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On Uniform Asymptotic Stability of Time-Varying
Parameterized Discrete-Time Cascades

Dragan Nesi¢ and Antonio Loria, Member, IEEE

Abstract—Recently, a framework for controller design of sam-
pled-data nonlinear systems via their approximate discrete-time
models has been proposed in the literature. In this paper, we
develop novel tools that can be used within this framework and
that are useful for tracking problems. In particular, results for
stability analysis of parameterized time-varying discrete-time
cascaded systems are given. This class of models arises naturally
when one uses an approximate discrete-time model to design a
stabilizing or tracking controller for a sampled-data plant. While
some of our results parallel their continuous-time counterparts,
the stability properties that are considered, the conditions that
are imposed, and the the proof techniques that are used, are
tailored for approximate discrete-time systems and are technically
different from those in the continuous-time context. A result on
constructing strict Lyapunov functions from nonstrict ones that
is of independent interest, is also presented. We illustrate the
utility of our results in the case study of the tracking control
of a mobile robot. This application is fairly illustrative of the
technical differences and obstacles encountered in the analysis of
discrete-time parameterized systems.

Index Terms—Casacded systems, discrete-time, Lyapunov sta-
bility, nonholonomic systems.

1. INTRODUCTION

HE prevalence of digitally controlled systems and the fact

that the nonlinearities in the plant model can often not be
neglected, strongly motivate the area of nonlinear sampled-data
systems. A typical nonlinear sampled-data system consists of a
nonlinear continuous-time plant and a nonlinear discrete-time
controller that are interconnected via the analog-to-digital
(A-D) and digital-to-analog (D-A) converters.

Despite the importance of this class of systems, few systematic
tools for nonlinear sampled-data controller design are available
in the literature. One way of studying the control and analysis
problems for sampled-data systems is the hybrid systems
approach within which we may cite among others [4], [46],
[21], [8], [9], [40]. Another control method for this class
of systems is to discretize the plant model and use it for
controller design. Most of such references using this approach
assume existence of the exact discrete-time plant model (see,
for instance, [49], [18], and [17]). While this approach is
standard for linear systems, it is typically not straightforward
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for nonlinear systems. Indeed, it is usually not possible to
discretize anonlinear plant model exactly but only approximately
using numerical methods such as Runge-Kutta and, hence,
controller design has to be based on an approximate discrete-time
model. Early results using this approach can be found in [5]
and [6], and in the more recent works [28], [29], [25], and
[1]. Moreover, it was shown in [34] that a controller may
stabilize an approximate model while destabilizing the exact
model for all sampling periods. For example, if we design a
minimum-time dead-beat controller for the Euler approximate
model of a triple integrator, the controller will stabilize the
Euler mode for any sampling period but destabilize the exact
model for all sampling periods. Recently, a framework for
nonlinear sampled-data controller design via their approximate
discrete-time models was proposed in [34]-[36]. Furthermore,
in [35], it was shown that stability of the exact discrete-time
model under mild conditions guarantees also stability of the
sampled-data system. Hence, the results of [34] and [35] provide
a framework for controller design of sampled-data nonlinear
systems via their approximate discrete-time models. Several
constructive methods for controller design within the above
mentioned framework has been reported in the literature (see
[36], [19], [7], and the references cited therein).

Within the aforementioned framework, we often need to
check appropriate stability properties of an approximate closed
loop system that is described by a parameterized (in the
sampling period) discrete-time model (see [34, Ths. 1 and 2]).
In particular, one needs to check semiglobal practical uniform
asymptotic stability (SP-UAS, cf. Definition 1) of the approx-
imate discrete-time closed loop system in order to conclude
(under additional assumptions) the same property for the exact
discrete-time closed-loop system. The results from [35] allow
to conclude SP-UAS for the sampled-data control system from
SP-UAS of the exact discrete-time system. In words, SP-UAS
for a given system means that its trajectories starting from any
compact set converge to a closed neighborhood of the origin
and, moreover, the set of initial conditions may be enlarged and
the attractive neighborhood diminished as the sampling period
is reduced.

The SP-UAS property is typically hard to check. The results
that we present in this paper facilitate checking SP-UAS in
the special case when the model has a cascaded structure. In
this case, we can use the approach of “divide and conquer” by
decomposing the higher dimensional problem into several lower
dimensional problems that are easier to solve. A large number
of results and applications of continuous-time cascaded systems
can be found in [3], [20], [22], and [39] and discrete-time
cascaded systems in [12], [23], and the references cited therein.

0018-9286/04$20.00 © 2004 IEEE



876

We present sufficient and necessary conditions for SP-UAS
of parameterized discrete-time cascaded systems of the form

a(k+1) = fr(k,x(k), 2(k)) (D
2(k +1) = gr(k, z(k)) 2

where z € R,z € R™ and T > 0 is a parameter (usu-
ally the sampling period). These models naturally arise when
an approximate discrete-time model of sampled-data nonlinear
system, such as the Euler model, is used for controller design
(see [34], [36], and the case study in Section V). We also make
use of the auxiliary system

x(k+1) :fT(kvx(k)vo) 3)

Our main results (Theorems 1 and 2) state that if the systems
(2) and (3) are SP-UAS and the solutions of (1) and (2) are uni-
formly bounded, then the system (1) and (2) is SP-UAS. We
emphasize that even in the context of continuous-time systems,
boundedness of solutions of the perturbed system (1) is not ob-
tained from the stability properties of (2) and (3). For instance,
one may have that (3) is globally asymptotically stable and (2)
is globally exponentially stable and the solutions of (1) are un-
bounded; see, for instance, [48]. In [23], we give sufficient con-
ditions for uniform boundedness of the solutions of (1).

Theorems 1 and 2 use slightly different assumptions and def-
initions of stability. In particular, Theorem 1 uses “trajectory
based” conditions whereas Theorem 2 uses “Lyapunov based”
conditions that may be not equivalent in general. Two direct con-
sequences of these results are Corollaries 1 and 2 for nonpa-
rameterized discrete-time systems that generalize the cascades
results of [12]. We also present several sufficient conditions for
our conditions to hold and most notably in Section III-B we con-
struct strict Lyapunov functions from nonstrict ones (for sim-
ilar constructions in continuous-time systems see [26]). Finally,
through a case-study of the unicycle benchmark problem we
illustrate how using our results we can obtain a new control
algorithm for the unicycle that can be regarded as a redesign
of the continuous-time controller in [37]. Moreover, our con-
troller outperforms, in simulations, the continuous-time con-
troller from [37] which is discretized and implemented using
a sampler and zero order hold.

The paper is organized as follows. In Section II, we provide
mathematical preliminaries and some definitions. Our main re-
sults are presented in Section III. In Section IV, we present the
unicycle case study. Most technical proofs are included in the
appendices.

