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Abstract

A new concept named pseudo information measure is introduced. By this measure, Bayesian fusion of independent sources of

information is extended to a wide range of possible formulations and some new fusion formulas are calculated. The coincidence

between the performance of the proposed method of fusion with the expected results and output sensitivity of the fusion process are

discussed. Also, we have discussed the resulting flexibility for map building applications. Map building by using the proposed fusion

formulas has been simulated for a cylindrical robot with eight ultrasonic sensors and implemented on Khepera robot. The resulting

maps have been fed to an improved version of A* path planning for comparative purposes. For the resulting routes, two factors

have been considered and calculated: length and the least distance to obstacles. The results show that the maps of the environment

that are generated by using the proposed fusion formulas are more informative. In addition, more appropriate routes are achieved.

Based on the selected function, there is a trade-off between the length of the resulting routes and their safety. This flexibility lets us

choose the right fusion function for different map building applications. � 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Mobile robot perception and planning has been fo-
cused by AI researchers in the recent few decades. Since
mobile robots are normally equipped with several types
of sensors with different modalities, sensor data fusion is
one of the important items in the research index of this
application [1]. Mapping and planning are the most
important applications where sensor fusion plays its
role. Probabilistic methods are well known in environ-
ment mapping applications. There is much research
work on this area, initiated by Elfes [2,3], introducing
occupancy grids and his formulation was extended to
certainty grids (and even applied to localization) by
many researchers during recent years [4–7].

The internal representation used for sensory data
conversion in this approach is an occupancy grids map.
In this framework, the environment around the robot is
divided into very small cells (similar to the pixels of an
image). Each cell in the map is associated with a proba-
bility value that indicates the state of the cell. This value
introduces the probability of being occupied by obstacles.

In Elfes formulation of map building by Bayesian
fusion [2,3], some conditional probability must be de-
fined and calculated. Actually, this conditional proba-
bility is a sensor model and the raw sensory information
are transformed to occupancy probability values by this
model. However for many sensing modalities, there is no
exact model and doing this transformation is usually
difficult. Van Dam has tried to do this transformation
for ultrasonic range finder sensors by using artificial
neural networks [8,9].

In many papers, Bayesian fusion of sensory infor-
mation is followed by the assumption that the sensors
are measuring and sensing the environment in a condi-
tionally independent manner. For example, Thrun [10]
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applies this assumption to create grid-based local maps
to integrate grid-based and topological maps. Of course
the conditional independence assumption is not a valid
assumption always and in some cases, it is not so close
to reality. But the results show that a wide range of
variety in Bayesian fusion formulation is obtained and it
does not make any diverging error in the map building
process and its drawbacks are compensated after en-
ough instances of sensing [11–13].

In this paper, we introduce a new concept and at-
tempt to generalize Bayesian fusion of the information
that are gathered from independent sources. More
flexibility in selection of the fusion function is achieved
by using this extended form of Bayesian fusion. The
advantages of using the new idea in map building pro-
cess for mobile robots are shown in simulation and ex-
perimental results. This idea has been trained and
developed during our research work [14,15] and the
complete theory and analysis is presented in this paper
now. The outline of the paper is as follows.

In Section 2, the new ideas and their application to
data fusion are explained in the four subsections. In
Section 2.1, Bayesian fusion of conditional independent
sources of information is briefly reviewed. In Section
2.2, definition of the new concept and its necessary
properties are introduced. Fusion formulas and a gen-
eral analysis of the fusion process in this framework are
given in the next two discussions in this section, re-
spectively. Bayesian and pseudo information fusion are
used in a map building simulation in Section 3 through
four subsections. Simulation of ultrasonic sensing,
conversion of ultrasonic data to occupancy probabili-
ties, modified A* algorithm for path planning and
mapping and planning simulation results are discussed
in these subsections, respectively. In Section 4, map
building experiments are presented. In these experi-
ments, Bayesian and the new fusion formulas were ap-
plied to the infrared proximity sensors of a Khepera
robot. Both in the simulation and in the implementation
results section, created maps have been applied to a path
planning algorithm. The resulting routes show the ad-
vantages of the fusion methods. Finally in Section 5,
some conclusive remarks about the advantages and
flexibilities of the new method are mentioned.

2. Pseudo information measures: definition, application

and analysis

Since the idea of pseudo information measure and the
fusion formulas for these measure values have origi-
nated from the basic formulation of Bayesian fusion of
independent sources of information, this formulation is
briefly reviewed in this section. Then the new idea is
introduced and we try to improve its performance from
an informatic point of view. Note that despite our dis-

cussion is formulated based on occupancy grids map
building in robotics environment perception, it can be
expressed for fusion of every other type of information.
Indeed, the proposition ‘‘the cell Cj is occupied’’ can be
replaced with any other proposition in other applica-
tions. For example, in the case of a military multi-radar
target detection and tracking, the proposition may be
expressed as ‘‘detected object is enemy’’ or in the case of
medical pattern recognition, the proposition may be
expressed as ‘‘the tissue is infected’’.

