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Abstract

This thesis considersthe problem of constructing optimal decentralized controllers.

The problem is formulated as one of minimizing the closed-loop norm of a feedback

systemsubject to constraints on the controller structure.

The notion of quadratic invarianceof a constraint set with respect to a systemis

de¯ned. It is shown that quadratic invarianceis necessaryand su±cient for the con-

straint set to be preserved under feedback. It is further shown that if the constraint

sethasthis property, this allows the constrainedminimum-norm problemto besolved

via convex programming. Theseresults are developed in a very generalframework,

and are shown to hold for continuous-timesystems,discrete-timesystems,or opera-

tors on Banach spaces,for stable or unstableplants, and for the minimization of any

norm.

The utilit y of theseresultsis then demonstratedon somespeci¯c constraint classes.

An explicit test is derived for sparsity constraints on a controller to be quadratically

invariant, and thus amenableto convex synthesis. Symmetric synthesisis alsoshown

to be quadratically invariant.

The problem of control over networks with delays is then addressedas another

constraint class. Multiple subsystemsare considered,each with its own controller,

such that the dynamicsof each subsystemmay a®ectthoseof other subsystemswith

somepropagationdelays, and the controllers may communicate with each other with

sometransmissiondelays. It is shown that if the communication delays are lessthan

the propagation delays, then the associated constraints are quadratically invariant,

and thus optimal controllers canbe synthesized.We further show that this result still

holds in the presenceof computational delays.
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This thesisuni¯es the few previousresultson speci¯c tractable decentralized con-

trol problems, identi¯es broad and useful classesof new solvable problems,and de-

lineatesthe largest known classof convex problemsin decentralized control.
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Chapter 1

In tro duction

Much of conventional controls analysisassumesthat the controllers to be designedall

have accessto the samemeasurements. With the advent of complexsystems,decen-

tralized control hasbecomeincreasinglyimportant, whereonehasmultiple controllers

each with accessto di®erent information. Examplesof such systemsinclude °ocks of

aerial vehicles,autonomousautomobileson the freeway, the power distribution grid,

spacecraftmoving in formation, and paper machining.

In a standard controls framework, the decentralization of the system manifests

itself as sparsity or delay constraints on the controller to be designed. Therefore a

canonicalproblem one would like to solve in decentralized control is to minimize a

norm of the closed-loop map subject to a subspaceconstraint as follows

minimize ‖f (P,K)‖
subject to K stabilizesP

K ∈ S

For a generallinear time-invariant plant P and subspaceS there is no known tractable

algorithm for computing the optimal K. It hasbeenknown since1968[30] that even

the simplestversionsof this problem can be extremely di±cult. In fact, certain cases

have been shown to be intractable [15, 3]. However, there are also several special

casesof this problem for which e±cient algorithms have beenfound [2, 8, 10, 16, 26,

1



2 CHAPTER 1. INTR ODUCTION

27]. This thesis uni¯es thesecasesand identi¯es a simple condition, which we call

quadr atic invarianc e, under which the above problem may be recastas a convex

optimization problem. The notion of quadratic invarianceallows us to better under-

stand this dichotomy betweentractable and intractable optimal decentralized control

problems. It further delineatesthe largest known classof decentralized problemsfor

which optimal controllers may be e±ciently synthesized.

Quadratic invariance is a simple algebraic condition relating the plant and the

constraint set. The main results of this thesis hold for continuous-time systems,

discrete-timesystems,or operators on Banach spaces,for stable or unstable plants,

and for the minimization of any norm.

In Chapter 2, we de¯ne quadratic invariance,and present someof its character-

istics. In Chapter 3, we show that quadratic invariance is necessaryand su±cient

for the constraint set to be invariant under a linear fractional transformation (LFT),

namely, the map from K to K(I − GK)¡ 1. This is ¯rst shown for operators over

Banach spacesin Section 3.1, and then for causaloperators on extendedspacesin

Section3.2. This allows for convex synthesisof optimal controllers when the plant is

stable.

In Chapter 4, we show that for possibly unstable plants, as long as a nominal

controller existswhich is both stable and stabilizing, this invarianceimplies that the

information constraint is equivalent to a±ne constraints on the Youla parameter.

Thus synthesizing optimal stabilizing controllers subject to quadratically invariant

constraints is a convex optimization problem. We further show that this is still a

convex optimization problem, even when such a nominal controller is unobtainable.

In Chapter 5 weapply theseresultsto speci¯c constraint classes.We¯rst consider

sparsity constraints in Section 5.1. We develop an explicit test for the quadratic

invariance of sparsity constraints, and thus show that optimal synthesis subject to

such constraints which passthe test may be cast as a convex optimization problem.

As a consequenceof the test, we show someexamplesof sparsity structures which

are quadratically invariant, and also show that block diagonal constraints are never

quadratically invariant unlessthe plant is block diagonalas well.

We show in Section 5.2 that optimal synthesis of a symmetric controller for a
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symmetricplant is alsoquadratically invariant and thusamenableto convexsynthesis.

This is important becausethis problem, while formerly known to be solvable, de¯ed

other e®ortsto classifytractable problems.

We then in Section5.3 considerthe problem of control over networks with delays.

We ¯nd that optimizing the closed-loop norm may be formulated as a convex opti-

mization problem when the controllers can communicate faster than the dynamics

propagate. We further show that this result still holds in the presenceof computa-

tional delay.

Theseresultsall hold for the minimization of an arbitrary norm. In Chapter 6 we

show that if the norm of interest is the H2-norm, then the constrainedconvex opti-

mization problem derived in Section4 may be further reducedto an unconstrained

convex optimization problem, and readily solved. We further show how similar tech-

niques may be used to systematically ¯nd stabilizing decentralized controllers for

quadratically invariant constraints. We then provide somenumerical examples.

1.1 Prior Work

Decentralized control hasbeenstudied from many perspectivesover the past half cen-

tury, and there have beenmany striking resultswhich illustrate the complexity of this

problem. Important early work includesthat of Radner[17], who developed su±cient

conditions under which minimal quadratic cost for a linear systemis achieved by a

linear controller. An important examplewaspresented in 1968by Witsenhausen[30]

where it was shown that for quadratic stochastic optimal control of a linear system,

subject to a decentralized information constraint called non-classical information, a

nonlinear controller can achieve greater performancethan any linear controller. An

additional consequenceof the work of [13, 30] is to show that under such a non-

classicalinformation pattern the cost function is no longer convex in the controller

variables,a fact which today has increasingimportance.

With the di±cult y of the generalproblem elucidatedand the myth of ubiquitous

linear optimalit y refuted, e®ortsfollowed to classifywhen linear controllers were in-

deedoptimal, to discernwhen ¯nding the optimal linear controller could be cast asa
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convex optimization problem, and to understandthe complexity of decentralized con-

trol problems. In a later paper [31], Witsenhausensummarizedseveral important re-

sults on decentralized control at that time, and gave su±cient conditionsunder which

the problem could be reformulated so that the standard Linear-Quadratic-Gaussian

(LQG) theory could be applied. Under these conditions, an optimal decentralized

controller for a linear system could be chosen to be linear. Ho and Chu [10], in

the framework of team theory, de¯ned a more generalclassof information structures,

calledpartial ly nested, for which they showedthe optimal LQG controller to be linear.

Roughly speaking,a plant-controller systemis calledpartially nestedif whenever the

information of controller A is a®ectedby the decisionof a controller B, then A has

accessto all of the information that B has.

The study of the computational complexity of decentralized control problemshas

shown certain problemsto be intractable. Blondel and Tsitsiklis [3] showed that the

problem of ¯nding a stabilizing decentralized static output feedback is NP-complete.

This is also the casefor a discretevariant of Witsenhausen'scounterexample[15].

For particular information structures, the controller optimization problem may

have a tractable solution, and in particular, it was shown by Voulgaris [26] that

the so-calledone-stepdelay information sharing pattern problem has this property.

In [8] the LEQG problem is solved for this information pattern, and in [26] the

H2, H1 and L1 control synthesis problemsare solved. A classof structured spatio-

temporal systemshasalsobeenanalyzedin [2], and shown to be reducibleto a convex

program. Several information structuresareidenti¯ed in [16] for which the problemof

minimizing multiple objectivesis reducedto a ¯nite-dimensional convex optimization

problem.

In this thesis we de¯ne a property called quadratic invariance, show that it is

necessaryand su±cient for the constraint set to be preserved under feedback, and

that this allows optimal stabilizing decentralized controllers to be synthesized via

convex programming. The tractable structures of [2, 8, 10, 16, 26, 27, 31] can all be

shown to satisfy this property.
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1.2 Preliminaries

Given topologicalvector spacesX ,Y, let L(X ,Y) denotethe set of all mapsT : X →
Y such that T is linear and continuous. Note that if X ,Y are normed spaces,as in

Section3.1, then all such T are bounded,but that T may be unboundedin general.

We abbreviateL(X ,X ) with L(X ).

