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Abstract –

The paper explores the subject of Cramér-Rao type
lower bounds for tracking a manoeuvring target. Tar-
get dynamics are modelled by the switching of multi-
ple (possibly nonlinear) motion regimes. Two types of
bounds are considered. The first is evaluated as the
expected value over the regime sequences. The compu-
tational complexity of this bound grows exponentially
with time. The second bound is applicable only to the
deterministic trajectories, and assumes that the knowl-
edge of the particular regime sequence is known. Nu-
merical examples are provided in support of theoretical
considerations.

Keywords: Target tracking, Cramer-Rao bound, hy-
brid estimation, manoeuvring target

1 Introduction

In target tracking applications, target dynamics are
often modelled by multiple motion regimes (or modes)
that cover all possible system behaviour patterns (e.g.
manoeuvring and non-manoeuvring motions) [1]. For-
mulated in this way, target tracking is a hybrid state
estimation problem, characterised by a continuous-
valued target state and a discrete-valued regime vari-
able [2]. The target state vector at discrete-time k,
xk ∈ Rn, evolves according to one of possibly multi-
ple nonlinear dynamic models, derived from a stochas-
tic difference (or differential) equation. The discrete
regime variable rk, is governed by a discrete stochastic
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process and takes one of a finite number s of behaviour
modes. The regime switching is usually modelled by
a finite state homogeneous Markov chain, with a pri-
ori known transition probabilities. The measurement
model describes a possibly nonlinear stochastic rela-
tionship between the sensor measurement and the tar-
get state.

The optimal recursive state estimator in the
Bayesian sense requires the complete posterior den-
sity of the state to be determined as a function of
time. For the described hybrid estimation problem,
no closed form optimal analytic solution exists, even
when the target motion can be modelled with a single
dynamic model, i.e. s = 1 [3]. Consequently, vari-
ous practical solutions to the hybrid estimation prob-
lem have been proposed based on approximations [1,
Ch.11], [4, Ch.10]. In the absence of a closed-form
solution, it would be important to quantify the per-
formance degradation of practical solutions and thus
measure the effect of introduced approximations. For
nonlinear filtering with a single regime (s = 1), the
development of a theoretical Cramér-Rao lower bound
(CRLB) has received considerable attention [5], [6], [7],
[8], [9]. Such a performance bound is very important
in practice: it enables us to predict the best achiev-
able performance based on fundamental properties of
dynamic and measurement models; it can be used to
optimise sensor placement or scheduling; it provides an
assessment of the effects of approximations introduced
by suboptimal algorithms, etc.

In this paper we explore the theoretical CRLB for
the case when s ≥ 1. Two approaches are consid-
ered. The derivation of the first is in spirit very similar
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to the one presented in [8], and the theoretical solu-
tion requires enumeration of an exponentially growing
number of regime variable sequences. The second ap-
proach assumes that the target trajectory is determin-
istic, consisting of a few segments of different dynamic
motions. This case is often considered in the tracking
literature [10, p.280], [1, Sec.11.7.4], [11].

2 Problem formulation

Consider the discrete-time nonlinear filtering prob-
lem with multiple switching dynamic models and ad-
ditive Gaussian noise. The target motion is then mod-
elled as follows:

xk = fk−1(xk−1, rk) + wk−1(rk) (1)

where rk is a regime variable in effect during the time
interval from k − 1 to k. The evolution of the regime
variable is modelled by a time-homogeneous s-state
first-order Markov chain with transition probabilities:

πij , Pr{rk+1 = j|rk = i} (2)

for any i, j ∈ S where S , {1, 2, . . . , s}. The tran-
sitional probability matrix (TPM) Π = [πij ] is an
s × s matrix with elements satisfying πij ≥ 0 and∑s

j=1 πij = 1 for each i ∈ S. Denote the initial regime
probabilities as µi , Pr{r1 = i}, for i ∈ S, such that
µi ≥ 0,∀i ∈ S and

∑s
i=1 µi = 1. Both Π and µi’s are

assumed known. In addition, the initial target state x0

has a known probability density function p(x0). The
remaining terms in (1) are: fk−1(xk−1, rk) is a non-
linear function which models the evolution of the tar-
get state while in regime rk; wk−1(rk) is a zero-mean
white Gaussian process noise with nonsingular covari-
ance matrix Qk−1(rk).

