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Abstract

A multi-step ahead predictive filter for missing data handling is presented in this paper. This is a
simple FIR filter, useful for time and memory critical applications. Furthermore, our proposed algorithm
is formulated in such a way that only one set of FIR weights are tuned (by steepest gradient descent
method), memorised and used by the system for different numbers of steps ahead in prediction. Hence,
this filter is also suitable for memory critical applications. Our proposed filter, the first order hold
method and a non-linear neural predictive filter were applied to missing data handling by prediction of
up to four missing samples of sensor data in the HMI section of a real time and memory critical
application. Experimental results show that prediction error of our proposed filter is decreased by 80%
with respect to the first order hold method and it is comparable to the neural filter. Moreover, execution
time of data missing handling by our proposed method is 30 times shorter than execution time of the
neural filter. Similarly, the number of weights required to be memorised in our method, is 30 times lower
than the number of weights in the neural filter. Hence, a high prediction performance is achieved with
low computational overhead, which makes our method suitable for real time predictive filtering in time
and memory critical applications.

1 Introduction

In time and memory critical applications where prediction of missing data is required,
predictive filtering is a useful tool. FIR (Finite Impulse Response) predictive filters are
usually used to predict future values of a signal and simultaneously perform low-pass
filtering. Heinonen et.al. [1] applied FIR predictive filters in combination with median filters
to measure systolic blood pressure. Harju et.al. [2] introduced a method of designing
predictive IIR (Infinite Impulse Response) filters via feedback extension of FIR predictive
filters. They showed that the advantage of the IIR structures over their FIR counterparts is a
more desirable frequency response obtained with considerably smaller memory and
computational overhead. Hiandel [3] proposed a multi-step ahead predictive filter for narrow
band waveforms with m distinct spectral peaks. He showed that the noise gain of the filter can
be minimised and the coefficients of an optimal L-th order FIR predictor are obtainable, if L >
2m-1. He also studied the feedback extension of this predictor. Koppinen et.al. [4,5] proposed
a filter which is able to generate any window of a linearly predictable signal, including the
polynomial, weighted exponential and Hamming-window responses. Tanskanen et.al. [6]
presented a General Parameter (GP) extension to polynomial and sinusoidal FIR predictors
for extended sinusoidal and Rayleigh fading signal prediction. With a single adaptive general
parameter, they extended prediction capabilities of polynomial and sinusoidal FIR predictors
beyond polynomial input signals or beyond the nominal design frequencies. This allows for
more accurate prediction of input signals with unknown time varying statistics.

In this paper, we introduce a new filter to predict missing samples of sensor data in time
and memory critical applications, where we are limited to choose simple and stable
algorithms for signal processing. Furthermore, in such applications, data prediction may be
required after different numbers of missing samples, i.e. we may need to perform missing data



handling by one-step, two-steps or three-step ahead prediction and so on. If any of the FIR
structures available in current literature are applied, then different predictive filters should be
desinged for different numbers of missing data samples (i.e. for different numbers of steps
ahead in prediction). Thus, different sets of filter weights should be saved in the system
memory and this is undesirable due to memory critical issues. Moreover, some of the system
processing time will be spent for selection of a filter with required number of steps ahead in
prediction. This is also undesirable due to time critical issues.

We have attempted to solve the above problem by using only one set of FIR weights for
different numbers of steps ahead in prediction. A new weight tuning algorithm has been
formulated based on the steepest gradient method. In the case of one-step ahead prediction
(one missing sample), the output of the filter, i.e. predicted current sample, is a linear
combination of previous samples and the filter is simply a FIR filter. In the case of having
more consecutively missing samples, the filter outputs same linear combination of previous
data samples and estimated samples. Hence, less memory is required for saving and real-time
adaptation of filter coefficients.

In section 2, we present the problem statement, then our new algorithm for tuning of filter
weights is introduced in section 3. Experimental results are explained in section 4 and
concluded in section 5.