II. PRELIMINARIES

A function a : R>¢ — R is said to be of class K(a € K),
if it is continuous, strictly increasing and zero at zero; a € K
if, in addition, it is unbounded. A function 3 : R>9 x R>g —
R> is of class KL if for all ¢ > 0,3(-,t) € K and for all
s> 0,[(s,-) is decreasing to zero. A function y : R>¢ — R>
is said to be of class N if y( - ) is continuous and nondecreasing.
We denote by | - | the Euclidean norm of vectors. We denote by R
and N the sets of the real and natural numbers respectively. For
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an arbitrary 7 € R we use the notation |7| := max.cz .<, 2.
Given strictly positive real numbers L and 7', we use the fol-
lowing notation:

L
EL,T = \‘TJ . (4)

For the cascade (1), (2) we use the notation ¢ := [z 2T]T to
denote the state of the overall system. Often, we regard z in the
system (1) as an exogenous input that is not necessarily gen-
erated by the subsystem (2). In that case, we refer to the sub-
system (1) as the system with input z. The solution of the system
(1) with input z at time k, that starts at initial time instant &,
from the initial state 2:(k,) = 2, and under the action of the
input sequence wpy ;v = {z(ko),...2(k — 1)} is denoted as
o (k, kO,xO,wfko’k)). We also use w? := wfko’oo). Note that
the solution of the system (3) is the same as the solution for (1)
with input z when z(j) = 0,Vj € [ko, k] and, hence, for solu-
tions of (3) we use the notation ¢%.(k, ko, %o, 0). Similarly we
use the notation ¢5.(k, ko, &), ¢ (k, ko, &) and ¢ (k, ko, zo)
to denote solutions of (1) and (2) and of its x and z components
respectively.

To state our main results, we need the following assumption
and definitions. The motivation to consider properties presented
in Definitions 14 is to obtain the right type of stability for the
parameterized discrete-time system that can be used within the
framework! of [34, Th. 1] (to see how these results are used, see
also the case study in Section IV).

Assumption 1: There exist v
and T* > 0 such that for all ¢ € R™,k > 0 and
T € (0,7*) we have |fr(k,z,z)] < ~(|¢]) and
[fr(k,2,2) = fr(k,o,0)] < Tyo(le])ya(l2]). O

Definition 1 [SP-UAS]: The parameterized time-varying
system

€ N7717’73 € K:oo

y(k +1) = Fr(k,y(k)) Q)

is semiglobally practically uniformly asymptotically stable,
i.e., SP-UAS, (respectively, uniformly globally asymptoti-
cally stable UGAS) if there exists § € KL such that for
any pair of strictly positive real numbers (A, r) there exists
T* > 0 (respectively, there exists 7* > 0) such that for all
ko = 0,y(ko) = yo with |yo| < AT € (0,17) (y(ko) = yo
with y, € R™, T € (0,T*)) the following holds:

|67 (K, Koy yo)| < max{B(|yol, (k—ko)T), v} Vk > ko (6)

(respectively, | % (k, ko, yo)| < B(|lyo|, (k — ko)T)) for all k >
ko). O

Notice that the convergence of solutions in (6) is not uni-
form in the sampling period since the solutions are allowed to
converge slower as 1" decreases. However, (6) bounds the over-
shoots uniformly in 7.

Definition 2: The parameterized time-varying system (5) is
Lyapunov SP-UAS if there exist a1, as € Koo, 3 € K, L € N
and for each pair (A, v) > 0 there exists 7* > 0 and for each

IReference [34, Th. 1] is presented for time-invariant systems but it can be
stated with minor changes for time-varying systems that we consider in this

paper.
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T € (0,T*) acontinuous function Vi : R>g X R” — R>¢ such
that for all [y| < A, all k > 0 and all T" € (0, 7*) we have that

ar(lyl) < Vr(k,y) < az(lyl) ()
Vr(k+ 1, Fr(k,y)) — Vr(k,y) < -T(as(ly)) +v) ®)

Vie(k,r) = Vi(k, )] < L (max{]rl, [s]}) [r 5| )

for all max{|r|,|s|} < A,T € (0,7%) and k > 0. The system
is Lyapunov UGAS if there exists 7% > 0 such that the afore-
mentioned conditions hold for all z,r,s € R™, k > 0 and with
v=0. O

Remark 1: We note that the properties in Definitions 1 and
2 are very related. In particular, it was shown in [34] that the
system is SP-UAS (see Definition 1) if and only (7) and (8)
hold. However, the converse Lyapunov theorem in [34] does not
produce a Lyapunov function satisfying the condition (9) and
we believe that constructing such converse Lyapunov functions
is an open problem in the literature. In particular, it would be
important to provide conditions under which one can construct
Lyapunov functions from Definition 2 for (5) with a discontin-
uous right-hand side. Such converse theorems for nonparame-
terized discrete-time systems can be found in [14] but we are
not aware of similar results for parameterized systems. O

Definition 3: The system (5) is uniformly semiglobally
bounded (USB), [respectively, uniformly globally bounded
(UGB)], if there exist k € K, and ¢, such that for any A > 0
there exists 7 > 0 (respectively, there exists 7* > 0) such
that ks > 0,y(ko) = yo with |yo] < A and T € (0,7%)
(Yo € R" and T € (0,T™*)) implies

|64 (k. ko, yo) | < w(Jyo]) + ¢ (10)
forall k > k.. O

The following property is similar to continuity of solutions of
differential equations satisfying the local Lipschitz condition if
we think of ¢ := kT as “continuous time.” This will be crucial
in establishing a trajectory-based proof of our main result.

Definition 4: The solutions of the system (1) with input z are
uniformly semiglobally continuous (USC) [uniformly globally
continuous (UGQ)] if for any A there exists 7% > 0 (there
exists 7 > 0) such that for any € (0,A),e >0and L > 0
there exists ;1 > 0 such that for all 7" € (0,7%), all z( - ) with
|w*| < p, ko > 0 and all z(k,) = z, with |z,| < 1 we have
that

¢z (k ko,xo,wfkmk)) — §2(k, ko, 0,0)| < €

Vk € [ko, ko + 4L 1]. (11)

O

III. MAIN RESULTS

In this section, we first present two general results on stability
of cascades. In these stability results we make use of all proper-
ties presented in Definitions 1-4. Properties in Definitions 1-4
are hard to check in general and, in subsequent Sections III-B
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and C, we give some easier-to-check sufficient conditions for
USC, USB, and Lyapunov SP-UAS.

A. Stability of Parameterized Cascades

Our main results are presented in this subsection. Two results
are presented that deduce stability of the cascade (1) and (2)
from stability of two lower dimensional auxiliary systems (3)
and (2) and the boundedness of trajectories of the overall system
(1) and (2). These results are fundamental in that they are nec-
essary and sufficient for stability of the cascade. Hence, the first
condition of [34, Th. 1] can be checked via three separate con-
ditions that are usually easier to verify. Our two main results are
similar in spirit but they are derived under slightly different con-
ditions.

Theorem 1: Suppose that the solutions of the system (1) with
input z are USC (UGC). Then, the overall system (1) and (2) is
SP-UAS (UGAS) if and only if the following conditions hold:

1) system (3) is SP-UAS (UGAS);

2) system (2) is SP-UAS (UGAS);

3) system (1) and (2) satisfies the property USB (UGB). [J

Theorem 2: Suppose that f of the system (1) satisfies As-
sumption 1. Then, the overall system (1) and (2) is SP-UAS
(UGAYS) if the following conditions hold:

1) system (3) is Lyapunov SP-UAS (Lyapunov UGAS);

2) system (2) is SP-UAS (UGAS);

3) system (1) and (2) satisfies the property USB (UGB). [

For the sake of clarity, we present the proofs of the main re-
sults in Appendix A. We provide only the proofs for the more
general case of SP-UAS since the global versions follow by re-
moving the restriction on the size of the domain of attraction
and restricting the neighborhood of the origin to the origin itself
(i.e., considering v = 0).

