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Abstract— In this paper the symmetry property for discrete
memoryless channels is generalized to finite state Markov chan-
nels. We show that for symmetric Markov channels the noise
process can be characterized as a hidden Markov process, and
the capacity of channel is related to the entropy rate of this
process. These results elaborate the characterization of symmetry
for Markov channels in previous narrations and extend the
capacity formulae for symmetric discrete memoryless channel to
symmetric Markov channels. Using recent formulation of entropy
rate of hidden Markov process, this capacity formula is shown
to be equivalent to the previous formulations which have been
obtained for special cases of symmetric Markov channels.

I. I NTRODUCTION

For a discrete memoryless channel, symmetry is defined
by permutation invariant property in the channel conditional
probability table [1]. A similar characteristics for symmetric
discrete memoryless multiple access channel has been defined
[2]. The capacity achieving distribution for symmetric chan-
nels, or in a broader category T-symmetric channels [2] is the
uniform distribution, and for these cases direct formulae for
computation of capacity exist. For finite state Markov channels
[3] in the special case of uniformly symmetric variable noise
channel, an integral formula for capacity of channel has been
obtained [3, Theorem 5.1].

In this paper we generalize the results in [3] by defining a
subclass of finite state Markov channels, assymmetric Markov
channels through an extension of the symmetry property
for discrete memoryless channels. We show that for such a
channel, under any i.i.d input distribution, the noise process
represents a unique hidden Markov process which is explicitly
defined by the parameters of channel. Moreover, the capacity
of channel can be described by the entropy rate of the noise
process, and the capacity achieving distribution is uniform
i.i.d. Using the expression for the entropy rate of hidden
Markov process [4] we show that this formulation of capacity
is equivalent to the capacity formula [5] for special case of
Gilbert-Elliott channel, as well as the more general formulae
[3].

In this paper a random variable is denoted by upper case
and its realization by lower case. A Markov process{Sn}∞n=0,
Sn ∈ S, is represented by a pair[S, P ], whereS is the state
set, andP is the state transition probability matrix. A Markov
process is considered to be stationary, irreducible and aperiodic
[6]. A Hidden Markov Process (HMP) [7],[8] is represented

by a quadruple[S, P,Z, T ], where[S, P ] is a Markov process
and T is the observation probability Matrix|S| × |Z| which
defines the conditional probability distribution overZ for each
given s ∈ S. The Markov process{Sn}∞n=0 over the domain
setsS is called the state process where its dynamic is governed
by P . The non-Markov process{Zn}∞n=0 over the domainZ is
called the hidden Markov process (or the observation process),
and it is a noisy version of the state process, corrupted by the
discrete memoryless channelT , with the property that state is
a sufficient statistics for previous observations.

In the next section, we define the symmetric Markov chan-
nel and compare it with previous notions of symmetry. In
Section III, we obtain the hidden Markov process associated
with a symmetric Markov channel, and formulate the capacity
of channel related to the entropy rate of this process, followed
by specialization of results to known cases of symmetric
Markov channel.

II. SYMMETRIC MARKOV CHANNEL

A finite state Markov channel [3] is defined by a pentad
[X ,Y,S, P, C], where [S, P ] is a Markov process andC for
eachx ∈ X , s ∈ S defines a probability distribution over
Y. A Markov channel is characterized by the following three
properties for the sequence of random variables defined on the
domainsX ,Y,S, referred to as input, output, and state sets,
respectively.

• A1: Independency of state and input,

p(sn|xn) = p(sn) (1)

• A2: Sufficient statistics of state,

p(sn|sn−1, xn−1, yn−1) = pP (sn|sn−1), (2)

wherepP (.|.) is defined byP .
• A3: Memoryless,For any integern,

p(yn|xn, sn) =
n∏

i

pC(yi|xi, si), (3)

wherepC:(.|., .) is defined byC.

Although Property A3 exhibits a memoryless property for
the channel under the knowledge of the channel state, the
Markov channel is in fact a channel with long memory in



the absence of knowledge about state. Note that Property A2
implies Markovity of state process. Property A3 implies

p(yn|sn, xn, sn−1, xn−1, yn−1) = pC(yn|sn, xn). (4)

which is true for the general choice of the input distribution
p(xn). If the inputsxn are independent then we also have

p(yn, xn|sn, sn−1, xn−1, yn−1) = p(yn, xn|sn), (5)

Therefore for the special case of i.i.d inputs we have the extra
property

• A’3: Memoryless for i.i.d inputs,

p(yn, xn|sn) =
n∏

i

p(yi, xi|si). (6)

In this paper, we are interested in a subclass of Markov
channel where the conditional probability tables inC have a
symmetric property similar to the characterization of symme-
try in discrete memoryless channels.