2 Problem Statement

In an application, where a processing unit is receiving data samples from a sensor, via a
network, some of the data samples are missed because of different types of faults such as
instantaneous short circuits, network faults, and so on. The processing unit should replace the
missing samples with some predicted values. It is assumed that maximally L consecutive
missing data samples are handled. In the case of more than L consecutive missing samples,
processing unit will switch to another policy in which the control command is determined
based on the other available sensory data. We have designed and formulated our missing data
handling scheme for L=4 which is enough for many real time applications, where a large
number of missing samples is intolerable.

Based on the number of recently missed samples, a missing sample is handled by one-step
ahead, two-step ahead, ... or L-step ahead prediction. The predicted value of each missing
sample is a linear combination of the recent P values, as follows:

y(k) ZZa,«y'(k—i) (1)

where )'(k-i) is either equal to the previous data sample y(k-i) or the previousely predicted
sample y(k-i). Because of the available limitations in memory, complexity and code execution
delay, it is not desired to search for different a; coefficients for one-step ahead, two-step
ahead, ... and L-step ahead prediction. Hence, we intend to tune the same a; values for
prediction in all cases. In the case of one-step ahead prediction, the first missing sample is
given by:

yl(k)=Zaiy(k—i) (2)

In the case of two-step ahead prediction, a second missing sample is estimated by the same
linear combination of the recently predicted sample and P-1 previous data samples, as below:



yz(k):alyl(k_l)+zaiy(k_i) (3)

i=2
Replacing y;(k-1) from (2) in (3) results the following equation:
P
(k)= aya,y(k=P=1)+3 (aa,, +a,) y(k i) ©)
i=2

In the case of three-step ahead prediction, similarly the predicted sample is formulated as
below:

yi(k)=a,y, (k=1 +a,y (k-2)+ Za,-y(k —i) )

and by replacing y;(k-2) from (2) and y»(k-1) from (4), the following formula is obtained:
y; (k) = (alzaP—l taap +a,ap, )J’(k_P_l)+(a12ap taap )y(k—P—2)

L (6)
+ z (alzai—z taa;,_ +ta,a,_,+a; ))’(k —1i)
i=3
Finally four-step ahead prediction, is formulated as follows:
P
yy(b)=ay, (k=) +a,y,(k=2)+a,y,(k-3)+ Zaiy(k —1i)
(7
=D Ay(k~i)
i=4
where:
A =a +aa,  +a,a, ,+aa_;+ afai_2 + afal._3 +2a,a,a, , (4<i<P)
Apy = aap, +aya,  +ayap +a12aP71 +a13apfz +2a,a,ap (8)

2 3
Apy = ayap, +ayap +aap+aap, +2aa,a,,

3
Ay = aya,+a]ap,+2aa,a,

Equations (2), (4), (6), (7) and (8) show that our proposed predictor is a FIR filter in all cases.
The problem addressed in this paper is to tune a; weights in such a way that the resulting filter
can optimally predict missing values of a signal by (2), (3), (5) or (7).

3 Filter Weights Tuning Algorithm

In our proposed tuning algorithm, we try to search for a; values that minimise the following
error function:

E=C Y (k)= (0) + C. 30 (v(k) = 2 () + €, 2 (v(k) = ys (b)) o

+ c4z_ (k) =y, (k)

where N is the total number of samples used for off-line tuning and C; constants are selected
based on the priority of the performance of one to four-step ahead predictions. This



prioritisation depends on the application. In most real time applications, a lower number of
steps ahead in prediction has a higher priority, i.e. C; > C;> C3> Cy.