2.1. Bayesian fusion with conditional independence
assumption

Suppose that two sensors S1 and S2 give two range
measures r1 and r2, and they give two occupancy
probability values for some cells in the map. In order to
integrate these two values, the fused state of some cell
e.g. Cj can be calculated by

P ½OCCðCjÞjS1; S2� ¼
P ½S1jOCCðCjÞ; S2� � P ½OCCðCjÞjS2�P

sðCjÞ P ½S1jsðCjÞ; S2� � P ½sðCjÞjS2�
ð1Þ

because the left-hand side is equal to

P ½OCCðCjÞ; S1; S2�
P ½S1; S2�

:

Moreover, the right-hand side is equal to

P ½S1;OCCðCjÞ; S2� � 1
P ½S2�P

sðCjÞ P ½S1; sðCjÞ; S2� � 1
P ½S2�

¼ P ½OCCðCjÞ; S1; S2�
P ½S1; S2�

;

where sðCjÞ means the ‘‘state’’ of the cell Cj and it can be
‘‘occupied’’ or ‘‘free’’. Also OCC stands for OCCupied.
Here, conditional independence for the two sensors S1
and S2 is defined by the following relation

P ½S1jOCCðCjÞ; S2� ¼ P ½S1jOCCðCjÞ�: ð2Þ

Thus, by the assumption of conditional indepen-
dence, (1) results in the following equation:

P ½OCCðCjÞjS1; S2�
¼ ðP ½S1jOCCðCjÞ� � P ½OCCðCjÞjS2�Þ

X
sðCjÞ

P ½S1jsðCjÞ� � P ½sðCjÞjS2�

0
@

1
A,

¼ ðP ½S1jOCCðCjÞ� � P ½OCCðCjÞjS2�Þ=ðP ½S1jOCCðCjÞ�
� P ½OCCðCjÞjS2� þ P ½S1jEMPðCjÞ� � P ½EMPðCjÞjS2�Þ

¼ P ½OCCðCjÞjS1� �
P ½S1�

P ½OCCðCjÞ�
� P ½OCCðCjÞjS2�

� 	

P ½OCCðCjÞjS1� �
P ½S1�

P ½OCCðCjÞ�
� P ½OCCðCjÞjS2�

�


þ P ½EMPðCjÞjS1� �
P ½S1�

P ½EMPðCjÞ�
� P ½EMPðCjÞjS2�

	
;
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where EMP stands for EMPty. Finally, P1 and P2 and
P are defined as the occupancy probability values for
the cell Cj, derived from the data attained by S1 and S2
and by Bayesian fusion of the information provided by
the two sensors, respectively. They are expressed as
follows:

P1 ¼ P ½OCCðCjÞjS1�;
P2 ¼ P ½OCCðCjÞjS2�;
P ¼ P ½OCCðCjÞjS1; S2�:

ð3Þ

Thus, the following simple fusion formula is
achieved:

P ¼ P1 � P2
P1 � P2 þ P ½OCCðCjÞ�

P ½EMPðCjÞ� � ð1	 P1Þ � ð1	 P2Þ
: ð4Þ

Since P ½OCCðCjÞ� ¼ 1	 P ½EMPðCjÞ� the fusion for-
mula (4) can be rewritten by the following interesting
form:

1

P
	 1 ¼ 1

P ½EMPðCjÞ�

�
	 1

	
� 1

P1

�
	 1

	
� 1

P2

�
	 1

	
:

ð5Þ
Almost always the prior probability P ½EMPðCjÞ� is

considered to be equal to 1=2 with the maximum entropy
assumption. Thus, the fusion formula will be simply
expressed by

1

P
	 1 ¼ 1

P1

�
	 1

	
� 1

P2

�
	 1

	
ð6Þ

or more explicitly

P ¼ P1 � P2
P1 � P2 þ ð1	 P1Þ � ð1	 P2Þ

: ð7Þ

The maximum entropy assumption is a valid as-
sumption while there is no priori information about the
occupancy state of the cell. Any other initial value for
P ½EMPðCjÞ� may be assumed to be derived during a
previously elapsed iteration, initiated with a 1=2 value.
For instance, suppose that a value of 0.75 is derived for
P ½OCCðCjÞ�, initiated with 1=2. Computation of the
fused value by using (7) will result 0.75 itself for
P ½OCCðCjÞ� and a value of 0.25 can be considered for
initialization of P ½EMPðCjÞ�, in order to proceed to the
next iterations. So why do not we insert such a primitive
iteration in the common iterations and suppose initial-
ization of P ½EMPðCjÞ� with a value of 1=2?

Generally speaking, (6) can be extended to the case of
existing of several sources of information S1; S2; . . . ; Sn
by induction. If these sources give the values
P1; P2; . . . ; Pn for a unique proposition (e.g. occupancy of
a cell Cj in our map building discussion) then the fusion
formula can be expressed as follows

1

P
	 1 ¼

Yn
i¼1

1

Pi

�
	 1

	
: ð8Þ

2.2. Pseudo information measure: definition and proper-
ties

We tried to find a quantity that increases while the
fusion takes place by (6) or (8). It can be interpreted as
some quantitative description of the information exist-
ing in the proposition Cj is occupied. If the function
INFOðP Þ is defined by

INFOðP Þ ¼ logðP Þ 	 logð1	 P Þ ð9Þ
then combination of (6) and (9) simply results in the
following desired property for INFOðP Þ:
INFOðP Þ ¼ INFOðP1Þ þ INFOðP2Þ: ð10Þ

As P goes farther away from 1=2, jINFOðP Þj must
increase, because the proposition becomes more infor-
mative. But in order to distinguish between the propo-
sitions that are near to be false and the ones which are
near to be correct, the function INFOðP Þ is sym-
metrically negative in the former case and positive in the
latter. Fig. 1 shows this behavior. We tried to extend this
concept to a more general case. Actually there are some
properties that if every other function satisfies them,
then it can be accepted as a quantitative measurement
for the information existing in a proposition. We nom-
inate such functions as pseudo information measure
functions and will use the symbol PINFOðP Þ for them.
The desired properties are:
1. It is defined on ½0; 1�.
2. It is symmetric around 1=2 and zero at 1=2. So, it can

be defined as

PINFOðP Þ ¼ Jð1	 P Þ 	 JðP Þ: ð11Þ
Clearly in the case of (9) the function JðP Þ is

	 logðP Þ.