Supposethat we have a generalizedplant P ∈ L(W ×U ,Z × Y) partitioned as

P =

"
P11 P12

P21 P22

#

so that P11 : W → Z, P12 : U → Z, P21 : W → Y and P22 : U → Y. Suppose

K ∈ L(Y ,U). If I − P22K is invertible, de¯ne f (P,K) ∈ L(W ,Z) by

f (P,K) = P11 + P12K(I − P22K)¡ 1P21

The map f (P,K) is called the (lower) line ar fr actional tr ansformation (LFT)

of P and K; we will also refer to this as the closed-lo op map . In the remainder

of the thesis,we abbreviate our notation and de¯ne G = P22, as we will refer to this

block frequently.

Dual pairings

Given a linear vector spaceX , let X ¤ denote the dual-spaceof X , and let 〈x, x¤〉
denotethe dual pairing of any x ∈ X and x¤ ∈ X ¤. For S ⊆ X and T ⊆ X ¤ de¯ne

S? =
n
x¤ ∈ X ¤ | 〈x, x¤〉 = 0 for all x ∈ S

o

? T =
n
x ∈ X | 〈x, x¤〉 = 0 for all x¤ ∈ T

o
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Kronecker products

GivenA ∈ Cm£ n and B ∈ Cs£ q let the Kronecker product of A and B be denotedby

A⊗B and given by

A⊗B =

2

6
6
4

A11B · · · A1nB
...

...

Am1B · · · AmnB

3

7
7
5 ∈ Cms£ nq

GivenA ∈ Cm£ n , we may write A in term of its columnsas

A =
h
a1 . . . an

i

and then associate a vector vec(A) ∈ Cmn de¯ned by

vec(A) =

2

6
6
4

a1
...

an

3

7
7
5

Lemma 1. Let A ∈ Cm£ n , B ∈ Cs£ q, X ∈ Cn£ s. Then

vec(AXB) = (BT ⊗ A) vec(X)

Proof. See,for example,[11].

Transfer functions

We usethe following standard notation. Denote the imaginary axis by

jR =
©
z ∈ C | <(z) = 0

ª

and the closedright half of the complexplane by

C+ =
©
z ∈ C | <(z) ≥ 0

ª
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A rational function G : jR → C is called real-r ational if the coe±cients of its

numerator and denominatorpolynomialsarereal. Similarly, a matrix-valuedfunction

G : jR → Cm£ n is called real-rational if Gij is real-rational for all i, j. It is called

pr oper if

lim
! !1

G(jω) exists and is ¯nite,

and it is called strictly pr oper if

lim
! !1

G(jω) = 0.

Denoteby Rm£ n
p the set of matrix-valued real-rational proper transfer matrices

Rm£ n
p =

n
G : jR→ Cm£ n | G proper, real-rational

o

and let Rm£ n
sp be

Rm£ n
sp =

n
G ∈ Rm£ n

p | G strictly proper
o

Also let RH1 be the set of real-rational proper stable transfer matrices

RHm£ n
1 =

n
G ∈ Rm£ n

p | G hasno polesin C+

o

wherewe have usedthe fact that functions in RH1 are determined by their values

on jR, and RH1 can thus be regardedas a subspaceof Rp. If A ∈ Rn£ n
p we say

A is invertible if lim ! !1 A(jω) is an invertible matrix and A(jω) is invertible for

almost all ω ∈ R. Note that this is di®erent from the de¯nition of invertibilit y for

the associated multiplication operator on L2. If A is invertible we write B = A¡ 1 if

B(jω) = A(jω)¡ 1 for almost all ω ∈ R. Note that, if G ∈ Rny £ nu
sp then I − GK is

invertible for all K ∈ Rnu £ ny
p . Both this fact and the inverseitself will be consistent

with our de¯nition of invertibilit y for operators on extendedspaces.

Whenweconsidertransfer functionsfor discrete-timesystemsinsteadof continuous-

time systems,jR is replacedwith {z ∈ C | |z| = 1}, the unit circle, C+ is replaced

with {z ∈ C | |z| ≥ 1}, and jω is replacedwith ej ! . The above terms are then de¯ned

analogously.
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Topology

Let X be a vector spaceand {‖·‖® | α ∈ I} be a family of semi-normson X . The

family is called su±cient if for all x ∈ X such that x 6= 0 there existsα ∈ I such

that ‖x‖® 6= 0. The topology generatedby all open ‖·‖®-balls is called the topology

generatedby the family of semi-norms.Convergencein this topology is equivalent to

convergencein every semi-norm,and continuity of a linear operator is equivalent to

continuity in every semi-norm. See,for example,[35, 24].

Extended spaces

We introduce somenotation for extended linear spaces. These spacesare utilized

extensively in [7, 29]. The topologiesdeveloped here for operators on thesespaces

were ¯rst utilized in [20] and are usedparticularly in Section3.2.

We de¯ne the truncation operator PT for all T ∈ R+ on all functions f : R+ → R

such that fT = PT f is given by

fT (t) =

8
<

:

f (t) if t ≤ T

0 if t > T

and hereafterabbreviatePT f asfT . We make useof the standardLp Banach spaces

equipped with the usual p-norm

Lp =
½
f : R+ → R

¯
¯
¯
¯

Z 1

0
(f (t))p exists and is ¯nite

¾
‖f‖p =

µ Z 1

0
(f (t))p dt

¶ 1
p

and the extendedspaces

Lpe = {f : R+ → R | fT ∈ Lp for all T ∈ R+ } for all p ≥ 1

We let the topology on L2e be generatedby the su±cient family of semi-norms

{‖·‖T | T ∈ R+ } where ‖f‖T = ‖PT f‖L 2 , and let the topology on L(Lm
2e, L

n
2e) be

generatedby the su±cient family of semi-norms{‖·‖T | T ∈ R+ } where ‖A‖T =

‖PTA‖L m
2 ! L n

2
.
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We usesimilar notation for discretetime. As is standard, we extend the discrete-

time Banach spaces̀ p to the extendedspace

`e = {f : Z+ → R | fT ∈ `1 for all T ∈ Z+ }

Note that in discretetime, all extendedspacescontain the sameelements, sincethe

commonrequirement is that the sequenceis ¯nite at any ¯nite index. This motivates

the abbreviatednotation of `e.

We let the topology on `e be generatedby the su±cient family of semi-norms

{‖·‖T | T ∈ Z+ } where ‖f‖T = ‖PT f‖`2 , and let the topology on L(`m
e , `

n
e ) be

generatedby the su±cient family of semi-norms{‖·‖T | T ∈ Z+ } where ‖A‖T =

‖PTA‖`m
2 ! `n

2
.

When the dimensionsare implied by context, we omit the superscripts of Rm£ n
p ,

Rm£ n
sp ,RHm£ n

1 , Lm£ n
pe , `m£ n

e . We will indicate the restriction of an operator A to

L2[0, T ] or `e[0, T ] by A|T , and the restriction and truncation of an operator asAT =

PTA|T . Thus for every semi-normin this thesis,onemay write ‖A‖T = ‖AT‖. Given

a set of operatorsS, we alsodenoteST = {PTA|T ; A ∈ S}.

1.3 Problem Form ulation

Given linear spacesU ,W ,Y ,Z, generalizedplant P ∈ L(W × U ,Z × Y), and a

subspaceof admissiblecontrollers S ⊆ L(Y ,U), we would like to solve the following

problem:
minimize ‖f (P,K)‖

K ∈ S
(1.1)

Here ‖·‖ is any norm on L(W ,Z), chosento encapsulatethe control performance

objectives,and S is a subspaceof admissiblecontrollers which encapsulatesthe de-

centralized nature of the system. The norm on L(W ,Z) may be either a determin-

istic measureof performance,such as the induced norm, or a stochastic measureof

performance,such asthe H2 norm. Many decentralized control problemsmay be for-

mulated in this manner, and someexamplesare shown below. We call the subspace
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S the information constr aint .

In Section3.1, we considerBanach spacesand thus have the additional constraint

that (I−GK) be invertible. In Chapter 4 we considerextendedspacesand thus have

the additional constraint that K stabilize P .

This problem is made substantially more di±cult in general by the constraint

that K lie in the subspaceS. Without this constraint, the problem may be solved

by a simple changeof variables,asdiscussedin Section3.1.1. For speci¯c norms, the

problemmay alsobe solvedusinga state-spaceapproach. Note that the cost function

‖f (P,K)‖ is in generala non-convex function of K. No computationally tractable

approach is known for solving this problem for arbitrary P and S.

1.3.1 Some examples

Many standard centralized and decentralized control problems may be represented

in the form of problem (1.1), for speci¯c choicesof P and S. Examplesinclude the

following.

Perfectly decentralized control

We would like to designn separatecontrollers {K1, . . . , Kn}, with controller Ki con-

nectedto subsystemGi of a coupledsystem,as in Figure 1.1.

G1 G2 G3 G4 G5

K1 K2 K3 K4 K5

Figure 1.1: Perfectly decentralized control

When reformulated as a synthesis problem in the LFT framework above, the

constraint set S is

S =
n
K ∈ L(Y ,U)

¯
¯ K = diag(K1, . . . , Kn )

o
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that is, S consistsof those controllers that are block-diagonal. We will revisit this

examplein Section5.1.3.

Delayed measurements

In this example we have n subsystems{G1, . . . , Gn}, each with its respective con-

troller Ki , arranged so that subsystemi receives signals from controller i after a

computational delay of c, controller i receivesmeasurements from subsystemj with

a transmissiondelay of t|i− j|, and subsystemi receivessignalsfrom subsystemi+ 1

delayed by propagation delay p. This is illustrated in Figure 1.2 for the casewhere

n = 3.