Remark 2: The proof of Theorem 1 is inspired by the trajec-
tory-based proof in [43, Th. 1] that does not appeal to converse
Lyapunov theorems (see Appendix A). On the other hand, The-
orem 2 uses Assumption 1 instead of the USC assumption and
it is inspired by the proof of [39, Lemma 2] (see Appendix A).
We stress that in Theorem 2 we use a different assumption from
USC which is typically weaker than the latter. Moreover, we use
Lyapunov SP-UAS which is typically stronger than SP-UAS. In
particular, in Theorem 2 we may have that the right hand side
of (3) is discontinuous, which is in general excluded from The-
orem 1 because of the USC condition. Note also that since ap-
propriate converse Lyapunov theorem does not exist for parame-
terized systems (see Remark 1), we only state sufficiency results
in Theorem 2. O

Remark 3: While the proof of Theorem 1 does not require the
existence of a Lyapunov function, Theorem 2 is important since
the existence of a Lyapunov function is often helpful for con-
troller design. Indeed, a Lyapunov function may allow us to im-
prove the transients of the sampled-data system by redesigning
a continuous-time controller in an appropriate way and using
our results (see Section IV). O

Two interesting corollaries for nonparameterized systems
follow directly from our results and they generalize some
results in [12]. These results are interesting in cases when the
exact discrete-time model of the plant can be computed and we
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do not have to appeal to [34, Th. 1]. The appropriate definitions
and assumptions for nonparameterized systems

(12)
13)

are obtained easily from global definitions for parameterized
systems by setting 7" = 1 and they are not repeated for space
reasons. Similarly, the auxiliary system is

Corollary 1: Suppose that the solutions of the system (12)
with input y are UGC. Then, the overall system (12) and (13) is
UGAS if and only if

1) system (14) is UGAS;

2) system (13) is UGAS; and

3) system (12), (13) is UGB.

(]

Corollary 2: Suppose that Assumption 1 holds for f in (12).
Then, the overall system (12) and (13) is UGAS if

1) system (14) is Lyapunov UGAS;

2) system (13) is UGAS; and

3) system (12), (13) is UGB.

]

Remark 4: Notice that continuity of f is not required
in Corollary 2 whereas we implicitly require continuity in
Corollary 1 since this is needed to guarantee UGC (see also
Proposition 2). O

B. Sufficient Conditions for Lyapunov SP-UAS and for USC

First, we establish conditions for Lyapunov SP-UAS that are
sometimes easier to check that the conditions given in Definition
2. This is illustrated through the case study in next section.

It is often the case that instead of a Lyapunov function that
shows that the system is Lyapunov SP-UAS we can find an aux-
iliary function such that one or more conditions among (7)—(9)
does not hold. For instance, for time-varying systems it is often
the case that we can find a function V7 that satisfies (7) and (9),
but instead of (8), it holds that

AVr  Vp(k+1, Fr(k,z)) — Vr(k,z)
T T

< —pr(k)as(|z|)
(15)

where pr(-) is a nonnegative time-varying function that may
become zero for some k£ € Z. For example, in the case study
treated in next section, we have such a situation. It is obvious
that under this condition the system is not Lyapunov SP-UAS in
general (take, for example, pr(k) = 0).

In certain cases, it is possible to use results on changes of
supply rates and the notion of input-to-state stability, such as
[19] and references cited therein. Here, we present another con-
struction that is useful for time-varying systems: we show that
if the function pr(-) is persistently exciting in an appropriate
sense and there exists a Lyapunov function Vi that satisfies (7),
(9), and (15), then we can construct a new Lyapunov function
Uy to show Lyapunov SP-UAS (that is, (7)-(9) hold for Ur).
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Our result is similar in spirit to the continuous-time result [26]
but our construction is more related to the construction [24, eq.
(19)] and [33].

We introduce next a modified definition of persistency of ex-
citation that is tailored for discrete-time parameterized systems
to be used within the framework of [34].

Definition 5 (PE): Let pr : Z>9 — Rx>q be a function pro-
duced by sampling a function ¢ : R>9 — R>¢ at rate 7. The
function pr( - ) is said to be persistently exciting (PE) if there
exist positive numbers i, L and T* such that for all T’ € (0,7*)
andallj > 0

Jj+er. T
T > pr(k)>p (16)

k=j
O

We present the following result only for the case of Lyapunov
UGAS since the Lyapunov SP-UAS case follows with minor
modifications. The proof is provided in Appendix C.

Proposition 1: Given positive numbers ¢y, 2, €3, C4, Par, T,
a persistently exciting function pr( - ), positive—definite, radi-
ally unbounded, and continuous functions 9 : R” — R>g and
Vr : R x R® — Ry, suppose that the following conditions
hold for all z € R™,T € (0,7") and all k > 0:

cr(x) < Vi(k,x) < ex(x)
VT(]C + 1,FT(kZIZ')) — VT(k7IL) S —C3pT(k)1/}(x) + TC41/}(;E)

7)

T
(18)

pr(k) < pum. (19)

Then, there exists ¢* > 0 and for each € € (0, €*) there exist
positive numbers d1, da, d3, T* such that the function

Ur(k,x) := Vr(k,z) + eWr(k, ) (20)
with Wy(k,z) == =T 350, e* =0T pp(i)Vy(k, x), satisfies
forallz € R",T € (0,7*) and k > 0

dip(z) < Urp(k,z) < dotp(x) 21
Ur(k + l,FT(]fj:$)) — Ur(k, ) < —dgp(z).  (22)
O

We note that the aforementioned construction is slightly less
general than the one in [26] since all bounds in Proposition 1 use
the same function v (). However, this may be relaxed if we use
a more general construction (see [26]) of the form Ur(k,z) =
p1(Vr) + P(k)p2(Vr) where py, p2 € Ko. We have not pur-
sued this direction for space reasons and since Proposition 1
suffices for our case study. Moreover, it is obvious how one can
state a corollary of Proposition 1 that applies to non parameter-
ized discrete-time systems. Furthermore, note that the result on
exponential stability is obtained from Proposition 1 by taking
(x) = |z|?. These results are omitted for space reasons.

We present next, checkable conditions for USC inspired by
the literature on numerical methods (cf., [47]).

Proposition 2: Suppose that the system (3) is USB (UGB)
and for any pair of strictly positive (A1, Ay) there exist strictly
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positive K, T* such that: For all & > 0, max{|z1],|z2|} <
Aq,|z1| £ Az and T € (0,7*) we have

|fr(k,z1,21) — fr(k,22,0)
|fr(k,z1,21) = fr(k,21,0)

Then, (1) with input 2 is USC (UGC). O
The proof of this proposition is provided in Appendix B.

(1 + KT)|.171 — .172| (23)
24

C. Sufficient Conditions for USB

We stress that UGB is in general difficult to check. In [23] we
present several sufficient conditions for this property to hold and
which are inspired from [3], [39]. For the sake of completeness,
we close this section with a result which is representative of the
type of conditions given in those references and which we will
use later on in the case study. The proof follows along the proofs
of [23, Lemmas 1 and 2] and is therefore omitted.