Fig. 1. General mathematical shape of a pseudo information function.
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3. It must satisfy the following limits:

LimP!0þPINFOðP Þ ¼ 	1;

LimP!1	PINFOðP Þ ¼ þ1;
ð12Þ

and it is sufficient for the function JðP Þ to satisfy the
following limits:

LimP!0þJðP Þ ¼ þ1;

LimP!1	 jJðPÞj < 1:
ð13Þ

4. It must be an increasing function of P (equivalently
JðP Þ must be a decreasing function of P).

5. It must be a concave function for P < 0:5 and convex
for P > 0:5.
Alternatively, all of the above characteristics (i.e. all

of the monotony and convexity characteristics and
limits) can be reversed.

2.3. Data fusion using pseudo information measure

Defining a fusion formula is just the straightforward
step after defining a pseudo information function. As-
sume that two sources of information have been pro-
cessed and expressed as two probability values for some
proposition. They are fused in such a way that the
pseudo information measure for the resulting probabil-
ity is the algebraic sum of the values associated with the
two probabilities. It is same as (10) rewritten as

PINFOðP Þ ¼ PINFOðP1Þ þ PINFOðP2Þ: ð14Þ
Here, we present six examples of infinite possible

definitions that satisfy the necessary conditions

J1ðP Þ ¼ 	 logðP Þ; J2ðP Þ ¼
1

P
;

J3ðP Þ ¼
1

P 1:1
; J4ðP Þ ¼

1

P 2
;

J5ðP Þ ¼
1

eP 	 1
; J6ðP Þ ¼ log

1þ P 2

P

� 	
:

ð15Þ

Fig. 2 gives a comparative representation for the
mathematical shapes of the six pseudo information
measure functions created by the functions J1ð:Þ–J6ð:Þ. It
compares the behavior of the pseudo information values
while jP 	 1=2j increases. J1ð:Þ is the function that gives
the Bayesian fusion formula (7). In J2ð:Þ, J3ð:Þ and J4ð:Þ,
fractional functions and in J1ð:Þ, J5ð:Þ and J6ð:Þ, loga-
rithmic or exponential functions are used. By applying
(11) and (14), one can obtain fusion formulas, associated
with each definition of pseudo information. In some
cases, an explicit formula can be directly calculated. For
example, in the case of applying J2ð:Þ for calculation of
the pseudo information measure values, the following
fusion explicit formula is attained:

P ¼
x	2þ

ffiffiffiffiffiffiffi
x2þ4

p
2x if x 6¼ 0;

1
2

if x ¼ 0;

(
ð16Þ

where x ¼ ð1=ð1	 P1ÞÞ 	 ð1=P1Þ þ ð1=ð1	 P2ÞÞ 	 ð1=P2Þ
(refer to [14] for more details). Also in the case of ap-
plying the exponential function J5ð:Þ the following for-
mula is resulted:

P ¼ Ln
xðeþ 1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ðe	 1Þ2 þ 4e

q
ð2ðxþ 1ÞÞ

0
@

1
A; ð17Þ

where x ¼ J5ð1	 P1Þ 	 J5ðP1Þ þ J5ð1	 P2Þ 	 J5ðP2Þ (re-
fer to [15] for more details). In many cases, there is no
direct formula for fusion and an implicit equation must
be solved. For example, in the case of J6ð:Þ, the following
third-order algebraic equation must be solved:

ð1þ xÞP 3 	 ð2þ xÞP 2 þ ð2þ xÞP 	 x ¼ 0; ð18Þ
where

x ¼
P1P2 þ 1þ 1	 P1ð Þ2

� �
1þ 1	 P2ð Þ2

� �
1	 P1ð Þ 1þ P 2

1ð Þ 1	 P2ð Þ 1þ P 2
2ð Þ :

In the case of using PINFO3ðP Þ and PINFO4ðPÞ,
similar calculations lead to some implicit formulas for
the fused probability values. They are not brought here
and are not applied in the simulation and experiments.
In (15), the functions J3ðP Þ and J4ðPÞ were merely ex-
emplified next to J2ðP Þ in order to declare that any
function of the form 1=Pq could be considered being a
valid choice for JðP Þ, where q is any positive rational
number.

Finally, the main difference between the Jð:Þ func-
tions is in their behavior when jP 	 1

2
j increases. Fig. 2

shows this difference. Actually, if PINFOiðP Þ stands for
the pseudo information measure function that is calcu-
lated by using JiðP Þ, it can be proved that [14,15]

Fig. 2. Comparative mathematical shapes of the six pseudo informa-

tion functions created by six functions J1ð:Þ–J6ð:Þ. They are plotted in

the probability distance (0.5,1) because we had to sketch them in

logarithmic scale.
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jPINFO6ðP Þj6 jPINFO1ðPÞj6 jPINFO2ðP Þj
ffi jPINFO5ðP Þj6 jPINFO3ðP Þj
� jPINFO4ðP Þj: ð19Þ

These inequalities show that the pseudo information
measure, calculated by using J6ð:Þ, behaves more softly
with low and high probability values (associated with
more informative propositions) and the inverse second-
order function J4ð:Þ, behaves roughly about informative
propositions (it has not been considered in the com-
parative simulation and implementation in this research
work).

By simulation and implementation results, it is shown
that the behavior of the fusion is directly related to the
associated pseudo information function.

2.4. Fusion analysis

Suppose that two sources of information, S1 and S2
provide two probability values P1 and P2, associated to a
proposition. If P1 > 0:5 and P2 > 0:5, then the fused
probability is expected to be greater than both P1 and P2
(nearer to 1 to be absolutely true). Pseudo information
fusion formula (14), along with the necessary properties
of a PINFO function, shows that the logical point which
was mentioned above is satisfied while doing fusion by
(14). Three cases are considered here for more clearance.
• If P1 > 0:5 and P2 > 0:5, then since PINFO is an in-

creasing function and zero at P ¼ 0:5, PINFOðP1Þ
and PINFOðP2Þ will be positive and by (14),
PINFOðP Þ will be greater than PINFOðP1Þ and
PINFOðP2Þ and again since PINFO is an increasing
function, P will be greater than both P1 and P2 or
in other words it will be nearer to 1.

