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ABSTRACT

Out-of-Sequence Measurement (OOSM) problem is one of
the most important issues for target tracking in a multi-
sensor fusion network. Optimal solution is to augment the
state vector to include the past states which correspond to
those delayed measurements in the filtering process. In this
paper, the maneuvering target tracking in clutter with OOSM
problem is considered. An AS-IMM-PDA algorithm that
uses OOSM to improve tracking performance is presented.
The benefit of the AS-IMM-PDA is demonstrated via a ma-
neuvering target tracking example.

1. INTRODUCTION

Multi-sensor tracking using delayed, out-of-sequence mea-
surement (OOSM) is a problem of growing importance due
to an increased reliance on networked sensors interconnected
via complex communication network architectures. The ap-
proaches to the OOSM problem may classified as either nor-
mal state or augmented state approaches. In the normal state
approaches, representatively, the optimal solution proposed
by Bar-Shalom in [1] for single measurement delay and
Mallick et. al. who have extended this approach to include
multiple delayed measurements [2] by approximation, one
need to compute the cross correlation between the current
state estimate and the state estimate to which the OOSM
corresponds and remove the effect due to past process noise.
It becomes very difficult to grasp the above process when
multiple measurement delays occur frequently. In addition,
the correction can only be made to the current state estimate.
The augmented state approaches, initiated by Challa et. al.
in [3] and further developed in [4, 5], handle the OOSM
problem using a fixed lag smoothing framework. It has been
shown in [4], that for tracking a straight line target, Kalman
filter can be directly fitted into a fixed lag smoothing frame-
work with a modified measurement equation and the result-
ing filter is known as the augmented state Kalman filter (AS-
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KF)!, where maximum measurement delay is characterized
by the maximum number of lags. Issues for computational
efficiency are discussed and several algorithms like variable
dimension AS-KF (VDAS-KF) and augmented state prob-
abilistic data association (AS-PDA) filter were proposed in
[4]. However, all algorithms are developed only for tracking
non-maneuvering targets as they are only dealing with sin-
gle model based tracking problem. For maneuvering target
tracking problem, it is popular to consider multiple model
based approaches as the maneuver behavior of a target can
be more precisely described by using multiple models. The
standard interacting multiple model IMM) algorithm, pro-
posed in [6] and further described in several articles [7],
is the most effective suboptimal multiple model algorithm
and has been adopted to many applications to maneuver-
ing target tracking [8]. When clutter is presented in the
measurement origin, one need to apply a data association
technique to eliminate the uncertainties and find the mea-
surement originated from target. Among the data associa-
tion techniques available in literature [9], the probabilistic
data association (PDA) has been popularly used for target
tracking problem. In this paper, IMM is referred to as a
maneuvering target tracking algorithm and PDA technique
is chosen for dealing with uncertainties in the measurement
origin.

In the literature, the fixed lag smoothing for an IMM
was implemented in [10] and it is extended to an IMM-PDA
later on in [11]. However, using the IMM smoothing struc-
ture to incorporate the past measurements has not yet been
explored. In this paper, the problem of tracking a maneu-
vering target in clutter using OOSM is considered. An AS-
IMM-PDA algorithm that incorporate the PDA technique
into an augmented state IMM (AS-IMM) for maneuvering
target tracking in clutter using OOSM is presented.

The paper is organized as follows. Following the in-
troduction section, the OOSM problem for multiple model

'We frequently use the prefix AS- in symbolizing an augmented state
estimation algorithm to distinguish it from the fixed lag smoothing algo-
rithm. Both algorithms are equivalent only when there is no OOSM in-
volved.
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estimation is described in Section 2, the model probability
calculation for an AS-IMM is derived in Section 3 and the
AS-IMM-PDA is presented in Section 4. Section 5 presents
a simulated example to demonstrate performance of the pro-
posed algorithms for OOSM solution, the conclusion is drawn
in Section 6 and one cycle recursion of the AS-IMM is at-
tached in the Appendix.