Proposition 3: Consider the system (1) with input z. Sup-
pose that there exist &1, @2, ¢ € Koo, 1,72 € N, T* > 0,¢c >
0 and foreach T' € (0, T*) there exists Vr : R>o x R — R>g
such that forall z € R,z € R"* k> 0and T € (0,7*) we
have that

a1(lz)) < Vp(k,z) < as(lz]) + ¢ (25)
Vr(k +1, fr(k.z,2)) = Vo (k=) < Th(lz)e(Vr(k, z))
+ T72(]21) (26)
*ds
L
If, furthermore, the solutions of (2) satisfy the summability con-
dition

27

oo

Ty w(¢r(k, ko, 20)]) < p(]zol)

k=ko

(28)

with some p € Koo and p(s) := 41(s) + Y2(s)/¢(1) then, the
system (1), (2) is UGB. O

This proposition establishes some interesting links with con-
ditions used in the literature in the context of continuous-time
systems to prove UGB. Roughly speaking, (26) can be regarded
as the combination of a growth rate restriction on Vr(k, -) and
the interconnection terms (those which depend on z) present in
fr(k,z,z). Such conditions are of standard use in the context
of continuous time cascades (see, for instance [41] and [10]).

In the particular case when 71,92 € K, and ¢ = 0, one can
prove that there exist K, functions a;, avg such that the systems
trajectories satisfy

o (|67 (skos o, 1)) |) < 2(lae)

k-1
+TY n(Jhw|)  VEZhoz0 @9
1=k

which is closely related to the integral input to state stability
property [44], [2].

Condition (27) restricts the growth of . In particular, it holds
when ¢(s) = s; this situation was considered, for instance, in
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[39] with 44 (s) = 0. Earlier results using similar conditions are
found in [27] and as a sufficient condition for forward complete-
ness already in [42].

The summability condition (28), which imposes a minimal
convergence rate for the system (2), is tight. However, we are not
aware of any proof of necessity. This condition is in general hard
to check since it is trajectory-dependent. A similar condition
was used in the context of continuous-time cascades in [3] and
[38]. Related results for parameterized discrete-time systems are
also given in [23] along the lines of the results presented in these
references.

IV. CASE STUDY: TRACKING CONTROL OF THE UNICYCLE

In this section, we revisit the problem of tracking control of a
mobile robot of the unicycle type. This problem has been thor-
oughly studied in the continuous-time context via many dif-
ferent approaches (see [16] for a survey; for a more recent text
with an updated list of references, see [20]). To illustrate the
utility of our results we will revisit the cascades approach used
in [37] for a three degrees-of-freedom cart. The results may be
extended to higher dimension systems, following for instance
[20]. According to [13] the context of the problem can be set
as follows. We have a mobile robot with two directional wheels
and two “fixed” wheels and whose motion is described by

T =wcosl; y=wvsinb,; f=w (30)
where z, y are the Cartesian coordinates of the center of the axis
joining the directional wheels and £ is the orientation angle of
the directional wheels. The robot is required to follow a tra-
jectory generated by an exosystem, i.e., a fictitious “reference
robot” with kinematics

ip = vp(t)cosby  Gp =v(t)sinh, b, =w,(t)  (31)
where v,.(t) and w,(t) are given reference velocities. Then, the
tracking errors satisfy the set of equations (see [13, Lemma 1])

Te = wYe — v + v,(t) cos b,
Yo = —wxe + v,(t) sin b
0, = wr(t) — wv (32)
where (-). := (-), — (-). The system is velocity-controlled,
i.e., the control problem reduces to finding control inputs w and
v (which also correspond to the actual angular and linear veloc-
ities of the cart) such that the origin of (32) is UGAS.

There are numerous solutions to this problem in the context of
continuous-time (e.g., [11], [30], and [20] for a recent literature
review). Here, we will revisit the cascaded approach proposed
in [37] whose main feature is that the control laws are linear.
Moreover, we use the Euler-discretization of the error dynamics
to design a tracking controller

Te(k+ 1) =z (k) + Twye (k) — v+ v.(k) cos 0.(k)]
Ye(k +1) = ye(k) + T[-wze (k) + v (k) sin 0. (k)]

0o (k+1) = 0.(k) + Twr(k) — w]. (33)
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Thus, our control problem consists in designing v and w such
that (33) is UGAS. Suppose that controller has the following
structure:

w:=wp(k) + a10:(k);  vi=0v.(k) + azz.(k) + TY (34)
where a1, az,w, (k) and v,.(k) come from the continuous-time
control law proposed in [37] and ¢ is an extra control input
which depends on k,z. and y. and that we design with the
aim of improving the system’s performance. Note that the

closed-loop approximate Euler model (33) and (34) has a
cascaded structure

Te(k4+1) = (1 =Ta)we(k) + Tw,(k)ye(k) — TV
Ye(k+1) Ye(k) = Twr(k)ze (k)

FlT(k,$(k))
T[alge(k)ye<k> - Ur(k) + vr<k) Cos 06<k)]
T[—a10.(k)ze(k) + v, (k) sin 0. (k)]

-~

G (k. (k).=(k))

[\

_|_

(35
Oe(k+1)=(1="Tay)0.(k) =: For(k,z(k)) (36)
where z := 6 and X := col[z., y.]. To compact the notation,
in the sequel we will use w,., := w,(k). Now, we can state the

following.
Proposition 4: Consider the system (33) in closed loop with
(34). Assume the following

1) There exiAsts T,wM > 0 such that for all & > 0 and
T € (0,7)

W —w
max{|v7’k|7|w7’k|>M} S wpn - (37)

T

2) The function w? is PE.

Then, there exists as > 0 such that for all K,a; > 0 and
9(k, X) with [¢(k, X)| < K|X], the system is UGAS. O

The proof of this proposition is given in Appendix D. Using
this result, we can summarize the steps in designing the con-
troller.

Step 1) Following a similar approach to that of [37] where
it was shown, using results for continuous-time cas-
caded systems, that the system (32) in closed loop
with v = v,.(t) + a2z and w = w,(t) + a16. is
UGAS for appropriately chosen a; and as.
Assume that the sampled-data controller has the
structure given in (34).

Using Proposition 4 (which is proved using The-
orem 2 and Proposition 1), we see that under appro-
priate conditions the closed-loop Euler model with
the controller (34) and with zero input, i.e., ., = 0,
is SP-UAS for all ¢(k, X) satisfying |9(k, X)| <
K|X| with K > 0. Moreover, from the proof of
Proposition 4, we obtain a particular Lyapunov func-
tion Vi (k, X) for the subsystem (ze, ye ).

Use the Lyapunov function Vr(k, X) as the con-
trol Lyapunov function (where 9 is the new control

Step 2)

Step 3)

Step 4)
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input) for the Euler approximate model of the sub-
system (., y.) with the controller (34) and design
19 so that the decrease of AV along solutions of the
subsystem is enhanced when compared to the situa-
tion ¥ = 0. One such choice is

((1% + (U,%k - 6(12) Te — (2a2wrk~ - €w7§1«) Ye

2(1 = apT) +ew, T

¥k, X) :=
(38)

withe = o + T.

Using [31, Th. 1] (see also [34, Th. 1]), we conclude
that the exact closed-loop discrete-time system is
stable for sufficiently small 7" with 9 designed in
Step 4).