The measurement equation is given by:

zk = hk(xk, rk) + vk (3)

where zk ∈ Rm is the measurement at time k and
vk is zero-mean white Gaussian measurement noise,
independent of wk, with nonsingular covariance matrix
Rk.

Let us define the collection of all measurements up
to time k by Zk , {z1, . . . , zk}. The aim of a track-
ing algorithm is to estimate p(xk, rk|Zk), from which
one can derive the state estimate x̂k|k and also the es-
timates of mode probabilities. The objective of this
study is the computation of the theoretical CRLB for
an unbiased state estimator x̂k|k.

3 Enumeration method

3.1 Derivation

A sequence of regime variables at time k is a k-
tuple which takes one of sk possible realisations of the
Markov chain. Let us define a particular sequence as

R`
k ,

(
r`
1, r`

2, . . . , r`
k

)
(4)

where l = 1, 2, . . . , sk. The probability that sequence
R`

k will occur can be expressed using the known Π and
µi’s as follows:

P (R`
k) =




s∏

j=1

µ
δ(r`

1,j)
j




s∏

i=1




s∏

j=1

π
nij(R`

k)
ij


 (5)

where δ (ri, j) = 1 if ri = j and zero otherwise and

nij

(
R`

k

)
=

k∑
η=2

δ
(
r`
η−1, i

)
δ
(
r`
η, j

)
(6)

is the number of transitions from regime i to regime
j in the regime sequence R`

k. For example, if s =
2 and k = 9, the probability of regime sequence
{1, 1, 1, 2, 2, 2, 2, 1, 2} equals µ1π

2
11π

2
12π21π

3
22.

Given a particular regime sequence R`
k, the covari-

ance matrix of an unbiased estimator x̂k|k has a lower
bound as follows:

E
{(

x̂k|k − xk

) (
x̂k|k − xk

)T
∣∣∣ R`

k

}
≥ [

J`
k

]−1
, (7)

where J`
k is the information matrix conditioned on R`

k.
According to [7], J`

k can be expressed as:

J`
k = D`,22

k−1 −
[
D`,12

k−1

]T (
J`

k−1 + D`,11
k−1

)−1

D`,12
k−1 (8)

where

D`,11
k−1 = E

{[
F`

k−1

]T [
Q`

k−1

]−1
F`

k−1

}
(9)

D`,12
k−1 = −E

{[
F`

k−1

]T
} [

Q`
k−1

]−1
(10)

D`,22
k =

[
Q`

k−1

]−1
+ E

{[
H`

k

]T
R−1

k H`
k

}
. (11)

with Q`
k−1 , Qk−1(r`

k) and Jacobians

F`
k−1 =

[∇xk−1f
T
k−1(xk−1, r

`
k)

]T
(12)

H`
k =

[∇xk
hT

k (xk, r`
k)

]T
, (13)

evaluated at the true state vector. In summary, the
computation of the conditional information matrix J`

k

can be done recursively, using the given regime se-
quence. Assuming that the initial pdf of the target
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state is Gaussian with covariance P0, the recursion in
(8) begins with

J`
0 = P−1

0 . (l = 1, 2, . . . , sk) (14)

The corresponding conditional CRLB is then defined
as

CRLB`(xk)
4
=

[
J`

k

]−1
. (15)

The unconditional Posterior CRLB for the hybrid
estimation problem is defined as the expected value of
the conditional CRLBs, i.e.