DpDp

DpDp

G2 G3G1

DcDcDc

Dt Dt

Dt Dt

Dt Dt

K1 K2 K3

Figure 1.2: Distributed control with delays

When formulated as a synthesis problem in the LFT framework, the constraint

set S may be de¯ned as follows. Let K ∈ S if and only if

K =

2

6
6
6
6
6
4

DcH11 Dt+ cH12 . . . D(n¡ 1)t+ cH1n

Dt+ cH21 DcH22 . . . D(n¡ 2)t+ cH2n
...

...

D(n¡ 1)t+ cHn1 . . . DcHnn

3

7
7
7
7
7
5

for someHij ∈ Rp of appropriate spatial dimensions.The corresponding systemG is
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given by

G =

2

6
6
6
6
6
4

A11 DpA12 . . . D(n¡ 1)pA1n

DpA21 A22 . . . D(n¡ 2)pA2n
...

...

D(n¡ 1)pAn1 . . . Ann

3

7
7
7
7
7
5

for someAij ∈ Rsp.

We will consider a broadly generalizedversion of this example in Section 5.3,

where, as an example of the utilit y of our approach, we provide conditions under

which it may be solved via convex programming.



Chapter 2

Quadratic In variance

We now turn to the main focus of this thesis, which is the characterization of con-

straint setsS that lead to tractable solutions for problem (1.1). The following prop-

erty, ¯rst introducedin [18], will be shown to provide that characterization.

Definition 2. SupposeG ∈ L(U ,Y), andS ⊆ L(Y ,U). The setS is called quadr at-

ical ly invariant underG if

KGK ∈ S for all K ∈ S

Note that, given G, we can de¯ne a quadratic map ª : L(Y ,U) → L(Y ,U) by

ª( K) = KGK. Then a setS is quadratically invariant if and only if S is an invariant

set of ª; that is ª( S) ⊆ S.

Definition 3. Given a constraint set S ⊆ L(Y ,U), we de¯ne a complementaryset

S? ⊆ L(U ,Y) by

S? =
n
G ∈ L(U ,Y) | S is quadratically invariant underG

o

Theorem 4. If S is a subspace, S? is quadratically invariant underK for all K ∈ S.

Proof. SupposeK1, K2 ∈ S and G ∈ S?. First note that

K1GK2 + K2GK1 = (K1 + K2)G(K1 + K2) −K1GK1 −K2GK2

13
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and sinceall terms on the right hand sideof this equationare in S, we haveK1GK2 +

K2GK1 ∈ S. Then we have

2K2GK1GK2 =

(K2 + K1GK2 + K2GK1)G(K2 + K1GK2 + K2GK1)

−(K1GK2 + K2GK1)G(K1GK2 + K2GK1) −K2GK2

+ (K1 −K2GK2)G(K1 −K2GK2) −K1GK1

andsinceall termson the right handsideof this equationarein S, wehaveK2GK1GK2 ∈
S for all K1, K2 ∈ S and for all G ∈ S?. This impliesGK1G ∈ S? for all K1 ∈ S and

for all G ∈ S?, and the desiredresult follows.

This tells us that the complementary set is quadratically invariant under any

element of the constraint set, which will be very useful in proving the main result of

Chapter 4.

We give another general lemma on quadratic invariance which will be useful

throughout the remainderof the thesis.

Lemma 5. SupposeG ∈ L(U ,Y), and S ⊆ L(Y ,U) is a subspace. If S is quadrati-

cally invariant underG, then

K(GK)n ∈ S for all K ∈ S, n ∈ Z+

Proof. We prove this by induction. By assumption,given K ∈ S, we have that

KGK ∈ S. For the inductive step,assumethat K(GK)n ∈ S for somen ∈ Z+ . Then

2K(GK)n+1 = (K + K(GK)n)G(K + K(GK)n ) −KGK −K(GK)2n+1

andsinceall termson the right handsideof this equationarein S, wehaveK(GK)n+1 ∈
S.



Chapter 3

In variance Under Feedback

This chapter contains the main technical resultsof this thesis. Weshow that quadratic

invariance is necessaryand su±cient for the constraint set to be invariant under a

linear fractional transformation, namely, the map from K to K(I −GK) ¡ 1.

This is shown ¯rst in Section 3.1 for operators on Banach spaces,and it allows

for the closed-loop minimum norm problem to be recast as a convex optimization

problem. However, this framework does not allow for the possibility of unstable

operators, and the result is subject to a technical condition. In Section3.2, we turn

our focus to causaloperators on extendedspaces.Making useof the topologieswe

de¯ned in Section1.2, we obtain a similar result which applies to possibly unstable

operators and which is free from the strictures of technical conditions.

We de¯ne the map h : L(U ,Y) × L(Y ,U) → L(Y ,U) by

h(G,K) = −K(I −GK)¡ 1

for all G,K such that I − GK is invertible. We will also make useof the notation

hG(K) = h(G,K), which is then de¯ned for all K ∈ L(Y ,U) such that I − GK is

invertible. Given G ∈ L(U ,Y), we note that hG is an involution on this set, as a

straightforward calculation shows that hG(hG(K)) = K.

15
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3.1 Banac h Spaces

In this section,we considerthe casewhereU ,W ,Y ,Z are Banach spacesand thusP

is a boundedlinear operator. We then introducea little more notation.

Given G ∈ L(U ,Y), we de¯ne the set M ⊆ L(Y ,U) of controllers K such that

f (P,K) is well-de¯ned by

M =
n
K ∈ L(Y ,U)

¯
¯ (I −GK) is invertible

o

For any Banach spaceX and bounded linear operator A ∈ L(X ) de¯ne the re-

solvent set ρ(A) by ρ(A) = {λ ∈ C | (λI − A) is invertible} and the resolvent

RA : ρ(A) → L(X ) by RA (λ) = (λI − A)¡ 1 for all λ ∈ ρ(A). We also de¯ne ρuc(A)

to be the unboundedconnectedcomponent of ρ(A).

Note that 1 ∈ ρ(GK) for all K ∈M , and de¯ne the subsetN ⊆M by

N =
n
K ∈ L(Y ,U)

¯
¯ 1 ∈ ρuc(GK)

o

Wecannow formally state the problemweareto addressin this sectionasfollows.

Given Banach spacesU ,W ,Y ,Z, generalizedplant P ∈ L(W × U ,Z × Y), and a

subspaceof admissiblecontrollers S ⊆ L(Y ,U), we would like to solve the following

problem
minimize ‖f (P,K)‖

subject to K ∈M
K ∈ S

(3.1)

3.1.1 Change of Variables

Letting Q = hG(K), we have

f (P,K) = P11− P12QP21

Hencewehave the standardparametrization of all closed-loop mapswhich areachiev-

able by bounded controllers K. This parametrization is related to the well-known



3.1. BANA CH SPACES 17

internal model principle and Youla parametrization of stabilizing controllers. Now

we can reformulate problem (3.1) as the following equivalent optimization problem.

minimize ‖P11− P12QP21‖
subject to Q ∈M

hG(Q) ∈ S
(3.2)

The closed-loop map is now a±ne in Q, and its norm is thereforea convex function

of Q. If not for the last constraint, that is, the information constraint S, we could

solve this problem to ¯nd Q, and then construct the optimal K for problem (3.1) via

the transformation K = h(Q).

Note that while we are not consideringall Q ∈ L(Y ,U), only those Q ∈ M ,

in many casesof practical interest M is densein L(Y ,U). We will further discuss

eliminating this constraint in Section3.1.3.

However, we seethat the information constraint prevents this problem from being

easily solved. Speci¯cally, the set

n
Q ∈ L(Y ,U)

¯
¯ hG(Q) ∈ S

o

is not convex in general.The main thrust of this chapter is to seekconditions under

which this last constraint may be converted to a convex constraint.

3.1.2 LFT Invariance

Before proving the main result of this section, we state the following preliminary

lemmasregardinganalyticit y.

Lemma 6. SupposeD ⊆ C is an open set, X is a Banach space, and f : D → X is

analytic. Supposethat x ∈ D, and f (y) = 0 for all y in an open neighborhood of x.

Then f (y) = 0 for all y in the connected component of D containing x.

Proof. Seefor exampleTheorem3.7 in [6].
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Lemma 7. SupposeX and Y are Banach spaces, D ⊆ C is an open set, and A :

X → Y is a bounded linear operator. Supposeq : D → X is analytic, and r : D → Y
is given by r = A ◦ q. Then r is analytic.

Proof. This is a straightforward consequenceof the de¯nitions.

Lemma 8. SupposeK ∈ L(Y ,U), G ∈ L(U ,Y), and ¡ ∈ L(Y ,U)¤. De¯ne the

function q¡ : ρ(GK) → C by

q¡ (λ) = 〈KRGK (λ), ¡ 〉.

Then q¡ is analytic.

Proof. De¯ne the linear map γ : L(Y) → C by

γ(G) = 〈KG, ¡ 〉 for all G ∈ L(Y).