2. PROBLEM STATEMENT

A simple multiple model system is described by a set of N
difference equations

Tpt1 = Flag, + G, (1
with corresponding measurement equations

where equation parameters depend on a set of N models,
ie, M = {M' M? ... MN}. The system at any time
can only be switched to one model and the model transition
from M to M7 is governed by a Markov chain with known
transition probability

mi; = P(M{|M}_,)

the multiple model estimation problem is to find the poste-
rior density of the state z;, given the set of models M and
all the measurements up to time k. In the IMM this den-
sity is given by a model probability weighted sum of model
based posterior densities, i.e.,

N
pakY") = plar| ML YF)P(M][Y")  (3)
j=1

where Y* = {y;, 4o, -, yi} is the measurement sequence
up to k.

As we know that data delays may randomly occur in a
constraint network where some sensors are connected to, if
we assume that the maximum delay is of time index d, the

measurement sequence up to time k is of the form
Yk = {Ykayk_l} = {ykayk—la"' 7yk—dayk_l} (4)

that is, at any time k, current measurement y; may not be
received due to a network delay and the received measure-
ments may include some past (delayed) measurements up
to d. Then, the question of interest is how to update the
posterior density of the state (3) at time k using the mea-
surements (4). As shown in [4], the solution to such a prob-
lem is to augmenting state vector to include all past states

2 All sensor measurements considered in this paper are synchronized.
However, the algorithms developed in this paper can also be used for asyn-
chronous sensor measurements through engineering approximation men-
tioned in [4].
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to which all possible delayed measurements correspond. It
turns out that in order to use OOSM in the filtering process
an augmented state filter with a maximum number of d lags

is needed,
Let X and Y}, denote the augmented state and the cor-

responding measurements received at time k respectively?,
ie.,

Tk Yk
Tp—1 Yk—1
X, = and Y} = . ®)
Tk—d Yk—d

equation (1) and (2) are then replaced by following aug-
mented forms.

Tk—1 j

O J
Tp—1 I 0 0 Tp_o Gy,
_ 0 J
= : : : Tl oo |k
: 0 o0 : o
Th—d 0 I 0 Tp—d—1
. ©)
with measurement
H 0 e 0
Yk . Tk
Yk—1 0 HI 0 : Thk—1 .
. = k1 . +Vvi o
Yk—d ; Tk—d
0 o H_,

where H f = 0 if there were no measurement y; received
at time k. Above equations can be simply written as the
following compact form.
X, =
Y, =

F) X1+ GLW]
H]X,+V]  j=12--.N @
Then, the underlying problem is to obtain the posterior den-
sity of the augmented state based on measurement set (4).

N
PXK|YF) = p(X| MY P(MIYY)  (9)

Jj=1
where following notations are used*:

M= M M} M 0

Note that once the solution of (9) is obtained, the solu-
tion of (3) can be extracted from the first lag of (9) and the
solution of (3) which utilize the benefit of the smoothing in
d lags can also be obtained for the d lags of (9) with the later
has a fixed d lags delay.

It has been shown in [10] that the standard IMM can
be fitted into a fixed lag smoothing framework more or less
straightforward, where all model based Kalman filters (KF)

31n this paper, we use bold face letter to denote either the vector, matrix
or a set of parameters for their augmented state expression.

4M;7 signifies that the model M7 that corresponds to the ith lag of
the state augmented system is in effect at time k, s (k) is the model prob-

- . G
ability vector corresponding to M, at time k.



are extended to AS-KFs. The major challenge is how to
compute model probabilities for all lags of the augmented
state since the model probability update cannot be carried
out as in the standard IMM, which is to be discussed next.

3. THE MODEL PROBABILITIES OF THE AS-IMM

Provided measurements with different time indices are in-
dependent with each other, the model probability update
for model M, at time k using current measurement Y}, =

{Yk, yr—s} is given by

i, 1 i, - Gy k—
P(M?[YF) = =p(Ve| My, YR PO YY)

plyrl My Y N plye—il My YR P(

1
5P
where the normalization factor § = Zjvzl P(M ,z] [YF) is
available once the right hand of (11) for each individual
model M;”, j=1,---, N is evaluated.

1. p(yx|M;7, Y*1) — the model based in sequence
measurement likelihood for the ith lag:

plyr|M7, YR =

N
> p(

h=1

i+1,h i, k—1 i+1,h i,
k| MU M Y R P(MT | M)

M=

x N P(M MY
=1
N N N
- > ery
h=1 s w

*Xp(yk| M My, - MR M T YR
X P(M™ | My S>, S PO M)
x 3" P(MYT MM

=1

1 s=1

SR
M= |

M=

h 1

*Tjih E 5

XN (yk‘§ yw;cu‘kil, Sw) Tsw * (12)

where following relations are identified according to
the structure of the augmented state filter.