• In the case of P1 < 0:5 and P2 < 0:5, similarly it can
be deduced that P will be less than both P1 and P2
or in other words it will be closer to 0.

• In the case of P1 > 0:5 and P2 < 0:5 and
jP1 	 0:5j > jP2 	 0:5j then PINFOðP1Þ > 0 and
PINFOðP2Þ < 0 and because of the symmetric behav-
ior of the PINFO function, PINFOðP1Þ >
	PINFOðP2Þ and by (14) PINFOðP Þ will be positive
and so P > 0:5. Also P < P1 because PINFOðP Þ <
PINFOðP1Þ. Similarly, in the case of jP1 	 0:5j <
jP2 	 0:5j the resulting Probability value will satisfy
in P2 < P < 0:5. Finally in the case of jP1 	 0:5j ¼
jP2 	 0:5j, since the two probability values are located
on equal distances from 0.5, by the symmetric prop-
erty of PINFO function (11) it can be simply shown
that PINFOðP1Þ ¼ 	PINFOðP2Þ and by (14),
PINFOðP Þ ¼ 0 and so P ¼ 0:5.
Obviously, the above results are the same as expected

from the logic of information fusion. Another point of
interest is the error sensitivity of the fusion process.
Basically, by the probability values, the uncertainty of

the information provided by sensors are modeled. In
many cases, besides the uncertainty, there are some er-
rors existing in the process of conversion of the raw
sensory data to probability values. For example, in the
case of the experiments that we have done on Khepera
mobile robot, a neural network was used for conversion
of infrared sensory data to probability values. In addi-
tion to the uncertainty that exists in the raw sensory
data, there is also some error in the conversion process
that is performed by the neural network (e.g. because of
the limited set of the learning patterns that are applied
to train the network).

In the case of existing errors (or deviations) in P1 and/
or P2 values, by (14) we can write

DPINFOðP Þ ¼ DPINFOðP1Þ þ DPINFOðP2Þ;

d PINFO

dP
ðP Þ � DP ¼ d PINFO

dP
ðP1Þ � DP1 þ

d PINFO

dP
�ðP2Þ � DP2;

DP ¼
d PINFO

dP ðP1Þ
d PINFO

dP ðPÞ � DP1 þ
d PINFO

dP ðP2Þ
d PINFO

dP ðP Þ � DP2:

Thus, the output error relative sensitivity of the fu-
sion process, defined by jDP=DP1j for P1 (assuming DP2
is zero) is equal to

d PINFO
dP ðP1Þ

d PINFO
dP ðP Þ

�����
�����:

If P1 > 0:5 and P2 > 0:5 then P > maxðP1; P2Þ > 0:5 and
because of the convexity of PINFO in this area, its de-
rivative is an increasing function of P. So

d PINFO

dP
ðP1Þ <

d PINFO

dP
ðPÞ:

Thus, the output error relative sensitivity of the
fusion process will be less than one in this case. Such
reasoning is true also in other two cases. It means that
any noise or error in the probability values, are dimin-
ished during the fusion process.

The final point is the flexibility of the new approach
in robotic map building applications. Usually in such
applications, the environment around the robot is
modeled with a map. This map is generated by using a
sensor data fusion method. Then the robot applies this
map to execute several tasks. We discuss on the path
planning task here. It is apparent that the resulting path
from start point to destination point depends on the
map that has been applied by the path planning algo-
rithm. Actually there is a trade-off between the length
and the safety of the generated paths, and by choosing
the right pseudo information function, we can tune it.
This trade-off can be explained as follows.

We consider two different cases for the pseudo in-
formation functions. A pseudo information function can
be greater than the Bayesian (pseudo) information
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function (J1ð1	 PÞ 	 J1ðP Þ) or less than it. For example,
the functions defined by J2ð1	 P Þ 	 J2ðPÞ and
J5ð1	 P Þ 	 J5ðP Þ satisfy the former case and the pseudo
information function defined by J6ð1	 PÞ 	 J6ðP Þ sat-
isfies the latter (refer to (19)). In the former case there is
more exaggeration in the fusion process (i.e. the prob-
ability values approach their absolute values 0 or 1,
more quickly) and in the latter case, the probabilistic
fusion takes place more softly with less exaggeration.
That is why there are a little more gray-colored (unsafe)
areas in the environment maps, generated by fusion
formulas belonging to the latter case. Thus, the resulting
paths are generated in such a way that obstacles are
avoided more severely and the routes are farther from
them. Nevertheless, this phenomenon naturally leads to
more lengthy routes. By the same discussion, in the
former case since there is more exaggeration in the
fusion process, the resulting paths will be shorter but
closer to obstacle area. Simulation and implementation
results confirm this trade-off and show the achieved
flexibility more clearly.

3. Results of simulation

The role of sensor data fusion in the architecture of
perception and planning for mobile robots has been
focused and examined by simulation and experimental
results. The simulated mobile robot is similar to
Nomad 200e vehicle which has been used as a typical
mobile robot by many researchers [16–19]. This cylin-
drical robot is equipped with 16 ultrasonic Polaroid
range finders.

