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Abstract— Two forward kinematic models which are used in
the control of an omnidirectional mobile base are evaluated.
These two models result in different sensitivities to joint position
error. The analysis and experimental results in this paper
demonstrate the capabilities of dynamic model in improving the
sensitivity of the forward kinematic model, resulting in a more
even distribution of joint torques and in minimizing the amount
of slip between wheels.

I. INTRODUCTION

A mobile robot with four Powered Caster Wheels (PCW)
(Fig. 1) is developed in Singapore Institute of Manufacturing
Technology (SIMTech). Mobile robots with Powered Caster
Wheels (or “off-centered orientable wheels”) have omnidirec-
tional motion capability [1] [2] i.e. have three controllable
degrees-of-freedom in the planar case. Omnidirectional motion
capability simplifies the trajectory planning of the mobile
base: all degrees-of-freedom in the planar workspace are
controllable simultaneously. Having full maneuverability, the
applicability of the mobile base as a service robot in human
and unstructured environment is improved. The kinematic and
dynamic modelling of PCW-based mobile robots are well
studied in the literature [2]–[6]. Optimal design and analysis
of this kind of mobile base are studied in [7] [8].

Kinematic and dynamic control strategies were formulated
and implemented on the omnidirectional base. Various meth-
ods were investigated in order to obtain accurate models of
the kinematic and dynamic characteristics, therefore achieving
better motion control performance. This paper presents the
formulation of kinematic and dynamic models of the mobile
base and analyzes two forward kinematic models which result
in different sensitivities of the base position errors to joint
position errors. Using experimental results carried out on
the actual robot, the effectiveness of dynamic compensa-
tion is demonstrated by achieving a more even joint torque
distribution and minimized amount of slip between wheels.
These results improve wheel-floor traction, hence decrease the
chances of wheel-floor slippage. This in turn produces a more
accurate odometry of the base. The strategies described were
implemented on the omnidirectional mobile robot and real
time experimental results are presented in this paper.

Fig. 1. An omnidirectional mobile base with 4 Powered Caster Wheels.
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Fig. 2. Frame assignment and parameter definition of the mobile base.

II. KINEMATICS

The frame assignment and parameter definition of a mobile
base with N PCWs are shown in Fig. 2.

Frame B is defined as the frame attached to the center of
the mobile base and moves with the base. The location of
the wheel with respect to Frame B is defined by vector hi,
of length hi, forming an angle βi with the x axis of Frame
B. The contact point between the wheel i and the ground is
defined as point Ci and its position with respect to Frame B
is defined as pCi. A Frame Ci is defined with its origin at
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point Ci, with axis yCi defined along the translational motion
of the wheel and the axis xCi perpendicular to yCi so that it
results in axis zCi pointing vertically upwards. Every powered
caster wheel is capable of steering and driving motions. The
steer angle for wheel number i is defined as φi and the driving
angle as ρi. The wheel has an offset of length b and radius r.

The kinematics of the mobile base can be derived by
equating the velocities of the wheel-floor contact points Ci

as generated by the task space velocity at the center of the
base (ẋ = [v,ωωω]T ) and those generated by the joint space
velocities (q̇ = [φ̇1, ρ̇1, φ̇2, ρ̇2, ...φ̇N , ρ̇N ]T ). When expressed
in Frame B, it is described by the following equation:

Bv +B ω × BpCi = bφ̇i
BxCi + rρ̇i

ByCi (1)

where BxCi and ByCi (expressed in Frame B) are

BxCi =
[ −sin(βi − φi)

cos(βi − φi)

]

ByCi =
[ −cos(βi − φi)

−sin(βi − φi)

] (2)

Vector BtCi is obtained by rotating pCi by 90o keeping the
same magnitude. The result of the cross product Bωωω ×B pCi

is simplified as: ωBtCi, where ω is the scalar value of the
rotation of the base around the vertical z axis (Fig. 2).