Pyl MY My MR MG YT =
p(un MY YR = N (s 3j0rs SY)
i N i\J h
P(MTUM MY = P(MP" M) = mn
PO YR = PO YR

=ui(k—1)

p(yx—i| M7, Y*=1) — the model based out sequence
measurement likelihood for the ith lag:

M;J |Yk—

(1)

D)
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For 0 < h < 4, using total probability theory, we have

plyp—i| M7, YP 1) =
N N N
=1 w=1g=1
xp(yk—i| M3, METVE o MY M YR
x P(MP  METHTy L P(MT M)
N N N
=1 v=1 g=1
V7 0,1 0, 0, k—1
Xp(Yp— i\ngh,MHhH,.-. M M9 YT
0,1 0,w
XP(]\/Ik+hIMk+h+1) P(Mk o1 M)
N
k—1
SED SR DD S IR
=1 w=1g=1
P(M P(MYS, |MY™
xP( +h| +h+1) P( i1 M)
N N N
=1 w=1g=1
A~ —k+h _k—i
XN.<yk—i? yZ—i\k—i—l’ Sg—i) _]l+ g 13

where ﬁfl denotes the inverse Markov transition prob-
ability from jth model at k to [th model at k — 1.
o= POMLIME YT
P(M0 VSN GV 0.7 S ) St

l —
N P(MP MY YR P(MY [y k-1
o ﬂsz(M;?fl\kal) . WL_jM?(k —1) (14)
P(MP7|yk=1) w9 (klk — 1)

P(M, ,ij |Y'k=1) — the predicted model probability for
the ith lag, which is calculated as in standard IMM.

The fixed-lag smoothing IMM algorithm was first proposed
by Chen & Tugnait in [10]. However, approximations is
made for model probabilities for lags corresponding to past
states, i.€.,
P(M[V?) = PO |, Y) - (15)

Such an approximation has also been usedin [11, 12, 13]. In
our simulation we observed that using (12) can perform bet-
ter when observation noise is smaller though the difference
is trivial.

Based on the derivation in this section, we provide the
AS-IMM algorithm in the Appendix.

4. AS-IMM-PDA

When clutter is presented in the measurement origin and
OOSM is involved in the received data at time k, the mea-
surement vector will have the form

Yk 2 . m

. (16)
yi—dv ey Yrn_a

X v
Yk—d Yie—d»



All possible combinations of the current and delayed mea-
surements form the “measurements” in the augmented mea-
surement space. For example, at time &, let us assume that
the following four measurements are received - two for each

B

Then the total measurement set formed by exploring all pos-
sible combinations is

1 1
Yer» Yi—a
2 2
Y, Yk—a

Yk
Yk—d

Yi (Y v? v’ v'}
(LT LELE
Yo—a ) L Yk—a 1| Yk—a 1| Yk-a

which should be used for computing the combined inno-
vations and the data association probabilities for the aug-
mented state vector. It is clear that if OOSM involved, as
the number of delayed measurements and the number of
in-gate measurements increase an straightforward PDA be-
comes unpractical. One way to get around this problem is
to use the iterative augmented state probabilistic data asso-
ciation (Iterative AS-PDA) propose in [4]. In this paper,

y ——M -
¥, Y, Y

A

d A A

d d
Xtk Xkt Xk
KF PDA PDA > ------ —=  PDA

d d

Pk-llk-l Predict Plglk 1 Update Updae | Update Pk|

!

lag 0

One Cycle of AS-IMM-PDA: Iterative PDA lag by lag for each of N models

Fig. 1. Computation Structure for AS-IMM-PDA

the technique of the iterative AS-PDA is adopted for imple-
menting AS-IMM-PDA. Figure 1 illustrates the computa-
tion structure involved for each of /N models in one cycle of
the AS-IMM-PDA recursion. One cycle of AS-IMM-PDA
recursion involves following major steps:

Step 1 Filter initialization.

Step 2 Start at time k, calculate mixing probabilities and
initial estimate and covariance mixing. This is same
as AS-IMM.

Step 3 According to all measurements received at current
time configure system observation matrix H to ac-
commodate measurements to corresponding lags for
update.