3.1. Simulation of ultrasonic sensing

Simulation of ultrasonic sensors, mounted on the
robot, should be based on the actual mechanism of the
ultrasonic range sensing operation. Ultrasonic range
finders work according to a simple principle: a packet of
ultrasonic waves is generated and the resulting echo is
detected. The time elapsed between transmission and
reception is assumed proportional to the distance of the
sensed obstacle. Hereafter, we will refer to the Polaroid
ultrasonic range finder, a very common device that is
described in detail in [20,27]. It is sufficient to take into
account only the principal lobe of the pattern. Conse-
quently, the waves are considered to be diffused over a
radiation cone of 25� width. There are three sources of
uncertainty when using an ultrasonic range finder for
determining the position of an object inside the radia-
tion cone. First, the measured distance r is affected by an
error. The standard Polaroid range finder can detect
distances from 0.12 to 6.5 m with 1% accuracy over the
entire range. Second, it is impossible to determine the
angular position of the object that originated the echo;

for example, all the three obstacles of Fig. 3(a) give the
same distance reading. Finally, multiple reflections may
occur. The sonar beam is scattered only by surfaces
whose irregularities are comparable in size to the
wavelength of the emitted pulse which is about 0.0068 m
for the Polaroid sensor. In this case, the sensor reading
is not significant because the beam typically reaches the
receiver after being reflected by other surfaces, or may
even be lost.

In our work, range-finding operation of the ultra-
sonic sensors was simulated by ray-tracing technique. In
this technique, the simulated environment is manually
mapped to an ideal map. Actually, this ideal map is an
occupancy grids map. The cells that are located on free
(occupied) areas are associated with zero (one) occu-
pancy probability values. The sensed distance is derived
by tracing a ray that is initiated from the sensor and
directed towards the central radiation axis of the sensor
and finally it is ended to the nearest occupied cell in its
way. To simulate the sensory noise, two kinds of noises
have been exerted to the ray tracing mechanism. The
radiation direction is the central radiation direction
corrupted by a Gaussian white noise. In addition, the
distance that is derived from ray-tracing is itself cor-
rupted by a white noise.

3.2. Conversion of ultrasonic data to occupancy
probabilities

There are appropriate models of ultrasonic sensing,
considering most of the physical characteristics of these
sensors (e.g. Kuc and Siegel work [26]). We used Oriolo
et al. work [16] on ultrasonic modeling, because it is
simple and compatible with occupancy grids represen-
tation of environment.

Unless a multiple reflection occurred, a single reading
r provides the information that one or more obstacles
are located somewhere along the 25� arc of circumfer-
ence of radius r. Hence, there is evidence that the cells,

Fig. 3. (a) Objects in different angular locations can give the same

reading r. (b) Multiple reflections may occur for large angles of inci-

dence.
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located in the proximity of this arc, are occupied. On the
other hand, points well inside the circular sector of ra-
dius r are likely to be free. To model this knowledge, in
[16], two functions were introduced as follows:

fEðq; rÞ ¼
kE; 06 q < r 	 Dr;
kE

r	q
Dr

� �2
; r 	 Dr6 q < r;

0; q > r;

8<
: ð20Þ

fOðq; rÞ ¼
0; 06 q < r 	 Dr;
kO 1	 r	q

Dr

� �2h i
; r 	 Dr6 q < r þ Dr;

0; q > r þ Dr:

8<
:

ð21Þ
They describe, respectively, how the degree of cer-

tainty of the assertions empty and occupied vary with q
for a given range reading r. Here q is the distance from
the cell under consideration to the sensor, kE and kO are
two constants, corresponding to the maximum values
attained by the functions, and Dr is half of the width of
the area considered proximal to the arc of radius r. The
profiles of fE and fO are displayed in Fig. 4. The choice
of kE, kO and Dr as well as other parameters to be in-
troduced depends on the physical characteristics of the
sensor and the fusion method that is used for map
building. This topic is discussed in detail in [16] and in
our simulations we have chosen the same values of [16]
with the exception for the case of fuzzy method using
MAX operator where we have chosen kE ¼ 1 and
kO ¼ 1. Since the intensity of the waves decreases to zero
at the borders of the radiation cone, the degree of cer-
tainty of each assertion is assumed higher for the points
close to the beam axis. This is realized by defining an
angular modulation function

m1ðhÞ ¼
DðhÞ; 06 jhj6 hmax;
0; jhj > hmax;

�
ð22Þ

where DðhÞ is the radiation directivity function and hmax

is 12.5� in simulations. For ease of computation, the
directivity function can be approximated inside the
original lobe by a fourth-order polynomial (instead of
the Bessel function form in the exact formula [26,16]),
shown in Fig. 5.

Finally, in order to weaken the confidence of each
assertion as the distance from the sensor increases, a
radial modulation function is defined as

m2ðqÞ ¼
1	 tanh 2ðq 	 qvÞð Þ

2
: ð23Þ

This function is shown in Fig. 5. The parameter qv

plays the role of a visibility radius, where a smooth
transition occurs from certainty to uncertainty. The
motivation for introducing this function is twofold.
First, since the possibility of multiple reflections in-
creases as the beam makes a longer fly, the use of m2ðqÞ
reduces the undesirable effects of multiple reflections.
Besides, narrow passages and doors appear to be ob-
structed if seen from a large distance, due to the sensor
wide radiation angle. For each range measurement r
(measured by one of the sensors in the ring in one of the
sensing time instances), the two measures mO and mE for
each cell in the occupancy grids map, can be calculated
by the equations:

mEðq; hÞ ¼ fEðq; rÞ � m1ðhÞ � m2ðqÞ; ð24Þ

mOðq; hÞ ¼ fOðq; rÞ � m1ðhÞ � m2ðqÞ; ð25Þ

where q and h are the polar coordinates of the cell with
respect to the sensor (Fig. 6). Apparently, the calcula-
tions in (24) and (25) are not necessary to be done, if the
cell is located in the outside of the radiation cone of the
sensor.

Fig. 4. The two certainty functions fE (top) and fO (bottom) for a

range reading r.