Clearly γ is bounded,since

‖γ(G)‖ ≤ ‖K‖‖¡ ‖‖G‖ for all G ∈ L(Y).

Further q¡ = γ ◦RGK , and the resolvent is analytic, henceby Lemma 7 we have that

q¡ is analytic.

The following lemma will be useful for proving the converseof our main results

both in this sectionand in Section3.2.

Lemma 9. SupposeU ,Y are Banach spaces,G ∈ L(U ,Y), S ⊆ L(Y ,U) is a closed

subspace, and S is not quadratically invariant under G. Then there existsK ∈ S

suchthat I −GK is invertible and hG(K) /∈ S.

Proof. There exists K0 ∈ S such that K0GK0 /∈ S. We will construct K ∈ S

such that hG(K) /∈ S. Without lossof generality we may assume‖K0‖ = 1. Choose

¡ ∈ S? with ‖¡ ‖ = 1 such that

β = 〈K0GK0, ¡ 〉 ∈ R and β > 0,
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and chooseα ∈ R such that

0< α <
β

‖G‖
¡
β + ‖G‖

¢

Let K = αK0. Then ‖GK‖ < 1, K ∈ S, and

〈K(I −GK)¡ 1, ¡ 〉 =
1X

i =0

〈K(GK) i , ¡ 〉

Thus

¯
¯〈K(I −GK)¡ 1, ¡ 〉

¯
¯ =

¯
¯
¯
¯

1X

i =0

〈K(GK) i , ¡ 〉
¯
¯
¯
¯

=
¯
¯
¯α2β +

1X

i =2

〈K(GK) i , ¡ 〉
¯
¯
¯

≥ α2β − α
1X

i =2

‖G‖iαi

= α2

µ
β − α‖G‖

¡
β + ‖G‖

¢

1− α‖G‖

¶

> 0

HenceK(I −GK)¡ 1 /∈ S as required.

Main result - Banach spaces. The following is the main result of this section.

It states that given G, if a certain technical condition holds, then the constraint

set S is quadratically invariant if and only if the information constraints on K are

equivalent to the samea±ne constraints on the parameterQ = hG(K). In other

words,subject to technical conditions,quadratic invarianceis equivalent to invariance

under feedback.

Theorem 10. SupposeG ∈ L(U ,Y), and S ⊆ L(Y ,U) is a closed subspace. Further
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supposeN ∩ S = M ∩ S. Then

S is quadratically invariant underG ⇐⇒ hG(S ∩M ) = S ∩M

Proof. ( =⇒ ) SupposeK ∈ S ∩M. We ¯rst show that hG(K) ∈ S ∩M . For any

¡ ∈ S? de¯ne the function q¡ : ρ(GK) → C by

q¡ (λ) = 〈K(λI −GK)¡ 1, ¡ 〉.

For any λ such that |λ| > ‖GK‖, the Neumannseriesexpansionfor RGK gives

K(λI −GK)¡ 1 =
1X

n=0

λ¡ (n+1) K(GK)n

By Lemma 5 we have K(GK)n ∈ S for all n ∈ Z+ , and henceK(λI − GK)¡ 1 ∈ S
sinceS is a closedsubspace.Thus,

q¡ (λ) = 0 for all λ such that |λ| > ‖GK‖

By Lemma 8, the function q¡ is analytic, and sinceλ ∈ ρuc(GK) for all |λ| > ‖GK‖,
by Lemma 6 we have

q¡ (λ) = 0 for all λ ∈ ρuc(GK).

It follows from K ∈ N that 1 ∈ ρuc(GK), and thereforeq¡ (1) = 0. Hence

〈K(I −GK)¡ 1, ¡ 〉 = 0 for all ¡ ∈ S? .

This implies

K(I −GK)¡ 1 ∈ ? (S? ).

SinceS is a closedsubspace,we have ? (S? ) = S (seefor example[12], p. 118) and

hencewe have shown K ∈ S ∩M =⇒ hG(K) ∈ S. Sinceh is a bijective involution

on M , it follows that hG(S ∩M ) = S ∩M which was the desiredresult.

( ⇐= ) The conversefollows immediately from Lemma 9.
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There are many casesof interest wherethe technical condition above is automat-

ically satis¯ed, speci¯cally any casewherethe plant is such that the resolvent set of

GK is always connected.This includesthe casewhereG is compact,such as for any

problem where the Banach spacesare ¯nite dimensional,as shown in the following

corollary.

Corollary 11. SupposeG ∈ L(U ,Y) is compact and S ⊆ L(Y ,U) is a closed sub-

space. Then

S is quadratically invariant underG ⇐⇒ hG(S ∩M ) = S ∩M

Proof. This follows sinceif G is compact then GK is compact for any K ∈ S, and

hencethe spectrum of GK is countable, and soN = M .

3.1.3 Equivalent Problems

When the conditions of Theorem10 are met, we have the following equivalent prob-

lem. K is optimal for problem (3.1) if and only if K = hG(Q) and Q is optimal

for
minimize ‖P11− P12QP21‖

subject to Q ∈M
Q ∈ S

(3.3)

We then considerfurther reducing the problem to the following convex optimiza-

tion problem.

minimize ‖P11− P12QP21‖
subject to Q ∈ S

(3.4)

If the minimum to this problem did occur for someQ /∈ M , it would mean that

the original problem approachesits optimum as(I −GK) ¡ 1 blows up. Thereforethe

constraint that Q ∈M is unnecessarywhen the original problem is well-posed.

The solution procedureis then to solve problem (3.4) with convex programming,

and recover the optimal controller for the original problem (3.1) asK = hG(Q).
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3.1.4 Violation

The technical conditions of Theorem 10 are automatically satis¯ed in many casesof

interest, such asin Corollary 11. However, the conditionscannotalwaysbeeradicated.

Weshow an examplewherethe resolvent set is not connected,the technical conditions

thusfail, and the main result of this sectionno longerholds. This is meant to elucidate

that the conditions are not for easeof proof, but are actually needed.

Considerthe spaceof two-sidedsequences

`2 =

(

(. . . , x¡ 1, x0, x1, . . .)

¯
¯
¯
¯ xi ∈ R,

1X

i = ¡1

x2
i <∞

)

.

De¯ne the delay operator D : `2 → `2 asD(x) i = xi ¡ 1. Let Y = U = `2, let the plant

be the identit y G = I, and let S be the subspaceof causalcontrollers

S = {K ∈ L(`2) | PTKPT = PTK for all T ∈ Z}

such that S is clearly quadratically invariant under G. Now considerK = 2D ∈ S;

we have

(I −GK)¡ 1 = −1
2
D¡ 1

µ
I − 1

2
D¡ 1

¶ ¡ 1

= −
1X

k=1

1
2k
D¡ k

and soK ∈M . Also note that

ρ(GK) = {λ ∈ C | |λ| 6= 2}

and henceρuc(GK) = {λ ∈ C | |λ| > 2}, which implies that K /∈ N . Finally,

K(I −GK)¡ 1 = −
1X

k=0

1
2k
D¡ k /∈ S

So we have G ∈ L(U ,Y), S ⊆ L(Y ,U) is a closedsubspace,and S is quadratically
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invariant underG, but N ∩ S 6= M ∩ S. We have then found a K ∈ S ∩M such that

hG(K) /∈ S, and sohG(S ∩M ) 6= S ∩M .

This shows that the technical conditions of Theorem 10 cannot be completely

eradicatedfor arbitrary Banach spaces,and motivatesus to ¯nd a di®erent framework

under which a similar result can be achieved without them.

3.2 Extended Spaces

In this section, we turn our focus to time-invariant causal operators on extended

spaces. This framework allows us to both extend our main results to unbounded

operators and to eliminate technical conditions from our assumptions.

From Lemma 5, and from the proof in the previous section, we seethat if we

couldexpressK(I−GK)¡ 1 as
P 1

n=0 K(GK)n , then this mappingwould lie in S for all

K ∈ S, provided that S wasa closedsubspace.Noting that K canbepulled outsideof

the sum due to continuity, even when it is unbounded,we thus seekconditions under

which
P 1

n=0 (GK)n converges.We would like to be able to utilize this expansionnot

just for smallK, asin the small gain theorem,but for arbitrarily largeK aswell. We

considerthe plant and controller as operators on extendedspacesboth becausethat

will allow us to achieve this, and alsoso that unstableoperators may be considered.

In Section3.2.1,we develop conditions under which this Neumannseriesis guar-

anteed to converge in the topologiesde¯ned in Section 1.2. We then prove in Sec-

tion 3.2.2 that under very broad assumptionsquadratic invariance in necessaryand

su±cient for the constraint set to be preserved under feedback. These conditions

include, but are not limited to, the casewe are often interested in whereG ∈ Rsp

and S ⊆ Rp.

3.2.1 Convergence of Neumann Series

We ¯rst analyzeconvergenceof the Neumannseries

(I −W )¡ 1 =
1X

n=0

W n
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whereW is a generalcausaltime-invariant linear operator on extendedspaces.Note

that while most of the results in this thesis have analogsin both continuous-time

and discrete-time, the convergenceproofs must be worked out separately. We ¯rst

analyzethe continuous-timecase,and beginby providing a preliminary lemmawhich

states that if a sequenceof impulse responsesconverge in a particular sense,then

their associated operators do as well.