In order to optimise this error function, steepest gradient method is utilised. In this method,
the wieght vector ©®=[a; a ... ap]T is iteratively moved in the reverse direction of gradient
vector of the error function with respect to the weight vector. Hence, calculation of this
gradient is required. It is expressed as below:

v®E={a_E oE | a_E}T (10)
Oa, Oa, oa,
OE _ o) oo
20 " ZZ{CZ % (v(k) y,.(k))} (11)

Equations (4), (6), (7) and (8) show that direct calculation of dy;(k)/0a; and its formulation are
complicated for i >1. Instead, an indirect iterative calculation based on (2), (3), (5) and (7), is
easier to formulate and compute. Partial differentiation of (2) with respect to a; simply results:

oy, (k .
) (12)
aj;
Partial differentiation of (3) with respect to a; and replacing 0y1/0a; from (12) results:
oy, (k
0y k-1 -2)
1
(13)
oy, (k . .
)y - a1

j>1

Partial differentiation of (5) with respect to a; and replacing 0yi/0a; and 0y,/0a; from (12) and
(13) results:

'ayé—(k) = n k=D +ay,(k-2)+ (0] +a, )y -3)

a

L k-2 4 apthe-3)+ " +a,) vk - ) (14
a,

D) k- v ate- -1

8aj>2

Finally, partial differentiation of (7) with respect to a; and replacing 0y/0a; , Oy»/0a; and
0y3/0a; from (12) to (14) results:

%=y3(k—l)+a1yz(k—2)+(alz v,y (k=3)+ a0 +2a,a, +a, Jy(k—4)
1

a)g(k) =y2(k_2)+a1yl(k_3)+(a12 +a2)y(k_4)+(al3 +2a1a2 +a3)y(k_5)
a,
(15)
L) k=3 -4+ 0"+ -9+ + 200, 40,k -6)
as

0y, (k)

2 = (k- )+ ayt—j-D+a] +a, k- j-2)+ 0] +2a,a, +a (k- j—3)
>3



The gradient vector in (10) and (11) can be iteratively calculated by (12) to (15) and then
applied to weight adaptation by the following rule:

AO ()= -1V g E()+a A® (I-1) (16)

where [ is the iteration number of the search process over the whole ensemble of N samples,
-n VgE(l) is the steepest gradient term and a A®(/-1) is the momentum term, added to
avoid local minima.

In our search algorithm, filter wieghts vector is initiallized to [1 0 0 ... 0]" which is the
weights vector of a zero order hold filter as a simple and general predictor. Then the weights
are tuned off-line by (10) to (16) and then used for missing data handling in our real-time
application. If for any reason, dynamic characteristics of the sensor signal change, filter
weights can be adaptively tuned by using the equations (10) to (16) in real-time i.e. the
summations in (11) are ignored and / in (16) is replaced with the signal sampling time £.

4 Experimental Results

We tuned the weights of a FIR filter with our proposed method and used this filter for missing
data handling by prediction of up to four missing samples of sensor data in the HMI (Human-
Machine Interface) section of a real time and memory critical application. Sensory data were
measured and recorded in two different ensembles, one for off-line weight tuning or training
and the other for validation purposes. For comparison purposes, two other methods were also
applied: first order hold filtering method as a simpler approach and a neural predictor as a
more sophisticated approach.

A first order hold filter assumes that the missing sample follows the same slope of the
signal as in the two recent data samples. More precisely, a first order hold filter as L-step
ahead predictor, estimates the missing sample by the following equation:

v, (k)=(L+1)yk—L)-Ly(k-L-1) (17)

A TDNN (Time Delay Neural Network) was applied for prediction as a neural predictor.
Because of their high computational overhead, neural networks are rarely used as nonlinear
predictive filters in time critical applications. Instead, they are extensively applied to off-line
prediction applications such as time series analysis and prediction [7,8] where computational
overhead is not an important issue. In spite of complexity, neural networks have shown to be
powerful in learning and realisation of nonlinear models which are difficult to be modeled by
other techniques. We used a neural network to learn the nonlinear dynamics of the sensor
signal and applied it for prediction and compared the performance of this neural predictor
with our proposed filter.