Equation (1) is rearranged into:

[
I2×2

BtCi

] [
Bv
ω

]
=

[
b BxCi r ByCi

] [
φ̇i

ρ̇i

]

(3)
For convenience, (3) can be expressed with respect to

individual Frame Ci to reveal the individual contribution of the
steer and drive joint motions of each wheel i. This is done by
pre-multiplying both sides of the equation with rotation matrix
CRB = [BxCi

ByCi]T . The resulting equation of motion for
the mobile base, taking into account all the available joints, is
expressed as

A ẋ = B q̇ (4)

where

A =




BxT
C1

BxT
C1

BtC1
ByT

C1
ByT

C1
BtC1

BxT
C2

BxT
C2

BtC2
ByT

C2
ByT

C2
BtC2

...
...

BxT
CN

BxT
CN

BtCN
ByT

CN

ByT
CN

BtCN




(5)

B =




b1 0 . . . 0 0
0 r1 . . . 0 0
... 0

. . . 0 0
0 0 . . . bN 0
0 0 . . . 0 rN




(6)

The odd and even rows of (4)-(6) describe the relationship
of the velocities at the center of the base with the velocities
generated by the steer joint (φi) and by the drive joint (ρi) of
wheel i respectively.

A. Inverse Kinematics

Equation (4) indicates the relationship between the task
space velocities and joint space velocities of the robot. Since
B is a diagonal matrix, it is obvious that the inverse kinematics
of the robot always exists as:

q̇ = B−1 A ẋ (7)

The same expression for inverse kinematics can also be
derived by modelling each wheel as a serial manipulator with
common end-effector point. Each wheel is modelled as serial
R − P − R manipulator with three joints. Expressing the
Jacobian in the end-effector frame removes the unobservable
and uncontrollable twist (virtual rotation axis at every contact
point) joint variable from the inverse kinematic expression for
[φ̇i, ρ̇i]T . The details can be found in [3] [4].

B. Forward Kinematics

We have just shown that the inverse kinematics of the
mobile base always exists. However, the forward kinematics is
not as straightforward. This is due to the fact that the mobile
base is a parallel mechanism in topology and the number of
joints is greater than the dimension of task space in the system.
In our mobile base, every wheel module can be considered as a
branch of the whole system and there are more joints (8 joints)
than the degrees-of-freedom (3 DOFs planar) of the robot.
Due to the redundant actuation, the forward kinematics of this
type of robot is not straightforward and different optimization
schemes have been proposed [9]. In practice, the presence of
uncertainties such as sensor noise and parameter error requires
statistical methods to compensate for them [10].

The drawback of these methods is that they require either
extensive computations in the control process or extra assump-
tions on the mechanism. In this paper, we will derive two
simple forward kinematic models based only on the motion
constraints of the robot. Simulation and real experiments in
later sections will show the performance of these two simple
solutions.

1) Forward Kinematic Model 1: From the inverse kinemat-
ics (7), the forward kinematics can be derived by computing
the left pseudo-inverse of matrix B−1A as

ẋ = (B−1 A)LPI q̇ (8)

where (B−1 A)LPI = ((B−1 A)T (B−1 A))−1(B−1 A)T

Equation (8) leads to an ẋ solution which minimizes the
joint velocity differences between the measured and the con-
sistent set of joint velocities associated with the corresponding
robot velocity, in a least-squares manner [11].

2) Forward Kinematic Model 2: From (4), the forward
kinematics can also be derived by computing the left pseudo-
inverse of matrix A as:

ẋ = ALPI B q̇ (9)

where ALPI = (AT A)−1AT

Note that the right hand side of (4) represents the contact
point (Ci) velocities generated by the driving and steering
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actuators on each wheel module. This model will lead to an ẋ
which minimizes the differences between the measured contact
point velocities and the ideal contact point velocities based on
the corresponding robot velocity, in a least-squares way [11].

III. DYNAMICS

A. Dynamic Modelling

In most of the literature on the study of dynamics of wheeled
mobile robots (WMRs), the equations of motion are derived
using either the Lagrangian formalism [12] [13] [2] or the
Newton-Euler formalism [14]–[16]. The concept of orthogonal
complement was used to develop the dynamics of a 2 DOF
WMR [17]. The same concept has been extended to derive
the dynamics of an omnidirectional WMR with 3 PCWs
[6]. Some other researchers have adopted Kane’s approach
(also termed Lagrange’s form of d’Alembert’s principle) to
model the dynamics of WMRs [6] [18]. This approach is
shown to offer several advantages over the Newton-Euler and
Lagrangian approaches [18].