Definition 1 (Symmetric Markov Channel:):A Markov
channel is symmetric if for each state, the channel is an
output symmetric channel, ie: for anys, the sets of numbers
pC(y|s, x) where each set corresponds to ax ∈ X are
permutations of each other, and the same is true for the sets
corresponding to differenty ∈ Y. Moreover, the permutation
pattern for all states are the same.

Unique permutation pattern in Definition 1 is described
as follows. For anys, the conditional probabilitypC(y|x, s)
defines a table which consists of a set of numbers that
are repeated in the table. For differents these numbers are
different, but the collection of sets of pairs(x, y) with equal
numbers will remain invariant withs. According to definition,
in a symmetric Markov channel the conditional distribution
p(yn|xn) =

∑
s pC(yn|xn, sn)ps(sn) for any n resembles a

conditional probability matrix of an output symmetric discrete
memoryless channel. Albeit this matrix is changing withn.

Considering a setZ, |Z| = |Y|, the output symmetry in
Definition 1 implies that for eachs we can find the functions
fs(.) : Z → [0, 1], and φs(., .) : X × Y → Z, such
that fs(φs(x, y)) = pC(y|x, s). But the unique permutation
pattern implies that the functionsφs(., .) are invariant with
s. Therefore for a symmetric Markov channel, there exists a
function φ(., .), such that the random variableZ = φ(X, Y )
has the conditional distribution

p(z|x, s) = fs(z). (7)

The set of conditional probabilities which identifies the sym-
metric Markov channel therefore reduces to a|S|×|Z| matrix
T defined by

T [s, z] = fs(z) (8)

Thus a symmetric Markov channel is uniquely defined by the
parameters[X ,Y,S, P,Z, T, φ], where besides the properties
A1 to A3 (wherepC(y|x, s) = T [s, φ(x, y)]), the following
property is valid for the corresponding random variables.

• A4: Symmetric Markov channel,For anyn,

p(zn|xn, sn) = p(zn|sn) = T [sn, zn], zn = φ(xn, yn),
(9)

for someyn ∈ Y.
For example the conditional probability matrices for a two-

states symmetric Markov channel is shown below by the two
probability matricesC1, C2 which have unique permutation
pattern.

C1 =




a b c
b c a
c a b


 C2 =




a′ b′ c′

b′ c′ a′

c′ a′ b′


 (10)

For this channel the functionz = φ(x, y) is defined such that
each letter inC1 or C2 corresponds to a uniquez and that letter
is the value off at thatz, eg:φ(1, 1) = φ(2, 3) = φ(3, 2) = 1,
andf1(1) = a, f2(1) = a′. The set of conditional probabilities
are uniquely defined byφ andT , where

T =

(
a b c
a′ b′ c′

)
. (11)

From Properties A1 and A4,Xn is independent of bothSn

andZn.

p(zn|xn) =∑
sn

p(zn|xn, sn)p(sn) =
∑
sn

p(zn|sn)p(sn) = p(zn). (12)

We can also show the following relations

p(sn|zn, xn) = Second equality is from (9),(1),(12)

p(zn|sn, xn)p(sn|xn)
p(zn|xn)

=
p(zn|sn)p(sn)

p(zn)
= p(sn|zn), (13)

p(sn|xn, yn, zn) =
p(sn|xn, yn) = p(sn|xn, zn) = p(sn|zn), zn = φ(xn, yn)

(14)

p(sn|zn, xn, yn) = p(sn|zn, xn) = p(sn|zn), zi = φ(xi, yi),
(15)

i = 0, 1, .., n, which indicate thatZn is a sufficient statistics
for Sn.

Therefore from the definition of symmetric Markov channel,
we can identify a fundamental property for this channel.
This property is the existence of a random variableZn =
φ(Xn, Yn) such thatZn is independent ofXn, and it is
a sufficient statistics forSn. A Markov channel with this
property is known asvariable noise channel[3]. Consequently,
a symmetric Markov channel is a variable noise channel.
However, the opposite statement could be invalid.