Step 4 Iterative IMM-PDA for each lag. This includes
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— IMM-PDA Gating: If there is a set of measure-
ments corresponding to current lag, validating
measurements using model probability weighted
gating (MPWG) technique presented in [14].

—IMM-PDA model based PDAF for each of N mod-
els.

— For those lags without measurement, use predicted
value instead.

Step 5 Likelihood and model probability update.

Step 6 Estimates combination and output. &k = k + 1 Go
to Step 2 for next time index.

5. SIMULATION STUDY

To demonstrate the performance of the proposed algorithms,
a random statistical test scenario is designed as follows.

A two dimensional maneuvering target motion is de-
scribed by

Tp+1 = Fop + Guy, + wy a7n
with measurement equation
yr = Hzxp + vy (18)

where the matrices F', G and H are standard as given in [4].
The system process noise wj and measurement noise vy, are
assumed to be white Gaussian zero-mean with covariance
matrices Q = GG'¢® and R = I,0,, where ¢ = 0.01,
I,, is a two dimensional unit matrix (for position only mea-
surement) and o, = 0.5km is the standard deviation of
the measurement noise. Target acceleration is described
by the input term wuy which is assumed to take one of a fi-
nite set of values at any time k, i.e., up € {mq,ma,ms},
where my = [0,0]’,mq [a,0]",mg = [0,a]’, the fac-
tor a = 0.2Km/s?. The process of uy, is governed by a
Markov chain with transition probability matrix

0.9 0.05 0.05
M= 02 0.8 0
02 0 0.8

At each of 100 Monte Carlo runs, (100 sampling peri-
ods) data is randomly generated based on the Markov chain
process with a target starting point

z0 = [200 km, 0.5 km/s, 100 km, —0.08 km/s]’

It is assumed that data is received via a randomly delayed
network with a sampling rate 7' = 1 second. The data at
any time £ has a probability P. = 0.25 to be delayed. Data
delay is uniformly distributed with a maximum time delay
less than or equal to 4 X T'. Generated data is corrupted with
Gaussian noise and uniform scattered clutter with density
Dy, The detection probability is assumed to be Pp = 0.98.



RMS POSITION ERROR COMPARISON
1 T T T T

Dm =0.001

— AS-IMM-PDA1
= AS-IMM-PDA2
AS-IMM-PDA3

4‘0 50 6‘0 7‘0 8‘0 5;0 100
TIME

Fig. 2. RMS error comparison between AS-IMM-PDA1
AS-IMM-PDA?2 and AS-IMM-PDA3 in two clutter densi-

ties

An AS-IMM-PDA with 4 lags is implemented based on
the above basic system in the way similar to (6)—(7), where
the augmented R and @ matrices are all assumed to be di-
agonal blocked matrices.

The performance of three tracks are compared. The first
track, denoted as AS-IMM-PDA1, uses OOSM; the sec-
ond track, denoted as AS-IMM-PDA2, treats the OOSM
as missing measurements and do not use them; the third
track, denoted as AS-IMM-PDA3, is assumed to use full
measurement sequence without OOSM problem. The root-
mean-squared (RMS) error of the estimated target position,
the percentage of track loss (TL) and the expected number
of measurements (1) in each gate are used for the perfor-
mance comparison. A track loss is confirmed when its RMS
position error exceeds a threshold F,,,, within at least 10
consecutive sampling periods. In this example, we chose
Erar = 30 X 0y.

Test results are shown in Figure 2 and Table 1. The
RMS position error is obtained based on the average of all
survival tracks. We observed that

Table 1. Algorithm Performance Comparison

Dy, AS-IMM-PDA1 AS-IMM-PDA2 AS-IMM-PDA3
point/Km? TL M TL M TL M

0.001 4% 1.2013 9% 0.9329 2% 1.1940

0.080 35% 3.4150 46% 3.0108 31.5% 3.2518

From the simulation, we observed that

—with random data delay, the AS-IMM-PDA1 outperforms
AS-IMM-PDA? in both clutter densities (light and
heavy) as the AS-IMM-PDA1 uses OOSM and thus
has improved tracking performance (in terms of RMS
error, percentage of track loss) while the AS-IMM-
PDA?2 ignores OOSM.
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RMS POSITION ERROR COMPARISON FOR AS—IMM-PDA1

1 u u u u
) ) — FILTERED AS-IMM—PDA1
= SMOOTHED AS-IMM-PDA1
0.9 SMOOTHED AS-IMM-PDA3

0.8

0.7

0.6

0.4
03f o ~Tor
02

01f

20 30 70 80 90

Fig. 3. RMS error comparison between 1). filtered AS-
IMM-PDAL1 output and smoothed AS-IMM-PDA1 output;
2). smoothed output AS-IMM-PDA1 and AS-IMM-PDA3.