Remark 5: Although the unicycle system is simple at first
sight, the use of Proposition 1 is fundamental to the analysis
above since, in contrast to the continuous-time setting, the
system is not passive from an external additive input. More
precisely, notice that (26) does not hold with a simple quadratic
function as is the case for the continuous-time model. Hence,
even the property of UGB is not simple to verify in general. []

We emphasize that the aforementioned steps can be inter-
preted as a redesign of the continuous-time controller obtained
in [37]. Moreover, the redesign is based on the Euler approxi-
mate model of the error dynamics and our rigorous proofs show
that this controller would work well for small sampling periods.
Furthermore, the simulations that we present next show that the
performance is considerably improved as we could expect from
the way that ¢ was designed in Step 4). We have simulated the
system above in SIMULINK of MATLAB with as = 70,a; =
10, wy (k) = 20sin(kT),T = 0.01 and oy = 2 — T'. We show
the results in Fig. 1. We show only the responses for the states z,
and y. as well as v since these are the only variables affected by
the additional input 7. We show simulations for the system’s
response with 4 = 0, and for ¥ as defined in (38). The best
apparent performance is for the latter. It is also clear from the
plots, that even though the correction 4 is linear in the state and
actually (¢ ~ O(1)|X]), this correction is not comparable to
“adding gain” to the control input. Notice that in this case the
resulting control effort is actually smaller than in the case of the
continuous-time based controller (i.e., when ¢ = 0).

Step 5)

V. CONCLUSION

We have established necessary and sufficient conditions
for semiglobal practical asymptotic stability of time-varying
parameterized cascades. Parameterized systems arise naturally
when an approximate discrete-time model of a sampled-data
plant is used for controller design. Our results provide the
controller designer with a range of tools that can be used for
a systematic digital controller design based on approximate
discrete-time models. We also proved an auxiliary result on
constructing strict Lyapunov functions from nonstrict ones and
we believe that this result is of independent interest. The utility
of our results was illustrated with a case study, where we have
obtained a controller that performs better than the emulated
(discretized) continuous-time controller designed in [37] and
implemented using a sampler and zero-order-hold.
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with correction

-50 - ™ without correction 1
_100 1 1 1 1 1 1 1 1 1 1
0.02 0.04 0.06 0.08 o0 0.12 0.14 0.16 0.18 0.2
Ye
100 T T T T T T T T T T
50 without correction .
0 L
—Sor with correction |
_100 1 1 1 1 1 1 1 1 1 1
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
v - control input
x 104
1 T T T T T T T T T T
05¢ _— Without correction ]
0 L
-0.5F with correction b
1 1 1 1 1 1 1 1 1 1 1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Fig. 1.

APPENDIX A
PROOFS OF THE MAIN THEOREMS

All results are only proved for semiglobal-practical stability
properties since global results follow the same steps with minor
changes.

A. Proof of Theorem 1

Lemma 1: Suppose that the solutions of the system (1) with
input z are USC (UGC) and the system (3) is SP-UAS (UGAS),
with the function 8, € KL. Then, for any strictly positive
(A, v) there exists T* > 0 (there exists T*) such that for any
e > 0andn € (0,A] (any 5 > 0) there exists > 0 such that
for any input z(-) with |w*| < p, ke > 0,z(ks) = z, with
|zo] < A and T € (0,7*) we have that the solutions of the
system (1) with input z satisfy the inequality

o5 (k. ko,a:o,w[zkmk))’ < max{ B, (|zo, (k — ko)T), v} + ¢
Vk > koo (39)
O

Proof: Note first that for any (A, v) there exists 7% >
0 such that for any € (0,A] and any strictly positive real
numbers (e, L) there exists 1 > 0 such that for all inputs z( -)
with |w?| < p, all ks > 0,2(k,) = x, with |z,] < 7 and
T € (0,7*) the following holds:

07 (ko Fios 0, Wi, 1y )| < 167 Ko, 20,0)

‘ﬁ" (k7k07xo7w[zko,k))
- ¢§"(k7k07$070)|
< max{f.(|zo|,(k — ko)T),v}+e
VE € [ko, ko + 4L 1] (40)

+

Tracking errors for # and ¢ and the control input » given by (34), (38).

Hence, from (11) and the KL bound on |¢%.(k, ko, zo, 0)], it
follows that (39) holds for all & € [ko, ko + £L 7]

Next, we show that (11) holds for all k& > k.. Let 3, €
KL come from SP-UAS stability of (3). Let (A, v) be given.
Without loss of generality, assume that A > v and

Be(5,0)>s Vs >0. (41)
Let # € (0,1) be such that
Be(7,0) + /2 < v. (42)

Note that (41) implies that 7 < v.Let (A, #/2) generate T* > 0
via (40) and assume without loss of generality that 7" < 1. Let
e > 0and 7 € (0,A] be given. Let 41 > 0 be such that

Bz(61,0)+ 61/2 < e. (43)
Let L > 1 be such that
Belmac{n, 61,1}, L~ 1) < 2. @)

Let €; := min{&/2,61/2} and let ¢; and L generate u > 0

via (40). In the rest of the proof, we consider arbitrary fixed

ko > 0,2(ko) = zo with |z, <7, |w*| < pand T € (0,T%).
In order to simplify the notation, for ¢ € Z>; we introduce

ki =ko+ilpr wx = ¢ (ki,ko,xo,wfkmkq_)) .
Time Interval ko, k1]: From (40)—(42), we can write
b7 (k, ko, o, wfkmk)) ’

< max{f:(|zo|, (k — ko)T),0/2} + €1
< max{f:(|zo|, (k — ko)T),v} + €

(45)
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for all & € [ko, k1]. Moreover, note that

T<1:>L—].§T£L7T. 46)

Using, (44), (46), and our choice of €1, we can write

1] = 6% (s bos 70, 1))
< max{f.(|zo|, Tlr,1),V/2} + €1
< max{f(n, L —1),0/2} + €1
< max{61/2,0/2} + min{é, /2,0/2}

< max{éy,v}. 47)

Time Interval [k1, ko]: Since |z1| < max{é;, 7}, we con-
sider two cases.
Case 1) |z1| < p. In this case, using (40)—(42), we can write

o (k7k07$07w[zko,k))‘

= ‘(b;—v (k/ kl,:vhw[zkhk))‘
< max{f(|z1],0),7/2} + &1
< max{f,(7,0),7/2} + min{©/2,6,/2}

< Be(9,0)+0/2<v (43)

for all k& € [k1, k2]. Moreover, using (47), the fact
that 7 < 1, (44), (46), and our choice of €1, we can
write

o7 (k27ko,xo,wfkmk2))‘
< max{f;(|z1|,Tlrr),7/2} + €1
<max{f.(0,L—1),0/2} + €
<max{f,(1,L—1),0/2} + ¢
< max{61/2,7/2} + min{é,/2,0/2} < max{6;,7}.