Another class of Markov channels, theuniformly symmet-
ric channel is defined in [3] similar to Definition (1), but
without the requirement for unique permutation pattern for
all states. However this requirement is implicitly assumed
in the proof of [3, Lemma 5.2]. The second equality in [3,
Eq. 96] will only be true if the expression in the square
bracket is independent ofx which will be satisfied only if



the channel has unique permutation pattern. (For the purpose
that the convex combination ofCs, s = 1, 2, ..|S| by the
coefficients πn(k), k = 1, 2, ..., |S| always have the same
set of numbers in each row, i.e: for eachx, the matrices
must have a unique permutation pattern.) However non of
the assumptions of uniformly symmetric or variable noise are
proved to be sufficient for unique permutation pattern. For
example, by swapping the last two rows of the matrixC2 in
(10) we lose the unique permutation pattern but the channel
is still uniformly symmetric. Therefore, although the class of
the uniformly symmetric variable noise channels is a larger
class than the symmetric Markov (which are also variable
noise) channels, only the later class obeys [3, Theorem 5.1]
which relies on [3, Lemma 5.2]. We show the equivalency of
the capacity formula [3, Theorem 5.1] with the capacity of
symmetric Markov channel for the Gilbert-Elliott channel.

III. T HE CAPACITY OF SYMMETRIC MARKOV CHANNELS

The objective of this section is to discuss the capacity of
Markov channel, defined as:

C = lim
n→∞

max
p(Xn)

1
n

I(Xn;Y n), (16)

where the maximization is over all possible probability distri-
butions on the input n-sequences.

For an output symmetric discrete memoryless channel iden-
tified by a conditional probability matrixω(y|x), there exists
functions φ(., .) : X × Y → Z, |Z| = |Y| and f : Z →
[0, 1] such thatf(φ(x, y)) = ω(y|x). The random variable
Z = φ(X, Y ) will have the conditional distributionp(z|x) =
f(z) = p(z), and

H(Y |X) = −E log f(φ(x, y)) = H(Z) (17)

Moreover for anyx, H(Y |X = x) = H(Z) is the same, so its
expectationH(Y |X) does not depend on the distributionp(x).
On the other hand it can be shown thatH(Y ) is maximized
to log |Y| for this channel, which results in the capacity of
channel to be

C = max
p(x)

I(X, Y ) = max
p(x)

H(Y )−H(Y |X) = log |Y|−H(Z).

(18)
The random variableZ = φ(X,Y ) represents the i.i.d noise
process in the channel, so the capacity of channel is expressed
by the entropy of the noise in a single use of channel.

For a symmetric Markov channel, on the other hand, the
process{Zn}∞n=0 which is defined by the random variables
Zn = φ(Xn, Yn) has memory of all its past samples. This
noise processas a process independent of the channel input
degrades the channel by its entropy, resulting in the informa-
tion loss in the channel. In the following lemma we show
that if the channel has i.i.d inputs, the noise process can be
characterized as a hidden Markov process.

Lemma 1:For a symmetric Markov channel
[X ,Y,S, P,Z, T, φ] with i.i.d inputs, the noise process
is a hidden Markov process with parameters[S, P,Z, T ].

Proof: The state process of the Markov channel is a
Markov process. It suffices to show that the random variable
Z = φ(X, Y ) defined in the symmetric case makes the process
{Zn}∞n=0 as an observation of the state process through a
memoryless channel, with state being a sufficient statistics for
the past observation.

From A2 and the fact thatzn−1 is a function of
(xn−1, yn−1) we infer

p(sn|sn−1, z
n−1) = p(sn|sn−1) = P [sn−1, sn]. (19)

which implies the sufficient statistics of state forzn−1 (as
the observation process of the corresponding hidden Markov
model). On the other hand, from (5) we can write

p(yn, xn|sn, xn−1, yn−1) = p(yn, xn|sn). (20)

By z being a function ofx, y the above conditional indepen-
dency implies

p(yn, xn|sn, zn−1) = p(yn, xn|sn), (21)

and consequently from A4,

p(zn|sn, zn−1) =
∑

xn,yn:zn=φ(xn.yn) p(yn, xn|sn, zn−1)
=

∑
xn,yn:zn=φ(xn.yn) p(yn, xn|sn)

= p(zn|sn)
= T [sn, zn].

(22)
which implies memoryless observations of states. (Note that
without A4, p(zn|sn) can vary withn which doesn’t match
with a hidden Markov model.)

According to Lemma 1, a subset of the parameters of a
symmetric Markov channel defines a unique hidden Markov
process which is associated with the channel for any choice of
i.i.d inputs. In the following theorem we show that the capacity
of symmetric Markov channel can be expressed by the entropy
rate of that unique hidden Markov process. The expression for
capacity does not require any further connection of that hidden
Markov process to the input or the noise processes.

Theorem 1:The capacity of the symmetric Markov channel
[X ,Y,S, P,Z, T, φ] is:

C = log |Y| − Ĥ(Z), (23)

whereĤ(Z) is the entropy rate of the hidden Markov process
[S, P,Z, T ].