Fig. 5. The angular modulation function m1ðhÞ (top) and the radial

modulation function m2ðqÞ (bottom).
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3.3. A modified version of A* path planning algorithm

Our objective in this subsection is to show how the
uncertainty existing in a grid-based map of the envi-
ronment affects the path that is resulted by A* path
planning.

Assume that a map M of the environment has been
constructed from the measurements of the sensors. A
start cell S and a goal cell G are given. A path from S to
G is a sequence of adjacent cells fS; . . . ;Gg. Our path
planner must explicitly take into account that the ex-
isting map has an uncertain nature and does not provide
a separation between the free and the occupied space. A
natural strategy is then to avoid the cells with large
occupancy values. The algorithm uses an evaluation
function eðNÞ associated with each cell N that estimates
the cost of the optimal path from S to G constrained
passing through N. It is obtained as follows:

eðNÞ ¼ gðNÞ þ hðNÞ; ð26Þ
where gðNÞ is the cost of the current path from S to N. If
this path is P, then gðNÞ is defined by

gðNÞ ¼
X
Ni2P

lðNiÞ; ð27Þ

where l is the occupancy value measured for each cell in
the map. Actually, the uncertainty that is included inside
the environment map, affects the resulting path, while
calculating the term of gðNÞ cost by (27). hðNÞ is a
heuristic estimate of the cost of the optimal path from N
to G. The map M is searched from S towards G one cell
by one cell. Any cell that has been visited but not ex-
panded (i.e., all of its successors have not been visited

from that cell) is placed in a list, which is sorted by in-
creasing values of the cost estimates of its current cells.
Since it is open for new cells appended to it, we name it
OPEN. At each iteration, the algorithm removes and
expands the first cell N of OPEN. The following pro-
cedure is repeated for each successor N 0: if N 0 has not
been visited so far, it is inserted in OPEN; otherwise, it
must be checked if the path leading to N 0 through N is
more convenient. This is done using the test

gðN 0Þ > gðNÞ þ kðN ;N 0Þ; ð28Þ

where KðN ;N 0Þ is the cost associated with the sub-path
joining N to N 0. The algorithm assigns to each visited
cell, N 0, a pointer to its parent, namely its predecessor on
the current path from S to N 0. If (28) is verified, then the
value of eðN 0Þ (and hence the list OPEN) is updated and
the pointer of N 0 is redirected to N. In this way, only a
spanning tree T of the graph is memorized. The defi-
nition of kðN ;N 0Þ, which coincides with gðNÞ defined in
(27), is simply

kðN ;N 0Þ ¼ lðN 0Þ: ð29Þ

For the heuristic function, usually, the following
equation is used:

hðNÞ ¼ dðNÞlmin; ð30Þ
where dðNÞ is the minimum number of the cells that
compose a sub-path from N to G and lmin is the smallest
nonzero value of l over M. In A* algorithm, in the case
of one-adjacency i.e. when each cell has four adjacent
cells, dð:Þ is defined as follows:

dðNÞ ¼ max jxGf 	 xN j; jyG 	 yN jg ð31Þ
and in the case of two-adjacency i.e. when each cell has
eight adjacent cells, dð:Þ is defined by

dðNÞ ¼ jxG 	 xN j þ jyG 	 yN j: ð32Þ
In our algorithm the definitions (31) and (32) are

redefined. Actually A* algorithm, as described above,
has some drawbacks when applied to search for paths in
a huge map containing large blank space. That is, the
length of the generated path is longer than the optimal
value and there is unnecessary curvature in some parts
of it. Although, from (26) and (27) it seems that the
minimization of eðNÞ (that leads to minimizing gðNÞ)
makes the path length to its minimum value [22], but for
wide maps, this minimization does not always lead to
appropriate paths. Thus, by redefining the dð:Þ functions
in (31) and (32) we have improved this property. Our
proposal is

dðNÞ ¼ n � fðnÞ þ sðnÞ þ jxG 	 xN j þ jyG 	 yN j; ð33Þ
where s is a function, which calculates the length of the
current optimal path from the point S to the cell N. f is
another one that calculates the perpendicular distance of
the current cell to the line, connecting the previous cell
in the search loop to the goal cell G. n is a positive and

Fig. 6. The polar coordinates ðq; hÞ of a cell with respect to a sensor.
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arbitrary constant and its value depends on our em-
phasis on the directivity of the path towards the point G.
It can be chosen by trial and error. In Fig. 7 visual ex-
planation of the new defined functions are shown in a
typical path planning example.

3.4. Results

The environment that was selected for exploration,
map building and path planning is a rectangular room
with the dimensions of 15 m� 20 m. It contains four
walls on its perimeter and some obstacles inside. These

objects are supposed to be modeled during the map
building process. Fig. 8 shows the map of the environ-
ment that has been divided into many small
10 cm� 10 cm square cells. This environment is the
map of a small ward of a hospital, including a corridor
and some neighboring rooms with two beds or with a
bed and a table or only one table. The map building
algorithm is as follows.

Firstly, the mobile robot does not know anything
about the location of the walls (dimensions of the room)
and the obstacles. There is an initially blank map in the
robot’s memory with 150� 200 cells. In an ideal case,
this map gradually converges to the map depicted in
Fig. 8. The robot begins to navigate inside the room
either by human aid or by reactive obstacle avoidance
[21,24]. We preferred the latter one. During this phase,
each of its ultrasonic sensors gives a distance measure-
ment in every sensing instance. These values give mOðCjÞ
(occupancy measure) and mEðCjÞ (emptiness measure)
values for some cells in the map by using (24) and (25).
These measure values are combined through the fusion
formulas. A fusion method is applied to the map
building process in the next step. We have tried Baye-
sian, fuzzy and Demspter-Shafer methods for fusion. In
the case of the fuzzy fusion, we have used MAX and
Dombi union operators in different two simulations to
compare the results. In the case of Bayesian fusion and
the method of pseudo information measure, mO and mE

values must be transformed to probability values in
each iteration. This conversion takes place by the fol-
lowing relation:

Fig. 7. Representation of the definitions of fðNÞ and sðNÞ given in the

modified A* path planning algorithm.