—increasing P, the AS-IMM-PDA?2 will contribute to more
track loss.

—as shown in Figure 3, the smoothed output of the AS-
IMM-PDA1 is superior to its filtered output and is
similar to that of the AS-IMM-PDA3 which uses the
full (no delay) measurement sequence.

—the computational load of the proposed AS-IMM and AS-
IMM-PDA are roughly d times of an IMM and an
IMM-PDA respectively. It is possible to make fur-
ther computation reduction on augmented state filters,
such as the method as mentioned in [11] and we will
address this issue in our future research work.

6. CONCLUSION

In this paper, an augmented state solution to OOSM prob-
lem for maneuvering target tracking in clutter is studied and
an AS-IMM-PDA is presented. The proposed algorithm is
able to use OOSM to improve tracking performance and ob-
tain smoothed performance if a fixed lag delay is allowed.
An simulated example of maneuvering target tracking in
clutter with random data delay has demonstrated that the
proposed algorithm has an improved tracking performance.

7. REFERENCES

[1] Y. Bar-Shalom. “ Update with out-of-sequence mea-
surements in tracking: Exact solution ”, Signal and
Data Processing of Small Targets 2000 , Oliver E.
Drummond, Ed., 2000, Proceedings of SPIE, Vol.
4080, pp. 541-556.



[2] M. Mallick, S. Coraluppi and C. Carthel. “Advances in
Asynchronous and Decentralized Estimation,” in Pro-
ceedings of the 2001 IEEE Aerospace Conference, Big
Sky MT, March 2001.

S. Challa, R. Evans and X. Wang. “Target Tracking
in Clutter Using Time-Delayed Out-of-Sequence Mea-
surements”, In Proceedings of Defence Applications
of Signal Processing (DASP), Sep., 2001. .

S. Challa, R. Evans and X. Wang. “A Bayesian so-
lution to OOSM problem and its approximations”, to
appear on Journal of Information Fusion, Vol. 4 No. 3
issue - September 2003. .

S. Challa, J. Legg and X. Wang. “Track-to-Track Fu-
sion of Out-of-Sequence Tracks”, In Proceedings of
the Fifth International Conference on Information Fu-
sion, Annapolis, Maryland, USA, July, 2002, pp. 919-
926. .

[6] H.P.Blom, and Y. Bar-Shalom. “The Interacting Mul-
tiple Model Algorithm for Systems with Markovian
Switching Coefficients”, IEEE Proc. AC, vol. 33, no.

8, pp. 780783, Aug. 1988.

Y. Bar-Shalom, and X.-R. Li. Estimation and Track-
ing: Principles, Techniques, and Software, Artech
House, MA, 1993.

[8] E. Mazor, A. Averbuch, Y. Bar-Shalom, and J. Dayan.
“Interacting Multiple Model Methods in Target Track-
ing: A Survey”, IEEE Transactions on Aerospace and
Electronic Systems, Vol. 34, No. 1, January 1998, pp.

103-123.

[9] S. Blackman, and R. Popoli. Design and Analysis of

Modern Tracking Systems, Artech House, MA, 1999.

[10] B. Chen, and J. K. Tugnait. “An Interacting Multiple
Model Fixed-Lag Smoothing Algorithm for Marko-
vian Switching Systems”, Proceedings of the 37th
IEEE conference on Decision and Control, Tampa,

Florida, USA, pp.269-274, December 1998.

[11] B. Chen, and J. K. Tugnait. “Multisensor tracking of
a maneuvering target in clutter using IMMPDA fixed-
lag smoothing”, IEEE Transactions on Aerospace and

Electronic Systems, vol. 36, No. 3, July 2000.

[12] R. E. Helmick, W. D. Blair and S. A. Hoffman. “One-
step fixed-lag smoothers for Markovian switching sys-
tems”, IEEE Transactions on Automatic Control, Vol.