49)
Case 2) |z1| < 61. Using (40) and (43), we can write
0 (ks ios o, it 1)) |
= ()ZS’;“ (k‘v kla T, w[zklyk)> ‘
< max{f,(61,0),7/2} + min{v/2,61/2}  (50)
< max{f;(61,0) + 61/2,7} < max{e, v}  (51)

for all k € [ky,k2]. Also, in a similar manner as
before, it follows that

ko)
6t (k)|

< max{f,(61,Tlr1),7/2} + &1 (52)
<max{f.(61,L —1),7/2} + &1 (53)
< max{61/2,0} + min{r/2,61/2}

< max{6y,70}. (54)
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Time Intervals [k;, k;+1],7 > 1: Using similar calculations
it can be shown by induction that for all integers ¢ > 1

Vk € [k“ k’i+1]

(ﬁ% (k7k07x07wfkoyk))‘ S maX{€7V}

(35
05 (kis ios o, wfi, 1) )| < max{o, 7). (56)
The proof follows from (45) and (55) by noting that
35 (ks o e, )|
< max{e,v} <e+v
< max{f.(|zol|, (k — ko)T),v} + € Yk > k1.(57)

Lemma 2: Suppose that all conditions of Lemma 1 hold and
Bz € KL comes from SP-UAS (UGAS) of (3). Then, there exist
CzyCy > 0,7 € K and for any v > O there exists 7% > 0 such
that for all ko, > 0, z(ko) = T, with |zo| < ¢, |w?| < ¢, and
T € (0,T™*), the following holds:

0 (s kov 2o, i, 1y )| < max{Ba(fel, (k = ko)1), v}
+7 (lwfi]) 69

forall k > k, > 0. O

Proof: The proof of this fact follows closely the proof of
[15, Lemma 3.3]. Since also all conditions of Lemma 1 hold,
the conclusion of Lemma 1 holds. Let (c,., v) generate T* > 0
via Lemma 1. Let = ¢, and for a fixed ¢ > 0, let ji(e) be
the supremum over all applicable 4’s. Then, |wp, 4| < fi(e)
implies that (39) holds for all k& > ko, > 0 and if pg > fi(e)
then there exists |wf, ;| < p1 and [¢7.(k, ko, To, @, 1)) >
max{ G (|zo|,(k — ko)T),v} + €. i(€) is positive and nonde-
creasing but it is not necessarily continuous. Chose ¢ € K such
that {(r) < kji(r), with k € (0,1). Lety(r) = (~'(r) and note
that vy € K. Let ¢, := lim,_, (7).

Let|ao| < ¢z, T € (0,77). Givenwyy, ) with [wj, 1] < cu
lete = 7(|w[zko’k) |). Then, we have that (58) holds for all & >
ko > 0.

Remark 6: The following fact was proved in [35]: for any
[ € KL and any ¢ > 0 there exists € KL such that

B(s,t) < B(s,t+c) Vs, t € ]0,00).
This can be further strengthened in the following manner. It was
shown in [44] that given any 3 € KL, there exist 0 € Koo, K €
K such that B(r,t) < o(k(r)e”*)Vr,t > 0. Consequently,
given any 3 € KL and a nondecreasing function L( - ), there

exists # € KL such that

Bls,t) < Bls,t+ L(s) Vi€ [0,L(s)].
To show this, let 3 generate 0,k € K as above. Then
B(s,t) := o(r(s)eX P e=t) proves the claim. O
Lemma 3: Let ¢ = (27 2T)T. Suppose that there
exist B1,02,03 € KL,v € K and ¢¢ > 0 such that
for all ;1 > 0, there exists 7* > 0 such that for all
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max{|u(ko)l|, |£(ko)|} < co,T € (0,T*) and k > ko > 0 we

have

(k)| < max{ By (| (ko) (k — ko)D), 1)

+7< sup Iu(t)l>
t€lko k]
[u(k)| < max{Bz(|€(ko)l, (k — ko)T'), 11}

|2(F)| < max{B(|z(ko)|, (k = ko)T), w1}

where ¢ := (27 27)T . Then, thereexist 3 € KLande; > 0such
thatforany v > Othereexists T; > Osuchthatforall{(ko) = &
with |{(ko)| < ¢1,T € (0,T*) and k > ko > 0 we have

E(F)| < max{B(|& |, (k = ko)T), v}

In particular, we can take

B(s,t) = 451 (2B1(s,t/2) + 27(5:2(3, 0),t/2)
+ 47(/82(57 t/2)) + 2ﬂ3(57t)
where all ,[}1- are generated via 3; and an arbitrary fixed ¢ > 0

using Remark 6. Moreover, if all the inequalities hold globally,
then the conclusion holds globally and we can take

B(s,t) = Bi(Pr(s,1/2) + 7(ﬁ2(87~0))»t/2) i
+7(Ba(s,1/2)) + P (s, 1)

(59)

(60)

(61)

O
The proof of Lemma 3 is omitted since it is published in [32].
Proof of Theorem 1: Let 3, € KL come from item 1)
of Theorem 1. Let 8, € KL come from item 2) of Theorem
1.Let kK € Koo and ¢ > 0 come from item 3) of Theorem 1.
Let v € K and ¢,, ¢, come from Lemma 2. Let ¢, > 0 be
such that §,(c.,0) < ¢, and ¢¢ := min{c., ¢, }. Let B €KL
and ¢; > 0 be generated using 51 = B.,02 = (3 = B.,7
and ¢y = ¢¢ via Lemma 3. Let x1(s) := ((¢/k(c1)) + 1)s(s).
Let L; : R>o — R>o,7 = 1,2 be continuous nondecreasing
functions with L;(0) = 1 such that for all A > 0 we have

B2(A, Li(A) —
Be(k1(A), Ly o k1 (A) —

Let L(s) := Ly(s)+ Ly o k1(s). Let 3 and L(s) generate (3 via
Remark 6. Finally, we define

B(s,£) 1= max { B (5), 1),

Let (A, v) be given. Let v4 := min{c;/2,v}. Let (k1(A), 1)
generate 77 > 0 via Lemma 1; let (A, ) generate Ty > 0
via item 2) of Theorem 1; let vy generate 7% > 0 via Lemma
2; let 1 > 0 generate 7} > 0 via Lemma 3. Let 7™ :=
min{Ty, 15,175, Ty, 1} and T € (0, 7*). Let ko > 0,&(ko) =
& with |&,] < A. We consider two cases.

(62)
(63)

1)<e
1) S 61/2.

Case 1) If |&,] < ¢, then by a direct application of Lemmas
2 and 3 we have that

(ks ko, )| < max{B(léol, (k — ko)T), 1}
< max{6(|£0|7 (k - kO)T>7 V}
forall k > k, > 0.

(64)

Bls 1), (5ol (P HEeom et

883

Case 2) If |&| € [e1, 4], then since |€,| > ¢1, we can write
using item 3) of Theorem 1

35 (k. ko, &0)| < K(IE) + ¢

< k(l&]) +

K(l&]) = K1(l& ) (65)

_c
K(c1)
for all k& > ko, > 0. Hence, we can write that for all
ke [kmko + ng,T + ng,T]:

¢ (k, Koy Eo)

< k(&) < ,{1(|50|)6L1(\Eo|)+Lzom(|£o|)e—(k—ko)T_ (66)

Using definitions of /1, 7 and the fact that T' < T™ < 1, we
obtain that

Li—1<Tly, r <Ly i=12 (67)

Moreover, the definitions of L1, v we get that for all £ > k., +
e, T

|97 (k. ko, 20)| < max{f.(A, T, ), v}
< max{0.(A,Li(A) —1),v} < ¢;. (68)

Furthermore, by letting ki := ko + fp, 7.k =
ko + EL“T + £L27T7z1 = (zb%‘(khkmxo?w[zko,kl)) and
xy = (ks ko, Zo, Wi, 1)) We obtain that

x (k‘Q, ko,xo7w[zko,k2))‘

_ ’qs; (kQ,kl,xl,w[Zkhkz))‘

< max{f,(|z1], (k2 = k1)T), 11} + €

< max{f;(k1(A),Tlr, ), } + c1/2

< max{fB;(k1(A), Ly o 1(A) = 1),v1} + c1/2
<max{ci/2,¢1/2} +¢1/2 = c1. (69)

Hegce, using (68), (69), Lemmas 2 and 3, and the construction
of (3, we have that for all & > ks:

ALY S
= ‘¢§“(k7k27€2)’

< max{B(|&|, (k — k2)T),v1}
< max{B(r1(|&), (k — ko = £r, 7 = £1,,7)T), 11}
< max{B(k1(|éol), (k — ko)T — Ly — La),v1}
< max{B(1(|éol), (k = ko)T), v}
which proves the result with the defined /. O

B. Proof of Theorem 2

Lemma 4: Suppose that all conditions of Theorem 2 are sat-
isfied. Let Vi come from item 1) of Theorem 2 and define

y(k7€) = VT(k + 17fT(k7$7Z)) - VT(k + 1/fT(k/x/0)>

(70)
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Then, there exists 3, € KCL such that for all (A, v) there exists
T* > 0 such that for all k, > 0,&(ko) = & with |[&,| < A and
T € (0,7*) we have that

ly (k. 65 (k. ko, €0) )| < 7 - max{ B, (1ol (k = ko)D), v},
(71)

forall k£ > k.. O

The proof of Lemma 4 is omitted since it is published in [32].