Proof: From Definition 1, A1 and A’3, we show that the
uniform i.i.d input distribution gives uniform marginal condi-
tional output distributionsp(yn|yn−1), thus H(Yn|Y n−1) is
maximizes tolog |Y| for this input distribution. This can be
shown by considering that if the channel is output symmetric
for any state, and if the marginalp(xn) is uniform, then

p(yn|sn) =
∑

x

p(yn|sn, x)p(x) =
1
|X |

∑
x

p(yn|sn, x) (24)

is independent ofyn, thus p(yn|sn) = 1/|Y|. Using the
marginalization (5),p(yn|sn, yn−1) = p(yn|sn), we obtain
that for any choiceyn−1, p(yn|yn−1) is uniform overyn.

p(yn|yn−1) =
∑
sn

p(yn|sn)p(sn|yn−1) =
1
|Y| . (25)



Furthermore, for a symmetric Markov channel,
H(Yn|Xn, Xn−1, Y n−1) = H(Zn|Zn−1), and this entropy is
independent of the input distribution. This can be shown by
defining

C(x) ,
∑

y

η

(∑
s

pC(y|x, s)ps(s)

)
, (26)

where η(x) = x log(x), and observing, from A4 and
pC(y|x, s) = T [s, φ(x, y)] that C(x) is independent ofx and
it is equal to the constant

C(x) =
∑

z

η

(∑
s

p(z|s)ps(s)

)
(27)

for the same choice ofps(.). Therefore the expectation of
C(x) (with respect tox) is independent ofpx(.), and only
depends onps(.). This means that the following expression
is independent of the marginalpxn

(xn), and only depends on
the distributionp(sn|xn−1, yn−1).

H(Yn|Xn, Xn−1, Y n−1)

= −EXn,Y n−1
∑

yn
η(p(yn|xn, xn−1, yn−1))

= −EXn,Y n−1
∑

yn
η(

∑
sn

pC(yn|xn, sn).p(sn|xn−1, yn−1))

= −EXn−1,Y n−1
∑

zn
η(

∑
sn

p(zn|sn).p(sn|xn−1, yn−1)),
(28)

(the last equality is due to (27)). But from A2 and (15),

p(sn|xn−1, yn−1)
=

∑
sn−1 p(sn|sn−1, xn−1, yn−1)p(sn−1|zn−1, xn−1, yn−1)

=
∑

sn−1 p(sn|sn−1)p(sn−1|zn−1)
= p(sn|zn−1),

(29)
and sinceXn is independent of bothSn and Zn, (29) will
be independent of marginalpxn(xn). Using (29) in (28), we
have shown thatH(Yn|Xn, Xn−1, Y n−1) = H(Zn|Zn−1) is
independent ofpxn(xn).

Now for the capacity of channel, we can write,

C = lim
n→∞

max
p(Xn)

1
nI(Xn;Y n) =

lim
n→∞

max
p(Xn)

1
n

∑n
i=1 H(Yi|Y i−1)−H(Yi|Xi, X

i−1, Y i−1).

(30)
By the uniform i.i.d input distributionp(Xn), each of the
elements of the sum in (30) will be maximized tolog |Y| −
H(Zi|Zi−1). Therefore the summation will be maximized by
this input distribution ton log |Y| − H(Zn). On the other
hand when we select the i.i.d inputs, the term1/nH(Zn) for
n →∞ will be the entropy rate of the hidden Markov process
[S, P,Z, T ].

In the remainder of this section we compare the capacity
formula (23) with previous results for a special case of
the symmetric Markov channel, namely the Gilbert-Elliott
channel.

A. Example: Gilbert-Elliott channel

The Gilbert-Elliott channel [9],[10] is a Markov channel
[X ,Y,S, P, C], with X = Y = S = {0, 1}, and

P =
(

1− g g
b 1− b

)
, 0 < g < 1, 0 < b < 1

(31)
andC is defined by the following two conditional probability
matrices for statess = 0 ands = 1.(

1− pG pG

pG 1− pG

)
, s = 0

(
1− pB pB

pB 1− pB

)
, s = 1

(32)

From (32) it is apparent that the Gilbert-Elliott channel is a
symmetric Markov channel according to Definition 1. We see
that for the states = 0 by defining the functionf0(.), f0(0) =
1 − pG, f0(1) = pG, we havef0(x

⊕
y) = pC(y|x, s = 0).