Architecture of the TDNN is shown in Figure 1. As a p-th order nonlinear filter, the neural
network block is a multi-layered perceptron with an input layer of p neurons, one hidden layer
of n,=20 neurons and a single output neuron which gives the estimated value for missing
sensory data sample. The number of delays in each of the delay boxes in this architecture
depends on the number of steps ahead in prediction. For instance, if the signal itself and
estimated signal are shown by y and y, respectively, then in one-step ahead prediction, the
inputs of the neural network will consist of {y(k-1), ..., y(k-p)}, while in four-step ahead
prediction the inputs will include {y(k-1), y(k-2), p(k-3), v(k-4), ..., v(k-p)}.
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Figure 1: Architecture of the TDNN, used for missing data handling
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Figure 2: (Upper) Validation data samples and their estimated values by first order hold method
(Lower) The two signals zoomed in the time interval of 8 to 11 seconds

Figure 2 shows validation data samples and their four-step ahead predicted values by first
order hold method. In order to reveal the prediction error as the difference between real and
predicted data, the two signals in the time interval of 8-11 seconds has also been zoomed and
re-plotted in Figure 2. Same plots for the case of using a neural predictor are also depicted in
Figure 3. In this case, a p=5th order nonlinear filter, realised by a TDNN (as shown in Figure
1), was first trained by using the ensemble of training samples and then applied to prediction
of validation data samples. We predicted the validation data samples by p=5" order FIR filter
whose weights were tuned by our proposed method, using the training data samples. Figure 4
shows the results of four-step ahead prediction by our method.

In terms of the distance between true and estimated signals, Figure 2, 3 and Figure 4 show
that prediction error of our proposed filter is lower than the first order hold method and
comparable to the neural predictor. In order to achieve quantitave comparison results, the
following prediction MSE (Mean Square Error) is defined:
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i=1 (k=1

L) 0~y ()Y
E- \/Zz{zT (18)
where y(k) is the k-th data sample and y,(k) is its i-step ahead predicted value. This MSE was
calculated for each of the three prediction methods. Furthermore, execution times were also

recorded for the three methods, implemented by MATLAB software on a Pentium IV
1.6 GHz platform.

Results of Signal Estimation by TDNN
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Figure 3: (Upper) Validation data samples and their estimated values by TDNN (Lower) The two
signals zoomed in the time interval of 8 to 11 seconds

Results of the Proposed Method
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Figure 4: (Upper) Validation data samples and their estimated values by a FIR filter whose weights

were tuned by our new method, based on steepest gradient method (Lower) The two signals zoomed in
the time interval of 8 to 11 seconds

Table 1 summarises the results of MSE, execution times and the number of weights
required to be memorised in each method. These results show that while prediction error of
our proposed FIR filter is five times lower than the first order hold filter, it is almost equal to



MSE in the case of prediction by the neural filter. The number of weights to be memorised in
FIR filter and the execution time, however, are almost 30 times lower than the number of
weights of neural synapses in the neural filter and its execution time.

Table 1: Summary of missing data handling results by three different prediction methods: first order
hold, TDNN and our proposed adaptive method

Prediction Method Prediction MSE Execution Time (mS) Number of Weights
15" Order Hold 0.1845 1.1 2
TDNN 0.0340 98.9 147
Proposed Adaptive Method 0.0369 3.7 5

5 Conclusion

We introduced a new multi-step ahead predictive filter for missing data handling. This filter is
a simple FIR filter. In contrast to well-known FIR filters, in our proposed filter, only one set
of weights are tuned (by steepest gradient descent method), memorised and applied for
different numbers of steps ahead prediction. Hence, this filter is appropriate for time and
memory critical applications.

In our experiments, we performed missing data handling by prediction of up to four
missing samples of sensor data in HMI section of a real time and memory critical application.
Two ensembles of sensory data were measured and recorded: one for off-line weight tuning or
training and the other for validation purposes. In addition to our proposed predictive filter, we
applied both first order hold method and a nonlinear predictive filter realised by a time delay
neural network (TDNN). The results show that prediction error of the FIR filter is five times
better than a first order hold filter. Also, it is almost as accurate as the neural predictive filter,
but both the number of weights to be memorised for our FIR filter and its execution time are
almost 30 times lower compared to the neural filter. Hence our proposed predictive filtering
and its weight tuning algorithm are appropriate for time and memory critical applications.
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