Proof of Theorem 2: We only show that there exists 3, €

KL and~y € K such that for any (A, v) there exists T* > 0 such

that for all k, > 0,&(k,) = & with |&] < Aand T € (0,7%)
we have that

|p7-(k, ko, w0, w*)| < max{B.(|zo|, (k — ko)T), v}
oy (‘wfkmk)‘) (72)

for all k > ko, where u(k) := (y(k, ¢ (k, ko, &)))/(T) and
w? is a sequence of u(k)’s on the interval [ko, k). Then, the
conclusion of the Theorem follows directly from Lemma 3, item
2 of Theorem 2 and Lemma 4.

Let aq, a2, a3 come from item 1) of Theorem 2. Define
a(-) = (1/2)az o a;*(-) and consider the differential
equation

é: —a(ﬂ) C(O) = Co-

Without loss of generality we can assume that « is locally a
Lipschitz function (see [15, p.139]) and from [45, Lemma 2.5],
we have that there exists § € KL such that for all 0 < (,
the solution of the differential equation exists, it is unique and
satisfies:

() = BlCort = to)

Define a(s) :== a~!(s) + s and:

Vit>t, >0.

(73)

Let (A, v) be given. Let Ay := k(A) + ¢, where &, ¢ come
from the item 3) of Theorem 2. Let v4 = (1/2)a~" o aq(v).
Let (Ay,v1) generate T* € (0, 1) be so that the items 1) and 3)
of Theorem 2 hold. Consider arbitrary fixed ko > 0, &(ko) = &
with |{,| < Aand T € (0,7™). Note that the item 3 of Theorem
2 guarantees that the solutions of (1), (2) existforallk > ko, > 0
and satisfy |¢5.(k, ko, £)| < Aq. We can write

Vr(k +1, fr(k,z,2)) — Vr(k, z)
=Vr(k+1, fr(k,z,0)) — Vp(k,z)
+ Vo(k+ 1, fr(k,z,2)) = Voe(k + 1, fr(k,z,0))
= Vilk + 1, fr(k,2,0)) — Vie(k, ) + Tu(k).  (74)

Then, defining v(k) := VT(k7d)%(k,ko,azo./w[zko’k))), using
(7), (8), the following holds along trajectories:

v(k+1) —v(k) < =T2a(v(k)) + T + u(k)]
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for all K > k, > 0. From this inequality we can see that the
following hold true for any k > k, > O:

o(k) > a~t (1/1 + |wfko,k)|) — ok +1) —v(k)
< —Ta(v(k)) (75)
o(b+1) < o(k) + T (v + ‘w[zko_’k)D . (76)

Define next ((t) := v(k) + ((¢/T) — k)(v(k + 1) — v(k)) for
allt € [kT,(k+ 1)T),k > ko > 0. Notice that since ((¢) is
a linear interpolation from v(k) to v(k + 1), which are always
nonnegative, we have that

0 <(¢(t) < max{wv(k),v(k+ 1)} for any

te kT, (k+1DT), k> ko> 0. (77)

Moreover, since trajectories of (1) and (2) are defined for all
k > ko > 0, the variable ((¢) is defined for all ¢ > ¢, > 0.
Introduce @(t) := w(k),Vt € [KT,(k+ 1)T),k > ko > O.
Using definition of &, T* < 1, (75)—(77), we can write for all
t € kT, (k + V)T),k > ko > 0

(1) = alvr + ug, )
= (k) >« (1/1 + ‘wfko’k)‘)
= v(k+1) —v(k) < =Ta(v(k))
— {(t) < ~Ta(o(k)
= ((t) < =Ta(C(t)) (78)

where the last inequality follows from the fact that v(k + 1) <
v(k) and hence ((t) < v(k) forall ¢t € [KT,(k + 1)T),k >
ko > 0. Using [15, Corollaries 5.1 and 5.2], we have that

(t) < max {B(Co, t —to), & (v1 + |, »|) }

and using ¢7.(k, ko, @0, wfy 1)) = C(KT), u(kT) = u(k), By
and v, (7) and the fact that for arbitrary a € K, we have
a(r + s) < a(2s) + a(2r),¥r,s > 0 we can write

¢ (k,km%»wfkmk))’
< a7t (max {Blaz(lzo), (k = ko)1),
< (+ fofin)})
< max {afl(ﬂ(a2(|xo|), (k—ko)T)),

X aytoa(2v) +atoa (‘W[Zko,k)‘)}
< max{fy(|zol, (k — ko)T), v}

+7 (| )

forall k > ko, > 0.

(79)

APPENDIX B
PROOF OF PROPOSITION 2

The result is only proved for USC since the proof of UGC
follows the same steps. Let x € K come from USB. Let A > 0
be given and let 77 > 0 be generated using USB. Let Ay :=
K(A) + 2c. Let Ay > 0 be arbitrary. Let (Ag, Ay) generate
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K.,T5 > 0 using conditions of the Proposition. Let 7% :=
min{T}, T }. Consider arbitrary numbers 7 € (0, A), e, L > 0
and define

|¢%(k, ko, 20,0)| < K(A)+ ¢ < Ay forallk > ko > 0.
Notice moreover that without loss of generality we may
assume that ¢ > 1. With the goal of showing contradic-
tion suppose that there exists k} € (ko,ko + ¢r ) such
that |¢%(k, ko,xo Wi, p)l < Ay forall k € [kmk1 ) and
|7 (KT, Ko, To, Wiy, s 0 )| > Aj. Then, we can write

z (kkxw[kk)) - ¢;(k,ko,axo,0)’
k—ko—1
KT > (1+KT)
7=0
< [(1+ KT)"*e
[ KT(k—ko) _

[e"F — 1]jw?]
min{e, 1}< ¢

IN

[kmk)‘

— 1]jw"|
1] |

IN

ININ

(80)

for all k& € [ko,k}]. This contradicts the assumption that
|¢%(ki’k°’x°7wfko,ki))| > A since

7 (k;(;kmxmw[zko,kf))‘
<165 (K o 0, 0)
T (kfakmxmw[zko,kf)) - (ﬁ;’ (kLkO"TO’O)

K,(A) + 2¢c = Al .
Hence, (80) holds for all k > ko, + ¢, 7, which completes the
proof. O
APPENDIX C

PROOF OF PROPOSITION 1

First, we show that there exist strictly positive numbers
Ty,¢1,C2,¢3, K such that for all T € (0,77),k > 0 and
z € R™ we have