The Operational Space Formulation [19] is another com-
monly used method for modelling the dynamics of robot
systems. The Augmented Object Model [20], an extension of
the Operational Space Formulation, is applied to the dynamic
modelling of multiple robot systems cooperating to manipulate
a common end-effector.

The Augmented Object Modelling method is used here to
derive the dynamics equation of the mobile base. The mobile
base is considered as a cooperative manipulator system. Every
wheel module is modelled as a manipulator and the center
of the mobile base is the common operational point of the
manipulators. The Lagrangian dynamic model in joint space
is given as

Γ = M q̈ + b + g (10)

where Γ is the joint torques vectors, M, b and g are the
inertia, Coriolis and centrifugal forces and gravity of the rigid
bodies in the system. Similarly, the operational space dynamic
model can be derived as

F = Λ ẍ + µ + p (11)

where F, µ, p, Λẍ are the resultant force, centrifugal and
Coriolis force, gravity and inertial acceleration forces in
operational space respectively. The mobile base is assumed
to always move in a planar space, so gravity component is
ignored in following discussion.

The Augmented Object Model states that the dynamics of
the composite system is found by summing the operational
space dynamics of all the chains and the load at the opera-
tional point [20]. So the augmented inertia Λ⊕, Coriolis and
centrifugal force µ⊕ are expressed as

Λ⊕ =
∑

Λi (12)

µ⊕ =
∑

µi (13)

The dynamic formulation of the augmented system in
operational space is then given as

F = Λ⊕ ẍ + µ⊕ (14)

More details on deriving the dynamic model can be found
in [1] and [11].

B. Torque Distribution

Two torque distribution schemes can be derived from the
two forward kinematic models presented in Section II based
on the force/velocity duality.

1) Torque Distribution Scheme 1: From (8), the joint
torques Γ can be computed from the operational force F:

Γ = (B−1A)T
LPI F (15)

By using this model, the joint torque differences are minimized
in a least-squares manner.

2) Torque Distribution Scheme 2: Similarly, another torque
distribution model can be derived from (9):

Γ = BT AT
LPI F (16)

By using this model, we minimize, in a least-squares manner,
the interaction forces between different contact points.

The operational space force F is specified by the inverse
dynamics of the augmented system given in (14). The control
loop can then be closed by choosing one of the torque
distribution schemes presented above.

IV. SIMULATION AND EXPERIMENTAL RESULTS

In this section, the effectiveness of the proposed dynamic
control scheme, in terms of its capabilities to evenly distribute
joint torques and minimize slippage, are demonstrated. The
mobile base (Fig. 1) was commanded to move to and fro in
the y direction for 2 meters in 10 seconds in all experiments
(Fig. 3). For the purpose of comparison, three different control
strategies were used in the experiments. The three control
strategies are

• kinematic control (K model)
• dynamic control with torque distribution scheme 1 (D1

model)
• dynamic control with torque distribution scheme 2 (D2

model)
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Fig. 3. Desired trajectory of the experiments

569



A. Effects of Dynamic Compensation

1) Tracking Error: Fig. 4 shows the position tracking error
of the three models and Fig. 5, expanded view of Fig. 4, shows
the position tracking error when the robot is moving in straight
line without steering. The following can be observed:

• In the direction of motion (y), errors for kinematic model
are always more than that of the dynamic model (Fig. 4).
This is expected as the dynamic model can compensate
for the dynamic coupling effects.

• In the non-motion direction (x), it is interesting to note
that the performance of the kinematic model is compara-
ble to that of the dynamic model (See tracking error in x
direction in Fig. 5) except when the wheels are flipping
and the dynamic coupling is amplified (See tracking error
in x direction in Fig. 4).

