd rinse 572.3 18.3
drain and dry 1.7 52.4

TABLE II
THE NOMINAL ENERGY CONSUMPTION AND THE NOMINAL OPERATING

TIME OF EACH PHASE OF THE WASHING MACHINE AND THE DRIER.
Energy phase Energy (Wh) Nominal Operation Time (min)

movement 118.0 26.0
pre-heating 5.5 6.6

heating 2054.9 59.7
maintenance 36.6 19.9

cooling 18.0 10.0
1st rinse 18.0 10.4
2nd rinse 17.0 10.3
3rd rinse 78.0 19.8

drying 2426.3 120.8
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Fig. 1. The electricity price for Stockholm on June 5 and 8, 2015 taken
from Norl Pool Spot [9].

select W large enough (depending on the mixing time of the
Markov chain), the outcome of Algorithm 2 has the required
distribution. This algorithm requires uniformly distributed
random variables from Ξi, which we address in Algorithm 3.
This algorithm picks schedules that satisfy the conditions
in (1) uniformly at random. Then, reject all the schedules
until they meet the deadline condition in (2).

IV. NUMERICAL EXAMPLE

First, we would like to schedule the use of two appliances.
The first appliance is a dishwasher and the second appliance
is a pair of washing machine and drier. The nominal energy
consumption and the nominal operating time of each phase of
the appliances are shown in Table I and II, respectively. Let
us discretize the time horizon of 9 am−12am into windows
of 10 min. We use the price of electricity in Stockholm on
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Fig. 2. The initial schedule of Algorithm 1 for June 5, 2015.
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Fig. 3. The schedule for June 5, 2015 extracted from Algorithm 1.

June 5, 2015 and June 8, 2015 to form our cost function;
see Figure 1. We assume that the phases of the appliances
can be serviced sequentially with a delay of up to 10 min
except for the drier, which can be delayed for up to 60 min.
Furthermore, we assume that the operation time of each
phase of the appliances can be lengthened by up to 20 min
to reduce its instantaneous power consumption. The starting
time of the appliances can be any time in 9 am − 12am so
long as the appliance is fully serviced before the end of the
horizon. Finally, note that we select M = 2100 W.

To find the socially optimal schedule, we initialize Al-
gorithm 1 at a random initial schedule given in Figure 2
and select γ = 0.1, W = 50, and ρ = 0.04. The cost
of running the appliances based on this initial schedule is
0.5659 Euro. Figure 3 shows the extracted schedule from
Algorithm 1 for running the appliances on June 5, 2015. The
price of running the appliances on this day is 0.4584 Euro.
Clearly, there is 19% reduction in the cost of running the
appliances from the initial schedule. To understand the saving
potentials, we consider an alternative case in which we find
the worst case schedule by using −ck instead of ck in (4).
Figure 4 illustrates the worst case schedule extracted from
Algorithm 1. The cost of running the appliances based on this
schedule is 0.6323 Euro, which is approximately 38% larger
than the schedule in Figure 3. Figure 5 shows the schedule
on June 8, 2015 extracted from the proposed algorithm. The
price of running the appliances on this day is 0.5314 Euro.
Evidently, the cost-effective schedule is different from day
to day.

The codes for reproducing this numerical example can be
found in [10].
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Fig. 4. The worst case schedule for June 5, 2015 extracted from
Algorithm 1 by using −ck instead of ck in (4).
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Fig. 5. The schedule for June 8, 2015 extracted from Algorithm 1.

V. CONCLUSIONS

We presented a distributed algorithm using game theory
to optimally schedule smart appliances in a house. The ap-
pliances negotiate with each other to find a feasible schedule
that optimizes the price of electricity. Future work can focus
on quantifying the convergence rate of the algorithm.
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