2OO
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Fig. 8. The real map of the simulated environment (hospital ward) to be generated in the robot’s mind.
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P ½OCCðCjÞjNew Sensory Information�

¼ 1þ mOðCjÞ 	 mEðCjÞ
2

: ð34Þ

Then they are combined with the corresponding val-
ues in the occupancy grids map.

Actually, a local map of the environment around the
robot is created in each iteration. This local map is the

set of occupancy values, that are computed by the
conversion formulas presented in Section 3.2, for some
cells located at the neighborhood of the robot. On the
other side, another local map is extracted by reading the
current occupancy values of the same neighboring cells
in a global occupancy grids map of the environment.
These two local maps are fused and a new local map is
generated (local map fusion takes place through fusion

Fig. 9. The map of the simulated environment, generated by using fuzzy fusion with MAX operator.

Fig. 10. The map of the simulated environment, generated by using fuzzy fusion with Dombi’s union operator.
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of the occupancy value of a cell in a map with the value
of the same cell in another map). The new values of the
generated local maps are put into the global map of the
environment. Thus, the global occupancy grids map
improves gradually.

The resulting maps created by fuzzy fusion, using
MAX and Dombi’s operators are shown in Figs. 9 and

10, respectively. The maps generated by Bayesian fusion
and Dempster’s rule of combination are also given in
Figs. 11 and 12, respectively. Similar trials were exam-
ined by using of pseudo information fusion formulas.
Figs. 13–15 show the maps generated by pseudo infor-
mation fusion techniques where the PINFO function in
(14) was calculated by choosing J2ðP Þ, J5ðP Þ and J6ðP Þ,

Fig. 11. The map of the simulated environment, generated by using Bayesian fusion.

Fig. 12. The map of the simulated environment, generated by using Dempster–Shafer reasoning for fusion.
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respectively. All of the maps were gradually generated
during the activation of the sensor ring at 4500 different
random positions in the environment.

To attain comparative results, the resulting maps
have been applied to the improved version of A* path
planning algorithm to find some relatively difficult
routes. We have used these maps as inputs to our im-
proved version of A* path planning algorithm. In the

case of Bayesian or pseudo information fusion methods,
the occupancy grids map was fed to the input of the path
planning algorithm directly. In the cases where Demp-
ster–Shafer evidential reasoning theory for fusion or
fuzzy fusion have been applied for map building, the
final map that has been used for path planning, is given
by (34). Thirty difficult paths in each environment have
been chosen for path planning. By a difficult path, we

Fig. 13. The map of the simulated environment, generated by fusion of pseudo information measures, defined by J2ðP Þ.

Fig. 14. The map of the simulated environment, generated by fusion of pseudo information measures, defined by J5ðP Þ.
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mean a path that is not short and is wavy in its optimal
case. Fig. 16 shows two samples of such paths in the first
environment. Two quantities have been calculated for
each path, the length of the path and the safety measure
of the path. A suitable path must be not only as short as
possible, but also as far as possible from the obstacles.
For a path P, its safety measure, adðP Þ was defined and
calculated by

adðP Þ ¼
X
C2P

c	dminðCÞ; ð35Þ

where dminðCÞ is the minimum of the distance between
the cell C and the cells on the perimeter of an obstacle or

a wall in the environment. Since in our simulation work,
the true environment and its ideal map are available, the
dminðCÞ distance is calculated by using the ideal map, so
that we have true distances and true safety measures to
be compared. c > 1 is a constant that controls the
variations of adðP Þ, with dminðCÞ. In this simulation, it
was equal to 1.2 .

The sum of the above two quantities, associated
with the 30 paths are displayed in two columns in
Table 1. In each column, the results of summing over
the paths, which are generated by using different
maps, are presented in different rows. Path planning
has not been tried for the map, created by fuzzy
method (by Dombi operator), because the resulting
map is inappropriate for path planning as shown in
Fig. 10.

Fig. 16. Two samples of difficult paths in the first environment. The

difficulty of a path actually depends on the selected start and goal

points. As much as more wavy and more lengthy, the path is consid-

ered being more difficult.

Fig. 15. The map of the simulated environment, generated by fusion of pseudo information measures, defined by J6ðP Þ.

Table 1

Summary of the simulated mapping and path planning results

Fusion method
P

LenðP Þ
P

adðP Þ

Fuzzy (MAX operator) 592 (m) 3568

Fuzzy (Dombi operator) – –

Dempster–Shafer 552 (m) 3492

Bayesian 500.5 (m) 3224

PINFO fusion by J2ðP Þ 410.8 (m) 3432

PINFO fusion by J5ðP Þ 432.1 (m) 3485

PINFO fusion by J6ðP Þ 561.9 (m) 3152

For each map, the sum of two factors for 30 paths is calculated as

useful criteria for comparison. The factors are the length and their

safety measure. Also it is shown that how close each map is to the ideal

map and how much augmented occupancy exists in each map with

respect to the ideal map.
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The results of path planning in Table 1 show that
among the classical fusion methods (fuzzy, Dempster–
Shafer and Bayesian methods), Bayesian method led to
a more appropriate map because shorter and less dan-
gerous routes were generated. Besides, the routes that
are resulted from the maps provided by pseudo infor-
mation fusion by J2ðP Þ and J5ðP Þ are shorter but more
dangerous than the routes resulted from Bayesian map.
On the other side, the map provided by pseudo infor-
mation fusion by J6ðP Þ generates longer but safer routes
[14]. This trade-off is the important advantage of our
extension to Bayesian fusion (considered to be repre-
sented in simulation and experiments) in map building
for mobile robots. Thus, using the large family of the
new formulas that were resulted by our new theory,
gives us the flexibility to choose the right function based
on the application.