Lemma 12. SupposeWn ∈ L(Lm
2e) is causal and time-invariant for all n ∈ Z+ ,

w(n) ∈ L1 e is the impulse responseof Wn , a ∈ L1 e and (w(n))T convergesuniformly

to aT asn→∞ for all T ∈ R+ . Then Wn convergesto A ∈ L(Lm
2e), whereA is given

byAu = a ∗ u.

Proof. Given u ∈ Lm
2e and T ∈ R+ ,

(a ∗ u)T = (aT ∗ uT )T

sincea(t) = 0 and u(t) = 0 for t < 0. Hence(a∗u)T ∈ L2, sinceaT ∈ L1 and uT ∈ L2,

by Theorem65 of [25]. Therefore,we can de¯ne A ∈ L(Lm
2e) by Au = a ∗ u.

For any n ∈ Z+ and any T ∈ R+ ,

‖A−Wn‖2
T = sup

u2 L 2 ;kuk2=1
‖PTAu− PTWnu‖2

2

≤ sup
u2 L 2 ;kuk2=1

°
°
°
³
aT − (w(n))T

´
∗ u

°
°
°

2

2

≤ sup
u2 L 2 ;kuk2=1

mX

i =1

mX

j =1

°
°
°
³
aT − (w(n))T

´

ij

°
°
°

2

1
‖uj ‖2

2

and hence

‖A−Wn‖2
T ≤

mX

i =1

mX

j =1

°
°
°
³
aT − (w(n))T

´

ij

°
°
°

2

1

Since(w(n)
ij )T convergesuniformly to aT , for any ε > 0 we can chooseN such that for

all n ≥ N and for all i, j = 1, . . . ,m,
¯
¯
¯(aij )T (t) − (w(n)

ij )T (t)
¯
¯
¯ < ²

mT for all t ∈ [0, T ]
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and thus ‖A−Wn‖T < ε. SoWn convergesto A in L(Lm
2e).

We can now prove convergenceof the Neumannseriesunder the given conditions

by showing the convergenceof impulse responses. The method for showing this is

similar to that usedfor spatio-temporal systemsin the appendix of [2].

Theorem 13. SupposeW ∈ L(Lm
2e) is causal and time-invariant with impulse re-

sponse matrix w such that w ∈ L1 e. Then
P 1

n=0 W
n converges to an element

B ∈ L(Lm
2e) suchthat B = (I −W )¡ 1.

Proof. Let q(T ) = supt2 [0;T ]‖w(t)‖ <∞ for all T ∈ R+ , and let w(n) be the impulse

responsematrix of W n . First we claim that ‖w(n)(T )‖ ≤ T n−1

(n¡ 1)! q(T )n for all integers

n ≥ 1. This is true immediately for n = 1. For the inductive step,

°
°w(n+1) (T )

°
° =

°
°
°
°

Z T

t=0
w(T − t)w(n)(t)dt

°
°
°
°

≤
Z T

t=0
‖w(T − t)‖ · ‖w(n)(t)‖dt

≤ q(T )
Z T

t=0
‖w(n)(t)‖dt

≤ q(T )
Z T

t=0

tn¡ 1

(n− 1)!
q(t)ndt

≤ T n

n!
q(T )n+1

Then |w(n)
ij (t)| ≤ T n−1

(n¡ 1)! q(T )n for all t ∈ [0, T ],for all n ≥ 1, and for all i, j = 1, . . . ,m.
P 1

n=1
T n−1

(n¡ 1)! q(T )n convergesto q(T )eT q(T ) , soby the WeierstrassM-test,
P 1

n=1

¡
w

(n)
ij

¢
T

convergesuniformly and absolutely for all i, j = 1, . . . ,m.

Let a =
P 1

n=1 w
(n) . Then aij ∈ L1 e ⊆ L1e for all i, j = 1, . . . ,m, and we can

de¯ne A,B ∈ L(Lm
2e) by Au = a ∗ u and B = I + A.

Then by Lemma 12,
P n

k=1 W
k convergesto A in L(Lm

2e), and thus
P n

k=0 W
k

convergesto B in L(Lm
2e).

Lastly,

B(I −W ) = (I −W )B =
1X

n=0

W n −
1X

n=1

W n = I
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A simpleexampleof the utilit y of this result is asfollows. ConsiderW represented

by the transfer function 2
s+1 . Then I −W = s¡ 1

s+1 is not invertible in L(L2). However

using the above theorem, the inversein L(L2e) is given by
P 1

n=0 ( 2
s+1 )n = s+1

s¡ 1 .

Wenow moveon to analyzethe discrete-timecase.Let r(·) denotespectral radius.

Theorem 14. SupposeW ∈ L(`m
e ) is causaland time-invariant with impulseresponse

matrix w suchthat w ∈ `e and r(w(0)) < 1. Then
P 1

n=0 W
n convergesto an element

B ∈ L(`m
e ) suchthat B = (I −W )¡ 1.

Proof. We may represent PTW |T with the block lower triangular Toeplitz matrix

WT =

2

6
6
6
6
6
4

w(0)

w(1)
. . .

...

w(T ) · · · w(0)

3

7
7
7
7
7
5

Sincew ∈ `e, WT ∈ RmT £ mT . Then, r(WT ) = r(w(0)) < 1, which implies that
P 1

n=0 (WT )n convergesin RmT £ mT . Thus we can de¯ne B ∈ L(`m
e ) by (Bu)T =

(
P 1

n=0 (WT )n )uT for any u ∈ `m
e and any T ∈ Z+ . It is then immediate that

°
°B − P 1

n=0 W
n
°
°

T
→ 0 as n → ∞ for all T , and thus

P 1
n=0 W

n convergesto B

in L(`m
e ).

Lastly,

B(I −W ) = (I −W )B =
1X

n=0

W n −
1X

n=1

W n = I

Note that while the conditions of Theorem 14 are necessaryfor convergenceas

well as su±cient, the conditions of Theorem13 are not.

In particular, the above results imply the following corollary, which shows conver-

genceof the Neumann seriesfor strictly proper systems,possibly with delay. Note

that the delay is redundant for discrete-timesystems.

Corollary 15. SupposeW ∈ L(Lm
2e) or W ∈ L(`m

e ) is given byWij = D¿ij Gij where
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τij ≥ 0 and Gij ∈ Rsp. Then
P 1

n=0 W
n convergesto an elementB ∈ L(Lm

2e) such

that B = (I −W )¡ 1.

3.2.2 LFT Invariance

In this section,we will show that for a very broad classof systems,quadratic invari-

anceis necessaryand su±cient for the information constraint S to be invariant under

a linear-fractional transformation.

We ¯rst state a lemma which will help with the converseof our main result.

Lemma 16. SupposeS ⊆ L(Lm
2e, L

n
2e) or S ⊆ L(`m

e , `
n
e ), and C /∈ S. Then there

existsT suchthat CT /∈ ST .

Proof. Supposenot. Then for every positive T , CT ∈ ST . Thus for every T , there

existsK ∈ S such that PTC|T = PTK|T , or ‖C −K‖T = 0. Since‖A‖T = 0 only if

‖A‖¿ = 0 for all τ ≤ T , it follows that there existsK ∈ S such that ‖C −K‖T = 0

for all T . But then C −K = 0, and soC ∈ S and we have a contradiction.

We de¯ne a broad classof setsof controllers for which the closed-loop map will

always be well-de¯ned. Note that this includes the casewhich is often of interest

whereG ∈ Rsp and S ⊆ Rp.

Definition 17. We say that S ⊆ L(Lnu
2e , L

ny
2e ) is inert with respect to G if for all

K ∈ S, (gk) ij ∈ L1 e for all i, j = 1, . . . ,m where (gk) is the impulseresponsematrix

of GK. We overload our notation and also de¯ne S ⊆ L(`nu
e , `

ny
e ) to be inert if for

all K ∈ S, (gk) ij ∈ `e for all i, j = 1, . . . ,m and r((gk)(0)) < 1 where (gk) is the

discrete impulse responsematrix of GK.

Main result - extended spaces. The following theoremis the main result of this

section. It states that quadratic invariance of the constraint set is necessaryand

su±cient for the set to be invariant under the LFT de¯ned by hG.

Theorem 18. SupposeG ∈ L(Lnu
2e , L

ny
2e ) or G ∈ L(`nu

e , `
ny
e ), and S is an inert closed

subspace. Then

S is quadratically invariant underG ⇐⇒ hG(S) = S
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Proof. ( =⇒ ) SupposeK ∈ S. We ¯rst show that hG(K) ∈ S.

K(I −GK)¡ 1 = K

1X

n=0

(GK)n =
1X

n=0

K(GK)n

wherethe ¯rst equality follows from Theorems13 and 14 and the secondfollows from

the continuity of K.

By Lemma 5 we haveK(GK)n ∈ S for all n ∈ Z+ , and henceK(I −GK)¡ 1 ∈ S
sinceS is a closedsubspace.

SoK ∈ S =⇒ hG(K) ∈ S. ThushG(S) ⊆ S, and sincehG is involutive it follows

that hG(S) = S, which was the desiredresult.