CRLB(xk) = E
{

CRLB`(xk)
}

(16)

where the expectation is taken over the regime se-
quences. It follows then

CRLB(xk) =
sk∑

`=1

P(R`
k) · [J`

k

]−1
(17)

where P(R`
k) is given by (5) and J`

k by (8).

3.2 Implementation

The implementation of recursion (8) may require
a change in the dimension of the information matrix
whenever there is a model switch. This is due to the
different state vector sizes for different dynamic models
(e.g. the constant velocity versus the constant accel-
eration model). The augmentation or reduction of the
information matrix must be done in the inverse matrix
domain. For example, suppose an n × n information
matrix corresponding to model i, J`

k(i), has to be aug-
mented to a (n+1)× (n+1) matrix corresponding to
model j, J`

k(j), where i, j ∈ {1, 2, . . . , s}. Let the ad-
ditional component (due to augmentation) in the state
vector of model j be the (n + 1)-th component. Then

[
J`

k(j)
]−1

=




[
J`

k(i)
]−1

0

0T σ2
n+1


 (18)

where σn+1 denotes the standard deviation of the addi-
tional component in model j and 0 is the n dimensional
zero vector.

The CRLB for nonlinear filtering with switching
models given by equation (17), in theory can be com-
puted exactly. In practice, however, the number of pos-
sible regime sequences grows exponentially with time
and the CRLB can be computed only for small val-
ues of k. In doing so, one can exploit the structure of
the transitional probability matrix to limit the number
of considered regime sequences in the weighted sum of
(17), and thus simplify the computation. The diagonal
elements of a typical TPM are much greater than the

non-diagonal elements. This means that the regime se-
quences with a large number of switches (transitions)
are very unlikely and hence can be ignored in the com-
putation of the weighted sum (17). For example, sup-
pose s = 2 and let the TPM be symmetric with ele-
ments π11 = π22 = p and π12 = π21 = (1 − p). The
probability of having τ transitions in a regime sequence
of length k is

(
k−1

τ

)
pk−1−τ · (1 − p)τ . The number of

transitions in a regime sequence of length k can be
regarded as a random variable τ with a cumulative
distribution:

Fk(τ) =
τ∑

i=0

(
k − 1

i

)
pk−1−i (1− p)i. (19)

This function is plotted in Figure 1 for k = 20 and p =
0.95, 0.90 and 0.85. Note from Figure 1 that for (say)
p = 0.90, all regime sequences with more than τ = 5
transitions can be safely ignored in the calculation of
(17), because their probabilities are negligible.
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Figure 1: Cumulative distribution of τ for k = 20

3.3 Numerical examples

Consider a target moving in two dimensions with
s = 2 dynamic models and no process noise.

Model 1. The constant velocity (CV) model, with
state vector defined as xk = [xk ẋk yk ẏk]T and
function fk−1(xk−1, rk = 1) = Fcvxk, where x and
y are the target position in cartesian coordinates,
ẋ and ẏ are the target velocities and

Fcv =




1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1


 . (20)

Model 2. The constant acceleration (CA)
model, with xk = [xk ẋk ẍk yk ẏk ÿk]T and
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fk−1(xk−1, rk = 2) = Fcaxk, where ẍ and ÿ are
the target acceleration components in cartesian
coordinates and

Fca =




1 T T 2

2 0 0 0
0 1 T 0 0 0
0 0 1 0 0 0
0 0 0 1 T T 2

2
0 0 0 0 1 T
0 0 0 0 0 1




. (21)

The sampling interval is T = 3s. The TPM is sym-
metric with p = 0.90 and initial model probabilities
are µ1 = 1 and µ2 = 0.