41, pp. 1051-1056, July 1996.

[13] R. E. Helmick, W. D. Blair and S. A. Hoffman.

“Fixed-Interval Smoothing for Markovian Switching

484

Systems”, IEEE Trans. Information Theory, Vol. 41,
No. 6, pp. 1845-1855, Nov. 1995.

[14] X. Wang, S. Challa, and R. J. Evans. “Gating Tech-
niques for Maneuvering Target Tracking in Clutter”,
IEEE AES, Vol. 38, No. 3, pp. 1087-1097, July 2002.

8. APPENDIX: ONE CYCLE RECURSION OF
AS-IMM ALGORITHM

Following formula are derived based on Markovian switch-
ing system (8) described in Section 2 under linear Gaussian
assumptions. The one cycle of the AS-IMM algorithm has
the following 4 steps.

1. Initialization:
e Predicted model probability vector

N
A ; -
ps(klk = 1) 2 POMGIY* ) = 3wk — 1)
i=1

(19)

e Mixing probability

A i i —
mi(k =1k —1) 2 P(My_,|M],Y*™)
#%j(k_l‘k_l)
#7’\3‘(’6_1"“_1) 20)
ul (k= 11k — 1)
where
h
ity (B —1
Wiy =1k — 1y = T D g g
l"j(k‘k_l)

e Mixing state and covariance

o A
X =

j k=1
k—1lk—1 BE(Xp1 | M}, Y )

N
> diag{pi;(k— 1k —1}X 1y QD
=1

. A £ 0 0
Pljj—l\k—l = E{[kal - ij,l‘kfl][xkfl - ij—1|k71]
N
P 04
= {Pkbfwcfl‘*‘[Xk'*l _ij—l\k—l]
X[Xpo1 = X, )} ding{pig; (k= Lk = 1))22)
where

diag{p;; (k — 1|k — 1)} =
[ W0k =1k =L, - ) (k=1lk =1L, |
and I, is an unit matrix of dimension identical to single state x.

2. Model based filtering

e Prediction

. N . A
Xi\k—l = E (Xk\Mf'l7Yk 1)
= Fngj—l\k—lJ'_G—liwfc‘i
; A > > J ’ j k—1
Pl 2 B[(Xk = X )Xk = X, ) MLy
- FPY,, F 4@
ij\k—l = HJXi“%l (23)

My



e Innovation

ij = Yk*ij\k—l
s; = HP,_H R
e Gain
K| =P, H'S]
e Update
X E E(Xk\Mg,Yk’l)
= X, +EKY]
Pl & B {[x0 - X0 ] [xe - X)) g vty
= P}f\kq*KiSiKil

3. Model probability update

24

(25)

(26)

o the likelihood for in-sequence measurement y;, = yg and the ith lag of

model M ,{

ni A i -
AT (R) 2 p(ye MET YR

I
M=

h=1 w=1s=1

@7

N N
33 N (wrs B SE) Tewmn

e the likelihood for out-sequence measurement vy, —p = y;c and the 4th lag

of model M, where 0 < i < h < d:

1 Out,i A 1,7 —
A9U0 (k) 2 plyp—n| M7, YF)

N

=1 w=1g=1

.89 g —k+i —k—h
XN (yk—hv Ye—hlk—h—1° Sk—h) T T

(28)

e the overall likelihood for the ith lag with measurement Y, = [yr, Yk—h]

for model M ]i :

AL(R) 2 plyi, yrmn | M7, YRTY) = A (R)ACY (k) 29)

e model probability update for for model M; (k):

ug(k)
A & l‘j(k)
ki (k|k) = p(M;(R)|[YT) = :
u?kk)
where ) )
; L(k|lk — 1)A%(k
() ;5 (k| IA; ()

XL w(klk = DA} (k)
4. Output combination

o A

X 2 B (X0lY")

N
= > diag {p; (k|k)} X[,
j=1

A X X
P 2 E{[Xk — X[ Xk — Xk‘k]'\Yk}

(30)

(31)

(32)

N
= -21 {Pi\k + [ Xepe — X7, ) Xk — X;‘k]/} diag {p; (k| k)}
=

where

diag {p1; (k|k)} = diag [0 (k)L 1} ()T -+ 1 () L |
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