Similarly, for s = 1, by f1(0) = 1 − pB , f1(1) = pB ,
f1(x

⊕
y) = pC(y|x, s = 1). Therefore, the Gilbert-Elliott

channel is a symmetric Markov channel[X ,Y,S, P,Z, T, φ],
where,Z = {0, 1}, φ(X,Y ) = X

⊕
Y , and

T =
(

1− pG pG

1− pB pB

)
. (33)

The channel is completely defined by the parameters
g, b, pG, pB .

The capacity of the Gilbert-Elliott channel has been ob-
tained in [5] as

C = 1−
∫ 1

0

hb(q′)ψ(q′)dq′, (34)

(or in the concise form asC = 1− limn→∞E[h(qn)]) where
hb(.) is the binary entropy function andψ(.) is the limiting
distribution of the continuous state space Markov process
{qn}∞n=0 with transition probabilities:

Pr(qn+1 = α|qn = β) =
{

1− β, α = v(0, β);
β, α = v(1, β). (35)

and initial distribution

Pr[q0 = (gpG + bpB)/(g + b)] = 1. (36)

In (35) the functionv(z, q) is equal to
{

pG + b(pB − pG) + µ(q − pG)[(1− pB)/(1− q)], z=0;

pG + b(pB − pG) + µ(q − pG)[pB/q], z=1.
(37)

whereµ = 1− g − b.
The expression (34) can be evaluated using Equations (35)-

(37). These equations are also the basis for a simple coin-
tossing method for evaluating the capacity in [11].

Now we obtain the capacity of Gilbert-Elliott channel based
on Theorem 1. Equation (23) requires evaluation of the entropy
rate of the hidden Markov process[S, P,Z, T ]. According to
[4] the entropy rate can be obtained by

Ĥ(Z) =
∫

∆

h(ξ × T )ϕ(ξ)dξ, (38)
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Fig. 1. The distributionψ(.) and functionhb(.) in (34) for the example
channel.

where h(.) is the entropy function over∆, the probability
simplex inR2, andϕ is the limiting distribution of information
state Markov process{ξn}∞n=0, ξn ∈ ∆. Parameterizingξ ∈ ∆
by π ∈ [0, 1], Equation (38) reduces to

Ĥ(Z) =
∫ 1

0

hb(q(π′))µ(π′)dπ′, (39)

where q(π) = pG(1 − π) + pBπ, and µ is the limiting
distribution of the Markov process{πn}∞n=0, πn ∈ [0, 1] with
transition probabilities

Pr(πn+1 = α|πn = β) =
{

1− q(β), α = f(0, β);
q(β), α = f(1, β).

(40)
and initial distribution

Pr[π0 = b/(g + b)] = 1. (41)

In (40) the functionf(., .) is

f(z, π) ,





b(1−π)(1−pG)+(1−g)π(1−pB)
1−(1−π)pG−πpB

, z=0;

b(1−π)pG+(1−g)πpB

(1−π)pG+πpB
, z=1.

(42)

Using Equations (40) and (41), the limiting distributionµ(.)
can be obtained for sufficiently largen. Having obtained the
distributionµ(.) the capacity can be evaluated from (23) as:

C = 1− ∫ 1

0
hb(q(π′))µ(π′)dπ′. (43)

Numerical evaluation of (34) and (43) for different channels
show the equivalency of the two formula. Figures 1 and 2
show the distributionsψ andµ for the channelg = 0.01, b =
0.03, pG = 0.02, pB = 0.6 after 10 iterations, and both
expressions (34) and (43) evaluate toC = 0.1625 bits.

Theorem 1 is also equivalent to [3, Theorem 5.1] for the
capacity of symmetric Markov channel. This can be shown
easily for the special case of Gilbert-Elliott channel.

C = 1− ∫
[
∑1

i=0− log p(y = i|x = 0, π).p(y = i|x = 0, π)]µ(dπ)

= 1− ∫
[
∑1

i=0− log p(z = i|π).p(z = i|π)]µ(dπ)

= 1− ∫ 1

0
hb(q(π

′))µ(π′)dπ′

= 1− Ĥ(Z).
(44)
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Fig. 2. The distributionµ(.) and functionhb(q(.)) in (43) for the example
channel.

IV. CONCLUSION

In this paper we have presented a unified concept of
symmetry for the finite state Markov channels based on the
permutation invariant property of conditional probability tables
of channel, as a natural extension of symmetry for discrete
memoryless channels. We showed that the capacity of the
symmetric Markov channel can be expressed by the entropy
rate of the noise process, a hidden Markov process associated
with and explicitly defined by the symmetric Markov channel.
Using recent expressions for the entropy rate of the hidden
Markov process, we have shown that the expression for the
capacity of symmetric Markov channel matches with previous
expressions which have been obtained for special cases.
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