( ⇐= ) We now turn to the converseof this result. Supposethat S is not quadrat-

ically invariant under G. Then there existsK ∈ S such that KGK /∈ S, and thus

by Lemma 16, there exists a ¯nite T such that PTKGK|T /∈ ST . SinceK and G are

causal,we then have

KTGTKT /∈ ST where KT = PTKPT ∈ ST and GT = PTGPT

and thus ST is not quadratically invariant underGT . Then by Lemma 9 there exists
~K ∈ ST such that

~K(I −GT
~K)¡ 1 =

1X

n=0

~K(GT
~K)n /∈ ST

By de¯nition of ST , there existsK0 ∈ S such that ~K = PTK0|T . Then by causality

of K0 and G,

PT

µ 1X

n=0

K0(GK0)n

¶ ¯
¯
¯
¯
T

/∈ ST

and thus hG(K0) = −P 1
n=0 K0(GK0)n /∈ S.



Chapter 4

Optimal Stabilizing Con trollers

In this chapter we consider the problem of ¯nding optimal stabilizing controllers

subject to an information constraint. These results apply both to continuous-time

and discrete-timesystems.Note that throughout this section,the constraint set S is

always inert, sinceG ∈ Rsp and S ⊆ Rp.

The optimization problem we addressis as follows. Given P ∈ R(nz + ny )£ (nw + nu )
p ,

and a subspaceof admissiblecontrollers S ⊆ Rnu £ ny
p , we would like to solve:

minimize ‖f (P,K)‖
subject to K stabilizesP

K ∈ S
(4.1)

There have been several key results regarding controller parameterization and

optimization which we will extend for decentralized control, relying heavily on our

result from the previouschapter. The celebratedYoula parameterization[33] showed

that given a coprime factorization of the plant, one may parameterizeall stabilizing

controllers. The set of closed-loop maps achievable with stabilizing controllers is

then a±ne in this parameter, an important result which converts the problem of

¯nding the optimal stabilizing controller to a convex optimization problem, given

the factorization. Zamesproposeda two-stepcompensationscheme[34] for strongly

stabilizable plants, that is, plants which can be stabilized with a stablecompensator.

29
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In the ¯rst step one ¯nds any controller which is both stable and stabilizing, and

in the secondone optimizes over a parameterizedfamily of systems. This idea has

beenextendedto nonlinear control [1], and in this chapter we show that it may be

extendedto decentralized control when the constraint set is quadratically invariant,

as ¯rst shown in [19].

Our approach starts with a singlenominal decentralized controller which is both

stable and stabilizing, and usesit to parameterizeall stabilizing decentralized con-

trollers. The resulting parameterizationexpressesthe closed-loop systemasan a±ne

function of a stable parameter, allowing the next step, optimization of closed-loop

performance,to be achieved with convex programming. Techniques for ¯nding an

initial stabilizing controller for decentralized systemsare discussedin detail in [23],

and conditions for decentralized stabilizabilit y weredeveloped in [28].

In the ¯nal sectionof this chapter, we show that problem (4.1) can still be con-

verted to a convex optimization problem whensuch a nominal controller is unobtain-

able.

4.1 Stabilization

P11 P12

P21 G

K

w

uy

z

v1 v2

Figure 4.1: Linear fractional interconnectionof P and K

We say that K stabilizes P if in Figure 4.1 the nine transfer matrices from

(w, v1, v2) to (z, u, y) belongto RH1 . Wesay that K stabilizes G if in the ¯gure the

four transfer matricesfrom (v1, v2) to (u, y) belongto RH1 . P is calledstabilizable

if there existsK ∈ Rnu £ ny
p such that K stabilizesP , and it is calledis calledstr ongly

stabilizable if there existsK ∈ RHnu £ ny
1 such that K stabilizesP . We denoteby
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Cstab ⊆ Rnu £ ny
p the set of controllers K ∈ Rnu £ ny

p which stabilize P . The following

standard result relatesstabilization of P with stabilization of G.

Theorem 19. SupposeG ∈ Rny £ nu
sp and P ∈ R(nz + ny )£ (nw + nu )

p , and supposeP is

stabilizable.Then K stabilizesP if and only if K stabilizesG.

Proof. See,for example,Chapter 4 of [9].

4.2 Parameterization of Stabilizing Con trollers

In this section,we review onewell-known approach to solution of the feedback opti-

mization problem (4.1) when the constraint that K lie in S is not present. In this

case,onemay usethe following standard changeof variables.

For a given systemP , all controllers that stabilize the systemmay be parameter-

ized using the well-known Youla parameterization[33], stated below.

Theorem 20. Supposewehavea doublycoprime factorization of G overRH1 , that

is, Ml , Nl , Xl , Yl ,Mr , Nr , Xr , Yr ∈ RH1 suchthat G = NrM
¡ 1
r = M ¡ 1

l Nl and

"
Xl −Yl

−Nl Ml

# "
Mr Yr

Nr Xr

#

= I

Then the setCstab of all controllers in Rp which stabilizeG is

Cstab =
n

(Yr −MrQ)(Xr −NrQ)¡ 1
¯
¯ Xr −NrQ is invertible, Q ∈ RH1

o

Furthermore, the set of all closed-loop mapsachievablewith stabilizing controllers is

n
f (P,K)

¯
¯ K ∈ Rp, K stabilizesP

o

=
n
T1 − T2QT3

¯
¯ Xr −NrQ is invertible, Q ∈ RH1

o
(4.2)
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where T1, T2, T3 ∈ RH1 are given by

T1 = P11 + P12YrMlP21

T2 = P12Mr

T3 = MlP21

Proof. See,for example,Chapter 4 of [9].

This parameterization is particularly simple to construct in the casewhere we

have a nominal stabilizing controller Knom ∈ RH1 ; that is, a controller which is both

stable and stabilizing.

Theorem 21. SupposeG is strictly proper, and Knom ∈ Cstab ∩ RH1 . Then all

stabilizing controllers are given by

Cstab =
n
Knom − h

¡
h(Knom , G), Q

¢ ¯
¯ Q ∈ RH1

o

and all closed-loop mapsare given by (4.2) where

T1 = P11 + P12Knom(I −GKnom)¡ 1P21

T2 = −P12(I −KnomG)¡ 1

T3 = (I −GKnom)¡ 1P21

(4.3)

Proof. A doubly coprime factorization for G overRH1 is given by

Ml = (I −GKnom)¡ 1 Mr = −(I −KnomG)¡ 1

Nl = G(I −KnomG)¡ 1 Nr = −G(I −KnomG)¡ 1

Xl = −I Yl = −Knom Xr = I Yr = Knom
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Then

(Yr −MrQ)(Xr −NrQ)¡ 1

= Knom + Q(I + G(I −KnomG)¡ 1Q)¡ 1

= Knom − h
¡
h(Knom , G), Q

¢

so all stabilizing controllers are given by

Cstab =
n
Knom − h

¡
h(Knom , G), Q

¢ ¯
¯ Q ∈ RH1

o

The invertibilit y condition is met sinceG, and thusNr , is strictly proper.

This theorem tells us that if the plant is strongly stabilizable, that is, it can be

stabilized by a stable controller, then given such a controller, we can parameterize

the set of all stabilizing controllers. See[34] for a discussionof this, and [1] for an

extensionto nonlinear control. The parameterization above is very useful, since in

the absenceof the constraint K ∈ S, problem (4.1) can be reformulated as

minimize ‖T1 − T2QT3‖
subject to Q ∈ RH1

(4.4)

The closed-loop map is now a±ne in Q, and its norm is therefore a convex func-

tion of Q. This problem is readily solvable by, for example, the techniques in [4].

After solving this problem to ¯nd Q, one may then construct the optimal K for

problem (4.1) via K = Knom − h
¡
h(Knom , G), Q

¢
.

4.3 Parameterization of Admissible Con trollers

We now wish to extend the above result to parameterizeall stabilizing controllers

K ∈ Rp which also satisfy the information constraint K ∈ S. Applying the above
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changeof variablesto problem (4.1), we arrive at the following optimization problem.

minimize ‖T1 − T2QT3‖
subject to Q ∈ RH1

Knom − h
¡
h(Knom , G), Q

¢
∈ S

(4.5)

However, the set of all Q which satisfy this last constraint is not convex in general,

and hencethis problem is not easilysolved. We thus develop conditions under which

this set is in fact convex, so that the optimization problem (4.5) may be solved via

convex programming. First we state a preliminary lemma.

Lemma 22. SupposeG ∈ Rsp, S ⊆ Rp is a closed subspace, and Knom ∈ Cstab ∩
RH1 ∩ S. Then S is quadratically invariant under h(Knom , G) if and only if

S =
n
Knom − h

¡
h(Knom , G), Q

¢ ¯
¯ Q ∈ S

o

Proof. ( =⇒ ) SupposeS is quadratically invariant under h(Knom , G), and further

supposethere existsQ ∈ S such that

K = Knom − h
¡
h(Knom , G), Q

¢
.

SinceS is quadratically invariant under h(Knom , G) and S is an inert subspace,The-

orem 18 implies that h
¡
h(Knom , G), Q

¢
∈ S , and sinceKnom ∈ S as well, K ∈ S.

Now supposeK ∈ S. Let

Q = h
¡
h(Knom , G), Knom −K

¢
.