The measurements zk of equation (3) consist of
target position with hk(xk, rk = 1) = Hcvxk and
hk(xk, rk = 2) = Hcaxk where

Hcv =
[
1 0 0 0
0 0 1 0

]
Hca =

[
1 0 0 0 0 0
0 0 0 1 0 0

]

(22)
and

R =
[
σ2

x 0
0 σ2

y

]
(23)

where σx = σy = 200m.
The P0 matrix introduced in equation (14) is speci-

fied for the CV case only (since µ2 = 0) as:

P0 =




σ2
x 0 0 0
0 σ2

ẋ 0 0
0 0 σ2

y 0
0 0 0 σ2

ẏ


 (24)

where σẋ = σẏ = 150m/s.
When there is a switch from the CV model to the

CA model, the information matrix is augmented as
described by (18). The additional components in this
case are the acceleration in the x and y directions.
The standard deviations we use in this augmentation
are σẍ = σÿ = 1.5 g, where g = 9.81 m/s2.

Next we compute the CRLB via (17) for the de-
scribed experimental setup. Figure 2 shows the square
root of the CRLB for the estimated target position
pk =

√
x2

k + y2
k. This CRLB is defined as:

CRLB(pk) = CRLB(xk) + CRLB(yk) (25)

There is a total of 15 scans and we plot
√

CRLB(pk) at
different levels of approximation, with up to 2, 4 and
6 transitions in regime sequences R`

k. Observe from
Figure 2 that the difference in

√
CRLB(pk) with up to

4 and up to 6 transitions is very small. This confirms
our earlier conjecture that the regime sequences with
a large number of transitions can be ignored in the
computation of the CRLB, when the diagonal elements
of the TPM are dominant.
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Figure 2: The
√

CRLB(pk) computed using regime
sequences with up to 2, 4 and 6 transitions.
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Figure 3: Digraph of manoeuver model set of 13 mod-
els.

In order to confirm the CRLB shown in Figure 2, we
performed Monte Carlo simulations and estimated the
RMS error of a Variable Structure (VS-IMM) filter.
The performance of a VS-IMM is essentially the same
as an IMM, but can provide considerable manoeuver
capability coverage for the unknown manoeuver model,
without significant computational cost [12]. The ma-
noeuver model set in the VS-IMM is represented by a
finite collection of quantized acceleration vectors, over
a continuous acceleration space. Figure 3 shows the di-
graph of a manoeuver model set used in our simulation,
where a = 10m/s2. The VS-IMM filter is based on the
minimal sub-model set switching algorithm described
in detail in [12].

In simulations, the initial target state vector is x0 =
[10000m, −220m/s, 0m/s2, 20000m, 0m/s, 0m/s2]T .
The generated target trajectory is purely random due
to the Markovian switching, and over time may end
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Figure 4: RMS error in (a) position and (b) velocity
vs the

√
CRLB

up anywhere, depending on the particular regime
sequence. When the target is in the CA regime, the
acceleration in x and y are −1 g and +1 g, respectively.

The results of 10000 Monte Carlo runs are shown
in Figure 4. The dashed line in Figure 4.(a) indicates
the measurement accuracy - this is the upper bound
of performance. The theoretical error bound

√
CRLB

is the lower bound. The RMS error in position of the
VS-IMM appears to be between the two bounds. The
RMS error in velocity is in much better agreement with
the

√
CRLB curve.

4 Deterministic trajectory

4.1 Background

In practice, the error performance of algorithms for
tracking manoeuvring targets is often evaluated using
a deterministic trajectory. The tracking books [10,
p.280], [1, Sec.11.7.4] as well as the widely publicised
benchmark tracking problem [11] also consider deter-
ministic trajectories. Typically, the trajectory con-
sists of a few fixed-length segments of interleaved non-
manoeuvring and manoeuvring motion. For this kind

of problem, one can compute a type of CRLB which
assumes that the correct regime sequence R∗k is known
a priori. By setting the probability P(R∗k) to 1 and
the probabilities of other regime sequences to zero, it
follows from (17) that CRLB(xk) = [J∗k]−1, where J∗k
is computed via (8) using the correct regime sequence.
However, since the trajectory is assumed to be purely
deterministic (no process noise, deterministic regime
sequence) equation (8) for computation of J∗k, can be
simplified as follows [5]:

J∗k =
[
F∗k−1

[
J∗k−1

]−1 [
F∗k−1

]T
]−1

+ [H∗
k]T R−1H∗

k

(26)
This bound is conservative (too optimistic) because

it assumes the knowledge of the regime sequence, which
the filtering algorithm actually needs to estimate. This
can be shown as follows. From its definition, the error
covariance matrix Ck of an unbiased estimator x̂k|k is
bounded from below as:

Ck = E
{(

x̂k|k − xk

) (
x̂k|k − xk

)T
}
≥ J−1

k (27)

where Jk is defined as [13]

Jk = E
{

[∇xk
log p(xk,Zk)] [∇xk

log p(xk,Zk)]T
}

.

(28)
From (7) it follows that:

C∗k = E
{(

x̂k|k − xk

) (
x̂k|k − xk

)T
∣∣∣R∗k

}
≥ [J∗k]−1

.

(29)
Daum [14] has shown (in the context of data associa-
tion) that on average Ck ≥ C∗k . Combining this with
(29), we have:

Ck ≥ C∗k ≥ [J∗k]−1 (30)

which supports our statement that the bound based
on the assumption that the correct regime sequence is
known, is too conservative.

Next we consider numerical examples that demon-
strate the bound and its role in the error performance
prediction and the assessment of algorithms for track-
ing manoeuvring targets.

4.2 Numerical examples

Consider now a target moving in two dimensions
with s = 3 dynamic models and no process noise.

Model 1. The constant velocity (CV) model, with
state vector defined as xk = [xk ẋk yk ẏk]T and
function fk−1(xk−1, rk = 1) = Fcvxk, where Fcv

is the same as stated in (20).
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Model 2. The coordinated turn (CT) model
[1, Sec.11.7], with xk = [xk ẋk yk ẏk Ω]T and
fk−1(xk−1, rk = 2) = Fctxk, where Ω is the turn
rate and

Fct =




1 sin ΩT
Ω 0 cos ΩT−1

Ω 0
0 cos ΩT 0 − sinΩT 0
0 1−cos ΩT

Ω 1 sin ΩT
Ω 0

0 sinΩT 0 cosΩT 0
0 0 0 0 1




. (31)

Model 3. The constant acceleration (CA)
model, with xk = [xk ẋk ẍk yk ẏk ÿk]T and
fk−1(xk−1, rk = 3) = Fcaxk, where Fca is the
same as stated in (21).

The regime variable sequence R∗k is defined
for k = 1 . . . 100 scans with model transi-
tions as follows: r∗1 . . . r∗25 = 1, r∗26 . . . r∗32 =
2, r∗33 . . . r∗69 = 1, r∗70 . . . r∗85 = 3, and
r∗86 . . . r∗100 = 1. The sampling interval is T = 3s
and the initial target state vector is x0 =
[10000m, −220m/s, 0m/s2, 20000m, 0m/s, 0m/s2]T .
The target trajectory is shown in Figure 5(a).

When the target is in the CT regime, the turn rate
is Ω = −8 deg/s. When in the CA regime, the accel-
erations in x and y are −1g and 1g, respectively. The
target velocity and acceleration are shown in Figure
5(b).

The measurements zk of equation (3) consist of tar-
get position with hk(xk, rk = 1) = Hcvxk, hk(xk, rk =
2) = Hctxk and hk(xk, rk = 3) = Hcaxk where

Hcv =
[
1 0 0 0
0 0 1 0

]
Hct =

[
1 0 0 0 0
0 0 1 0 0

]

(32)

Hca =
[
1 0 0 0 0 0
0 0 0 1 0 0

]

and

R =
[
σ2

x 0
0 σ2

y

]
(33)

where σx = σy = 200m.
The P0 matrix is the same as presented in (24) due

to r∗1 = 1 (CV case) with σẋ = σẏ = 150m/s. When
there is a switch from CV model to CT model or CV
model to CA model, the information matrix is aug-
mented as described in (18). The standard deviations
used in the augmentation are σΩ = −4 deg/s and
σẍ = σÿ = 1.5g .