—ay(z) < Wr(k,z) <
AWy

—Cotp(z)
< pr(k)eayp(z) +K‘— —¢cze1p(z). (82)

81)

Let 77 > 0 come from inequalities (89) and (91). Let , L, Ty
come from the PE condition. Let py; come from the conditions
of the proposition. Let 75 > 0 and T > 0 be such that

T o 1-—eT 1

< R > —

—or <2 VIE(0.1y) 25
VT € (0,Ty). (83)

Let Ta = (/Aw*AL)/A(AL(l — e 1)) and, finally, define 75 :=
min{T},T5,15,Ty,T5}. Consider arbitrary = € R, k > 0 and
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T € (0,17). The first inequality in (81) holds using our choice
of T3

T i e(k‘—i)T
=k

> T
Z MTT T

51 (84)

IN
|| S

2pm

The second inequality in (81) follows from the PE condition. In
particular, denote k; := k 4 j{r 1 and since T{y r = L, we
can write

o k+(G4+1) L. 7

Z G0 Tpr(iy=>"1 > * I Tpri)  (85)
i j=0 i=k+jlL,T
0o kj+lr, T
> St (135
=0 i=k;
ki+lL,T
>Ze—JL ~loaT | Z pT
e—L
> l—efLu::EQ. (86)

We show next that (82) holds.A UsingAsimilar calculations as in
(84), (86), and our choice of 1y and 1%, we have

Wr(k+1,Fr) — Wr(k, )
T
== Y T (Vi (k + 1, Fr)
i=k+1
+ > e I pr (i) (k, o)
i=k
=pr(k)Vp(k,z) = > =0T py(i)
i=k+1
X [VT(k‘ + I,FT) — VT(k‘,fI))]

=) 3 IV ()

i=ht1
> . AV
< pT(k)VT(]{},LIZ) + pMTZ e_]T ’TT
=0
1 —c (k41— 7)T
T Z 7 (i) Vr(k, z)
i1=k+1
1T | AV; c
< pr(k)Vir(k, z) + 1”_1”6_T = = SV, )

87)

where for the last term we used (83) and (86). This com-
pletes the proof of (81) and (82) with ¢3 = (¢2)/(2) and
K = (puT;)/(1 — e~T1). Next, combining (18) and (87) we

have that
AUr
7 < —cslprly + Teap + elprleaty + eKeslpr|y
Ke
+52 CBCldj_ 02011/}_ 63011/ _ C3 11[} (88)

2
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from which it is easy to see that, defining €¢* :=
min{(c1)/(261), (1)/(2K), (¢2)/(26), (ca)/ (¢2 + Ke)}

and T* := min{T}, (ecsc1)/(2c4)}, we obtain that (21), (22)
hold with d; = (01/2)7d2 = (62/2) and d3 = (65301)/(4),
which completes the proof. O

APPENDIX D
PROOF OF PROPOSITION 4

It is worth recalling to avoid confusion in the notation, that
the state X in Proposition 3 corresponds here to X = col[z., y.]
and the input z in Proposition 3 corresponds here to §.. We use
Theorem 2 to prove this result?. First, we see that Assumption 1
holds trivially in view of item 1) of Proposition 4. To see more
clearly, notice that (37) implies that fr(-, -, -) is continuous and
uniformly bounded in the first argument. Item 1) of Proposition
4 also implies that there exists ¢ > 0 independent of 7', such that
forall T € (0,T*), we have that |Gr(k, X, 2)| < Te|z|(|X]| +
1).

Second, it is evident that the origin of (36) is uniformly glob-
ally exponentially stable for any a; and any 7' € (0, T*) where
T* > Oissuchthat1l > a;7™ > 0 and therefore the trajectories
¢%(+, -, ) are uniformly summable.

It is left to prove that the unperturbed dynamics X (k + 1) =
Fir(k, X(k)) in (35) is UGAS and that (35) is UGB. As a
matter of fact we will show that the zero-input system in (35)
is Lyapunov UGES.

Proof of UGES of X(k + 1) = Fir(k,X(k)): We use
Proposition 1. To that end, consider the function Vr(k, X) :=
|X|* — ewy,_,xeye with e := a, + T and o, > 0. Observe
that this function is positive definite and radially unbounded for
sufficiently small o, 7™ and wjs; indeed, we have that

1| X P < Vr(k, X) < o] X|? (89)
with ¢1 := (1 — 0.5(ay + T*)war) and ¢o := (1 + 0.5(c,, +
T*)wys) which are clearly independent of 7'. We assume that «
and T are sufficiently small so that ¢; > 0. So, (17) holds with
(X)) = | X|2. Next, we compute

AVT = VT(]C,FlT(k7X)) — VT(k/X)

= —T(20,2 — awfk.)xz - €Tw7%k yg

+T%z, ([a% + wfk - 60,2] Te
- [2asw,, —ew? Jye — [2(1 — a2T) + ew? T] V)
+ T2y, (wzk Ye + W, 19) + T49?

+ eTeYe (w” - Wp,_, +wyp, azT) . 90)

Under the assumptions of the proposition, ex.y.(ws,
Wrp_, Fwra2T) < (1/2)[T?y? + e2w3, (1 + a2)?z?]. Define
ay = as — (o + T*)wi; — (1/2)e*w3,(1 + a2)? which
is positive for sufficiently small values of € and sufficiently

2We could also use Theorem 1. Notice that to show that the system (1) is UGC
with input 8. we may appeal to Lemma 2 observing that the system X (k+1) =
Fr(k, X (k). 6.(k)) with fr(k,X,6.) := Fir(k,.X) + Gir(k, X,6.)
is linear in the state X = col[z.,y.] and for each A > 0, we have that
fr(k, X,6.) is globally Lipschitz in 6. uniformly for all £ > 0 and X such
that | X| < A, with a Lipschitz constant of the foom L = L'T with L’
depending only on A.
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large values of as. Also, since |[¢(k, X)| < K|X]| there exists
K; > 0 such that

AV,
= < = (awl + ayw), y2) + TELX]?

T

< —pr(k)| X[+ TK | X[ 1)
forall T € (0,7%),X € R? and k& > 0. Hence, (18) holds
with ¢, = K1, ¢3 = 1 and pp(k) := min{a,, oyw?, }. Notice
that (19) also holds in view of (37). Finally, pr( - ) is PE since
w2(+). We conclude that there exists a function Ur : Z>q X
R? — R such that (21) and (22) hold. Exponential convergence
is concluded from the fact that ¢)(X) = | X|2.

Proof of UGB: We invoke Proposition 1. We pro-
ceed to verify the conditions of Proposition 3 with
fr(k, X,z) = Fir(k,X) + Gr(k,X,z) as defined in
(35) and with Vr(k,X) = Ur(k,X). Bounds (25) and (26)
hold in view of (21) and (22). Conditions (26) and (27) hold
with p(s) = s,92 = kas, and J1(8) := K3s, k2, k3 > 0.
This is because Ur(k, -) is bounded from above and below by
quadratic terms and G (k, X, z) is of linear growth in X for
each fixed k and z and trigonometric functions, which can be
over-bounded by a linear function of X . Also, Gr(k, X, -) can
be over-bounded by a linear function for each fixed £ and X.
Finally, (28) holds with a linear function p(s) := p s since p(s)
is in this case a nondecreasing function of linear growth and

8¢ (k) decays uniformly exponentially to zero. O
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