We know Knom − K ∈ S, and sinceS is quadratically invariant under h(Knom , G),

then by Theorem18, we alsohaveQ ∈ S.

( ⇐= ) Now supposeS is not quadratically invariant under h(Knom , G). Then

by Theorem 18 there existsQ ∈ S such that h
¡
h(Knom , G), Q

¢
/∈ S, and thus K =

Knom − h
¡
h(Knom , G), Q

¢
/∈ S.

This lemma shows that if we can ¯nd a stableKnom ∈ S which is stabilizing, and
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if the condition that S is quadratically invariant under h(Knom , G) holds, then the

set of all stabilizing admissiblecontrollers can be easilyparameterizedwith the same

changeof variablesfrom Theorem21. We now simplify this condition.

Main result - optimal stabilization. The following theorem is the main result

of this chapter. It states that if the constraint set is quadratically invariant under

the plant, then the information constraints on K are equivalent to a±ne constraints

on the Youla parameterQ. Speci¯cally, the constraint K ∈ S is equivalent to the

constraint Q ∈ S.

Theorem 23. SupposeG ∈ Rsp, S ⊆ Rp is a closed subspace, and Knom ∈ Cstab ∩
RH1 ∩ S. If S is quadratically invariant underG then

S =
n
Knom − h

¡
h(Knom , G), Q

¢ ¯
¯ Q ∈ S

o

Proof. If S is quadratically invariant under G, then G ∈ S?. Further, by Theo-

rem 4, S? is quadratically invariant under Knom, and then by Theorem 18, we have

h(Knom , S
?) = S?. We then have h(Knom , G) ∈ S?, and thereforeS is quadratically

invariant under h(Knom , G). By Lemma 22, this yields the desiredresult.

Remark 24. When P is stable,we can chooseKnom = 0 and the parameterization

reduces to hG(Q).

Remark 25. When S = Rnu £ ny
p , which corresponds to centralized control, then the

quadratic invariance condition is met and the result reduces to Theorem 21.

4.4 Equiv alent Convex Problem

When the constraint set is quadratically invariant under the plant, we now have

the following equivalent problem. SupposeG ∈ Rny £ nu
sp and S ⊆ Rnu £ ny

p is a

closedsubspace. Then K is optimal for problem (4.1) if and only if K = Knom −
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h
¡
h(Knom , G), Q

¢
and Q is optimal for

minimize ‖T1 − T2QT3‖
subject to Q ∈ RH1

Q ∈ S
(4.6)

whereT1, T2, T3 ∈ RH1 are given by equations(4.3). This problem may be solved

via convex programming.

4.5 Convexit y without Strong Stabilizabilit y

Supposethat one cannot ¯nd a Knom ∈ Cstab ∩ RH1 ∩ S; that is, a controller with

the admissiblestructure which is both stable and stabilizing. This may occur either

becausethe plant is not strongly stabilizable, or simply becauseit is di±cult to ¯nd.

In this section we will show that problem (4.1) can still be reduced to a convex

optimization problem, albeit onewhich is lessstraightforward to solve.

We will achieve this by bypassing the Youla parameterization, and using the

changeof variablespreviously associated with stable or boundedplants

R = hG(K) = −K(I −GK)¡ 1

whereR will be used instead of Q to elucidate that this is not a Youla parameter.

The key observation is that internal stabilization is equivalent to an a±ne constraint

in this parameter.

The constraint that K stabilize G, which is equivalent to the constraint that K

stabilizeP when the standard conditions of Theorem19 hold, is de¯ned as requiring

that the mapsfrom (v1, v2) to (u, y) in Figure 4.1belongto RH1 . This canbe stated

explicitly as "
(I −KG)¡ 1 (I −KG)¡ 1K

G(I −KG)¡ 1 G(I −KG)¡ 1K

#

∈ RH1
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Making useof the relations

(I −GK)¡ 1G = G(I −KG)¡ 1

(I −KG)¡ 1 = I + K(I −GK)¡ 1G

we ¯nd that K stabilizesG if and only if

"
RG R

G−GRG GR

#

∈ RH1 (4.7)

SupposeG ∈ Rny £ nu
sp andS ⊆ Rnu £ ny

p is a quadratically invariant closedsubspace.

We may then usethis result to transform the stabilization constraint of problem (4.1)

and Theorem 18 to transform the information constraint to obtain the following

equivalent problem. K is optimal for problem (4.1) if and only if K = hG(R) and R

is optimal for
minimize ‖P11− P12RP21‖

subject to

"
RG R

G−GRG GR

#

∈ RH1

R ∈ S

(4.8)

This is a convex optimization problem. Its solution is discussedin Section6.1.2.



Chapter 5

Speci¯c Constrain t Classes

In this sectionwe apply theseresults to speci¯c constraint classes.Armed with our

¯ndings on quadratic invariance, many useful results easily follow. In Section 5.1

we consider sparsity constraints. We develop a computational test for quadratic

invarianceof sparsity constraints, and show that norm minimization subject to such

constraints that pass the test is a convex optimization problem. We also seean

interesting negative result, that perfectly decentralized control is never quadratically

invariant. In Section5.2 we show that symmetric synthesisis quadratically invariant,

and thusconvex. In Section5.3weconsiderthe problemof control over networkswith

delays. We show that if the controllers can communicate faster than the dynamics

propagate along any link, then norm-optimal controllers may be found via convex

programming.

5.1 Sparsit y Constrain ts

Many problemsin decentralized control canbeexpressedin the form of problem(1.1),

whereS is the set of controllers that satisfy a speci¯ed sparsity constraint. In this

section,we provide a computational test for quadratic invariancewhen the subspace

S is de¯ned by block sparsity constraints. First we introducesomenotation.

38
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SupposeAbin ∈ {0,1}m£ n is a binary matrix. We de¯ne the subspace

Sparse(Abin ) =
n
B ∈ Rp | Bij (jω) = 0 for all i, j

such that Abin
ij = 0 for almost all ω ∈ R

o

Also, if B ∈ Rsp, let Abin = Pattern(B) be the binary matrix given by

Abin
ij =

8
<

:

0 if Bij (jω) = 0 for almost all ω ∈ R

1 otherwise

Note that in this section,weassumethat matricesof transfer functionsare indexedby

blocks, so that above, the dimensionsof Abin may be much smaller than thoseof B.

Then, Kbin
kl determineswhether controller k may usemeasurements from subsystem

l, Kkl is the map from the outputs of subsysteml to the inputs of subsystemk, and

Gij represents the map from the inputs to subsystemj to the outputs of subsystem

i.

5.1.1 Computational Test

We seekan explicit test for quadratic invarianceof a constraint set de¯ned by such a

binary matrix. We ¯rst prove two preliminary lemmas.

Lemma 26. SupposeS = Sparse(Kbin ), and let Gbin = Pattern(G). If S is quadrat-

ically invariant under G, then

Kki = 0 or Kj l = 0 for all (i, j, k, l) and K suchthat Kbin
kl = 0, Gbin

ij = 1, K ∈ S

Proof. Supposethere exists (i, j, k, l) and K such that

Kbin
kl = 0, Gbin

ij = 1, K ∈ S

but

Kki 6= 0 and Kj l 6= 0
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Then we must have

Kbin
ki = 1, Kbin

j l = 1, i 6= l, j 6= k

ConsiderK ∈ S such that

Kab = 0 if (a, b) /∈ {(k, i), (j, l)}

Then

(KGK)kl =
X

r

X

s

KkrGr sKsl = KkiGij Kj l

SinceGij 6= 0, we can easily chooseKki and Kj l such that (KGK)kl 6= 0. So

KGK /∈ S and S is not quadratically invariant.

Lemma 27. SupposeS = Sparse(Kbin ), and let Gbin = Pattern(G). If

Kki = 0 or Kj l = 0 for all (i, j, k, l) and K suchthat Kbin
kl = 0, Gbin

ij = 1, K ∈ S

Then

Kbin
ki K

bin
j l = 0 for all (i, j, k, l) suchthat Kbin

kl = 0, Gbin
ij = 1

Proof. We show this by contradiction. Supposethere exists (i, j, k, l) such that

Kbin
kl = 0, Gbin

ij = 1, Kbin
ki K

bin
j l 6= 0.

Then

Kbin
ki = Kbin

j l = 1

and henceit must follow that there existsK ∈ S such that Kki 6= 0 and Kj l 6= 0.

The following is the main result of this section. It provides a computational test

for quadratic invariance when S is de¯ned by sparsity constraints. It also equates

quadratic invariancewith a stronger condition.

Theorem 28. Suppose S = Sparse(Kbin ), and let Gbin = Pattern(G). Then the

following are equivalent:
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(i) S is quadratically invariant underG

(ii) KGJ ∈ S for all K, J ∈ S

(iii) Kbin
ki Gbin

ij Kbin
j l (1−Kbin

kl ) = 0 for all i, l = 1, . . . , ny and j, k = 1, . . . , nu

Proof. We will show that (i) =⇒ (iii) =⇒ (ii) =⇒ (i). SupposeS is

quadratically invariant underG. Then by Lemma 26,

Kki = 0 or Kj l = 0 for all (i, j, k, l) and K such that Kbin
kl = 0; Gbin

ij = 1; K ∈ S

and by Lemma 27,

Kbin
ki K

bin
j l = 0 for all (i, j, k, l) such that Kbin

kl = 0, Gbin
ij = 1

which can be restated

Kbin
ki Gbin

ij Kbin
j l (1−Kbin

kl ) = 0

and which implies that

Kki = 0 or Jj l = 0 for all (i, j, k, l), K, J such that Kbin
kl = 0; Gbin

ij = 1; K, J ∈ S

which clearly implies

(KGJ)kl =
X

i

X

j

KkiGij Jj l = 0 for all (k, l), K, J such that Kbin
kl = 0;K, J ∈ S

and thus

KGJ ∈ S for all K, J ∈ S

which is a stronger condition than quadratic invarianceand henceimplies (i).