To compare the CRLB we performed a set of Monte
Carlo simulations and estimated the RMS error of the
VS-IMM filter. The results of 1000 Monte Carlo runs
are shown in Figure 6. The dashed line in Figure
6(a) indicates the measurement accuracy in target po-
sition. The

√
CRLB is the lower bound. The RMS
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Figure 5: (a) Test trajectory consisting of CV-CT-CV-
CA-CV segments; (b) Corresponding acceleration and
velocity

error in position of the VS-IMM follows the pattern of
the

√
CRLB curve, exceeding the measurement bound

at scan times when the target is manoeuvering. The
RMS error in velocity behaves in a similar fashion, as
shown in Figure 6(b).

The influence of sampling time. To test the in-
fluence of sampling time T on the CRLB, a target
trajectory was generated using the above scenario for
T0 = 0.1s. From this data, trajectories were collated
for each sample time interval T ≥ T0, to be compared.
The CRLB curves in position and velocity for T values
0.5s, 1s, 2s and 4s are shown in Figure 7. The plots
indicate that smaller values of T create a positive in-
fluence, decreasing the CRLB for both position and
velocity.

The influence of range rate measurements. The
influence of the addition of a range rate measurement
on the CRLB was analysed using the scenario in section
4.2, with measurements zk of equation (3) consisting
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Figure 6: RMS Error in (a) position and (b) velocity
for a deterministic trajectory vs

√
CRLB.

of target position and range rate with:

hk(xk) =




xk

yk
xkẋk+ykẏk√

x2
k+y2

k


 (34)

The measurements covariance is

R =




σ2
x 0 0
0 σ2

y 0
0 0 σṙ


 (35)

where σx = σy = 200m with σṙ as range rate standard
deviation. The corresponding Jacobians for CV,CT
and CA models are:

Hcv,k =




1 0 0 0
0 0 1 0

Ik sin θk cos θk −Ik cos θk sin θk


 (36)

Hct,k =




1 0 0 0 0
0 0 1 0 0

Ik sin θk cos θk −Ik cos θk sin θk 0




(37)
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Figure 7:
√

CRLB in position (a) and velocity (b) for
sample time values of 0.5s, 1s, 2s and 4s.

Hca,k =




1 0 0 0 0 0
0 0 0 1 0 0

Ik sin θk cos θk 0 −Ik cos θk sin θk 0




(38)
respectively, with

θk = arctan(
yk

xk
) (39)

Ik =
ẋk sin θk − ẏk cos θk√

x2
k + y2

k

(40)

The CRLB curve was tested over various values of σṙ to
discover if the addition of a range rate measurement in-
fluenced the bound, when compared with the

√
CRLB

in Figure 6. The position and velocity
√

CRLB curves
for σṙ values of 0.1m/s, 1m/s, and ∞ are shown in
Figure 8.

Figure 8 demonstrates that the inclusion of range
rate has a positive effect on the CRLB. As σṙ decreases
in value the

√
CRLB decreases, with great improve-

ment at scan times when the target is manoeuvring.
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Figure 8:
√

CRLB in position (a) and velocity (b) for
σṙ values of 0.1m/s, 1m/s and ∞.

5 Conclusions

The subject of Cramér-Rao type lower bounds for
tracking a manoeuvring target has been investigated.
Bounds for both random and deterministic trajectories
have been considered. It has been demonstrated that
for random manoeuvring targets a theoretical CRLB
for an unbiased state estimator x̂k|k can be computed.
Using the probabilities of regime variable sequences
and exploiting the structure of the TPM a conservative
CRLB can be obtained, with limited computation re-
quired. The CRLB of a deterministic target trajectory
was calculated, but was shown to be too conservative,
due to the assumption that the correct regime sequence
is known. Also demonstrated was that smaller sample
times and the inclusion of range rate measurements
decreases the CRLB.
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