• When the wheels change their directions (i.e. when the
robot changes its direction by 180o), the kinematic model
consistently performs worse compared to the dynamic
model (peaks in Fig. 4 in the non-motion direction x and
θ). This is because the flipping of the wheels amplifies
the dynamic coupling effects.

• The magnitude of errors for the dynamic model is about
the same in all directions. This is expected and shows the
effectiveness of compensating for the coupling with the
dynamic model.
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Fig. 4. Comparison of position tracking error between the three control
models.

2) Torque Distribution: Fig. 6 and 7 show the controller
outputs i.e. driving joint torques and steering joint torques
under the three control schemes. Both Fig. 6 and 7 show that
the torques were much more even across all 8 actuators in
the dynamic control (Fig. 6 and 7 middle and bottom) than
the kinematic control (Fig. 6 and 7 top). The results from
D2 model were also found to be marginally better than the
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Fig. 6. Comparison of joint torques (driving) between the three control
models (4 curves in each graph, one for each wheel).

D1 model, although the difference was not as much as that
between kinematic and dynamic models. By distributing joint
torque evenly, the mobile base increases the overall wheel-
floor traction, therefore reducing the chance of wheel-floor
slippage.

B. Comparison of D1 and D2

The effects of dynamic models D1 and D2 are further
investigated model by simulation and real experiments in the
following sub-sections.
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1) Sensitivity to Disturbance: An interesting difference
between the two models is observed in simulation. To demon-
strate the sensitivity of the two models to disturbance, a
desired base trajectory (ẋdes) was generated and the desired
joint trajectory computed by inverse kinematics. A random
disturbance signal (∆q̇) was introduced to the joint trajectory
which is then used to compute the base trajectories (ẋcom)
using the two forward kinematic models (D1 and D2). Fig. 8
(a)-(c) show the resulting base motion errors (ẋdes − ẋcom)
in x, y and θ respectively. The resulting error in the base
motion computed by D2 model is larger than that of D1 model.
This is an interesting result which implies that D2 model is
provides a more sensitive feedback to the tracking error of
the base motion. This is especially so when the errors are
computed only from joint position sensors and there is no
external sensor for measuring the actual base position. More
extensive experimental results have consistently indicated that
the D2 model is more sensitive to error or disturbance in joint
position.

2) Slip Minimization: In this experiment, motion produced
by the torque command vector computed using dynamic
models D1 and D2 were compared. Fig. 9 shows the measured
driving joint velocities (ρ̇) of the wheels produced by the
resulting torque commands. More spikes in joint velocities are
detected in the motion (when the robot is moving in straight
line) resulting from D1 model than D2. These spikes show
that not all the wheels are producing the desired motion.
Because this is a parallel system, all wheels should ideally
produce identical velocity vector at the common operational
point (equal to the desired velocity). When this is not the case,
the close-chain kinematics no longer holds and slippage occurs
between the wheel contacts and the ground. The slippage is
due to the fact that the sum of the internal forces produced
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Fig. 8. Comparison of sensitivity to disturbance between D1 and D2 models.

by the wheels on the mobile base chassis are not zero. When
a rigid body is subjected to multiple frictional point contacts
(which is the case of our mobile base), the Moore-Penrose
Generalized Inverse (or the pseudo-inverse) of the mapping
between the operational point and the contact points yields a
solution vector which lies in the null-space of the internal force
field [21], [22]. D2 model yields a solution that minimizes the
internal forces at the base chassis, thereby slippage is reduced.

V. CONCLUSION

Kinematic and dynamic models of a PCW-driven omnidi-
rectional mobile robot are presented. Two forward kinematic
models which result in different sensitivities of base position
error to joint position error are evaluated. All experiments
were carried out on our real omnidirectional mobile base.
The experimental results show that, given a desired robot
motion, the dynamic control has the capability of distributing
joint torque more evenly, as compared to kinematic control.
Slippage is also minimized by choosing a solution which
minimizes the differences between the measured wheel contact
velocities (with the ground) from the desired. These merits of
torque distribution and slip minimization enhance the accuracy
of mobile base odometry, as they reduce chances of overall
wheel-floor slippage.
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