4. Experimental results

Khepera miniature mobile robot has been applied to
some map building experiments similar to the case of
Section 3. In these experiments, the values of the eight
infrared sensors around Khepera and its wheels encod-
ers were the only sources of information. There is no
accurate inverse model for the infrared proximity de-
tectors, like the model for ultrasonic range finders in-
troduced in Section 3.2. We trained a feed-forward
multi-layered perceptron to implement an inverse model
for the sensors. The inputs of the network are the eight
proximity values, provided by Khepera infrared sensors
[23], and the local coordinates of a cell in the occupancy
grids map around the robot. The output of the network
is the occupancy probability value of the cell. The ar-
chitecture of the neural network is shown in Fig. 17.
This output value is fused with the associated occupancy
probability value of the same cell in a global map of the
environment. This global map has been calculated based
upon previous sensory information gradually. Finally,
the resulting probability is applied to improve the global
map. In other words, during exploration of the envi-
ronment by the reactive obstacle avoidance method of
Braitenberg [24], Khepera creates a local occupancy
grids map in every sensing iteration. These local maps
are integrated with an initially blank global map and it
improves gradually.

In order to estimate the robot’s pose (its position and
orientation), odometry data (derived from the wheels
encoders) have been applied to dead-reckoning process.
Because of the additive systematic and non-systematic
errors, existing in dead-reckoning calculations, we had
to reset the erroneous estimated pose, time to time. We
defined a criterion as a linear combination of the total
transitional and rotational displacements of the robot,
since the most recent calibration. When this criterion

exceeds a predefined limit, the robot’s pose is necessary
to be calibrated and its error is reset. In order to cali-
brate the position, the robot is manually put on some
point with previously known position. Some of such
points were specified and marked in each area of the
environment. The number and the distance of these
points were selected so as to have enough suitable op-
tions for a point to put the robot at its place and con-

Fig. 17. The architecture of the neural network, applied to create an

inverse model of the infrared sensors of Khepera. The output of the

network is an occupancy probability value for the cell whose coordi-

nates appears in its input.

Fig. 18. The real map of the environment, where the mapping exper-

iments on Khepera robot were performed.
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tinue mapping in its way. It is worth mentioning that
this manual method of calibration can be automated by
fusion of map data with odometry data. We have for-
mulated a new approach for such an automatic cali-
bration that is also appropriate to be applied to Khepera
infrared sensory data [25]. However, in the experiments

that are brought in this paper, automatic calibration was
ignored to concentrate on the mapping and path plan-
ning processes.

In Fig. 18 the exploration environment map is shown.
Four map building experiments were tried, by using
Bayesian fusion (4) and three of pseudo information

Fig. 19. The map, created by Bayesian fusion in Khepera’s mind.

Fig. 20. The map, created by fusion of pseudo information measures, defined by J2ðP Þ in Khepera’s mind.
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fusion formulas (16)–(18). In Figs. 19–22, the resulting
maps (only by 1000 sensing iterations) of the environ-
ment are shown, respectively.

In order to achieve comparative results, path plan-
ning experiments have been executed for the resulting
maps. In this part, 30 different couples of start and goal
points have been selected for route finding by the im-

proved version of A* algorithm. Similar to Section 3,
the total sum of the length and safety measure of the
routes were calculated and compared in Table 2.

Again the results in Table 2 express that the maps
provided by pseudo information fusion by J2ðP Þ and
J5ðPÞ generate the routes that are shorter but more
dangerous than the case of the Bayesian map. On the

Fig. 21. The map, created by fusion of pseudo information measures, defined by J5ðP Þ in Khepera’s mind.

Fig. 22. The map, created by fusion of pseudo information measures, defined by J6ðP Þ in Khepera’s mind.
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other side, the map provided by pseudo information
fusion by J6ðP Þ generates longer but safer routes [15].
The results, abstracted in Table 2 agree with our dis-
cussion about the achieved flexibility to choose the
fusion functions that generate maps and paths that are
shorter or safer.

5. Conclusions

In this paper, we have focused on Bayesian fusion of
the information that independent sources (sensors)
have given. This class of sensor data fusion has been
extended by introduction of a new concept named
‘‘pseudo information measure’’. Some new formulas
for sensor data fusion have been derived through using
the new approach. It was also explained how fusion by
this formulation coincides with the way that fusion is
expected to take place. Additionally, there was a dis-
cussion about reduction of the error or noise, existing
in the probability values, during the fusion process.
The advantages of the new approach, when using in
map building application for mobile robots, were
shown by some simulation and experimental results.
The most important thing is the desirable achieved
flexibility for creation of the environment maps by
which shorter or safer routes are generated. This ap-
propriate characteristic of our approach was analyzed
and confirmed by the simulation and experimental re-
sults. Actually, based on the conditions of the appli-
cation, we have a large family of pseudo information
measure functions to choose an appropriate one and
use the associated fusion formula for map building.
For example, if the robot’s traveling time is the more
important issue in the application (e.g. map building is
applied for exploration of a large area with small ob-
stacles), then shorter routes are more desired for the
robot to plan. On the other side, if the safety issue is
more important (e.g. if the exploration environment
contains narrow corridors or many doors or there are
many obstacles to avoid) then safer routes are more
appropriate. It is evident that we prefer to use a pseudo
information function with more exaggeration in the
former case and a pseudo information function with
less exaggeration in the latter case.
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