This result showsusseveral things about sparsity constraints. In this casequadratic

invariance is equivalent to another condition which is stronger in general. When G

is symmetric, for example, the subspaceconsistingof symmetric K is quadratically
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invariant but doesnot satisfy condition (ii). Condition (iii), which givesus the com-

putational test we desired,shows that quadratic invariance can be checked in time

O(n4), wheren = max{nu , ny}. It also shows that, if S is de¯ned by sparsity con-

straints, then S is quadratically invariant under G if and only if it is quadratically

invariant under all systemswith the samesparsity pattern.

5.1.2 Sparse Synthesis

The following theoremshows that for sparsity constraints, the test in Section5.1 can

be usedto identify tractable decentralized control problems.

Theorem 29. SupposeG ∈ Rsp and Knom ∈ Cstab ∩ RH1 ∩ S. Further suppose

Gbin = Pattern(G) and S = Sparse(Kbin ) for someKbin ∈ {0,1}nu £ ny . If

Kbin
ki Gbin

ij Kbin
j l (1−Kbin

kl ) = 0 for all i, l = 1, . . . , ny and j, k = 1, . . . , nu

then

S =
n
Knom − h

¡
h(Knom , G), Q

¢
| Q ∈ S

o

Proof. Follows immediately from Theorems23 and 28.

5.1.3 Example Sparsity Patterns

We apply this test to examinea few speci¯c sparsity structures.

Skyline structure

Considermatrices for which any non-zeroentry must have non-zeroentries below it,

and more formally, de¯ne a matrix A ∈ Cm£ n to be a skyline matrix if for all

i = 2, . . . ,m and all j = 1, . . . , n,

Ai ¡ 1;j = 0 if Ai;j = 0
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An exampleis

Kbin =

2

6
6
6
6
6
6
6
4

0 0 0 0 0

0 1 0 0 0

0 1 0 0 0

1 1 1 0 0

1 1 1 0 1

3

7
7
7
7
7
7
7
5

SupposeG is lower triangular and Kbin is a lower triangular skyline matrix. Then

S = Sparse(Kbin ) is quadratically invariant underG. Somenumerical exampleswith

thesestructures are worked out in Section6.2.

Plant and controller with the same structure

It is important to notice that G and S having the samesparsity structure doesnot

imply that S is quadratically invariant underG. For example,consider

G =

2

6
6
4

0 0 0

1 0 0

0 1 1

3

7
7
5

and let S = Sparse(G). Then S is not quadratically invariant, asG3 6∈ S.

Perfectly Decentralized Control

We now show an interesting negative result. Let nu = ny, sothat each subsystemhas

its own controller as in Figure 1.1.

Corollary 30. Supposethere exists i, j, with i 6= j, suchthat Gij 6= 0. SupposeKbin

is diagonaland S = Sparse(Kbin ). Then S is not quadratically invariant underG.

Proof. Let Gbin = Pattern(G). Then

Kbin
ii Gbin

ij Kbin
j j (1−Kbin

ij ) = 1

The result then follows from Theorem28.
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It is important to note that the plant and controller do not have to be squareto

apply this result becauseof the block notation used in this section. This corollary

tells us that if each subsystemhas its own controller which may only use sensor

information from its own subsystem,and any subsystema®ectsany other, then the

systemis not quadratically invariant. In other words, perfectly decentralized control

is never quadratically invariant exceptfor the trivial casewhereno subsystema®ects

any other.

5.2 Symmetric Constrain ts

The following showsthat whenthe plant is symmetric, the methods introducedin this

thesiscould be usedto ¯nd the optimal symmetric stabilizing controller. Symmetric

synthesis is a well-studied problem, and there are many techniques that exploit its

structure. Therefore, the methods in this thesis are possibly not the most e±cient.

However, it is important to note the quadratic invarianceof this structure becauseit

de¯ed earlier attempts to classifysolvableproblems. This arisesbecausea symmetric

matrix multiplied by another, i.e. KG, is not guaranteedto yield a symmetricmatrix,

but a symmetric matrix left and right multiplied by the samesymmetric matrix, i.e.

KGK, will indeed.

Theorem 31. Suppose

Hn =
©
A ∈ Cn£ n

¯
¯ A = A¤

ª

and

S = {K ∈ Rp | K(jω) ∈ Hn for almost all ω ∈ R}.

Further supposeKnom ∈ Cstab∩RH1 ∩S andG ∈ Rsp with G(jω) ∈ Hn for almost all ω ∈
R. Then

S =
n
Knom − h

¡
h(Knom , G), Q

¢
| Q ∈ S

o

Proof. Follows immediately from Theorem23.
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5.3 Con trol over Net works with Dela ys

In this section we consider the problem of multiple subsystems,each with its own

controller, such that the dynamicsof each subsystemmay e®ectthose of other sub-

systemswith somepropagation delay, and the controllers may communicate with

each other with sometransmissiondelays. We again seekto synthesize linear con-

trollers to minimize a closed-loop norm for the entire interconnectedsystem. There is

no known tractable solution for arbitrary propagation and transmissiondelays. This

section usesthe results from the previous chapters to ¯nd simple conditions on the

delays such that this optimal control problem may be cast as a convex optimization

problem.

We ¯nd that if the transmissiondelays satisfy the triangle inequality, and if the

propagation delay betweenany pair of subsystemsis at least as large as the trans-

missiondelay betweenthosesubsystems,then the problem is quadratically invariant.

In other words, if data can be transmitted faster than dynamicspropagatealongany

link, then optimal controller synthesis may be formulated as a convex optimization

problem.

It is important to note the extremegenerality of this framework and of this result.

It holdsfor discrete-timesystemsand continuous-timesystems.It holdsfor any norm

that we wish to minimize. It doesnot assumethat the dynamics of any subsystem

are the sameas thoseof any other, and they may all be completelydi®erent typesof

objects. Most importantly, the delay betweenany two subsystemsis not assumedto

haveany relationshipwhatsoever to other delays in the system. They may beassigned

independently for each link. Only in the ¯nal examplesdo we assumeotherwise.

Prior Work

A vast amount of prior work on optimal control over networks assumesthat the

actions of any subsystemhave no e®ecton the dynamicsof other subsystems.For a

few other speci¯c structures, someof which are mentioned in Section1.1, tractable

methods have beenfound. One of the ¯rst problemsof this nature to be studied was

the one-stepdelayed information sharing problem. This problem assumesthat each
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subsystemhas a controller which can seeits own output immediately, and can see

outputs from all other subsystemsafter a delay of one time step. This problem has

long beenknown to admit tractable solutions [31], and has also beenstudied more

recently in an LFT framework [26]. An interesting classof spatio-temporal systems

that allow for convex synthesisof optimal controllers wasidenti¯ed in [2], and named

funnel causal systems. One of the tractable structures discussedin [16] involved

evenly spacedsubsystemswhich can passmeasurements on at the samespeedthat

the dynamics propagate,and [20] included a similar classof evenly spacedsystems

where the bound was found such that if the communication speed exceededthat

bound the problem was amenableto convex synthesis.

Theseresultsareall uni¯ed and generalizedby the simpleconditions found in this

section.

Section Outline

In Section5.3.1,we develop somenotation, de¯ne the propagation and transmission

delays, explain why we may assumethat the transmissiondelays satisfy the triangle

inequality, and formulate the problem we wish to solve.

Section5.3.2contains the main result of the section,wherewe prove that if this

triangle inequality is satis¯ed, and if the propagation delay associated with any pair

of subsystemsis at least as large as the associated transmissiondelay, then the infor-

mation constraint is quadratically invariant, and thus, optimal control may be cast

as a convex optimization problem.

In Section 5.3.3 we break thesetotal transmissiondelays out into a pure trans-

mission delay, representing the time it takes to communicate the information from

onesubsystemto another, and a computational delay, representing the time it takes

to processthe information before it is used by the controller. We ¯nd, somewhat

surprisingly, that transmitting faster than the propagation of dynamicsstill guaran-

teesconvexity, and in fact, that the computational delay causesthe condition to be

relaxed.

Wethen considera fewmorespeci¯c examplesin Section5.3.4. First is an example

corresponding to a very generalproblem of the control of vehiclesin formation. The
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vehiclesmay have arbitrary positions, their dynamicspropagateat a constant speed,

and they communicate their measurements at a constant speed. The optimal control

problem is amenableto convex synthesisaslong asthe communication speedexceeds

the propagationspeed. Even though this itself is a broad generalizationof previously

identi¯ed tractable classes,it follows almost immediately from the results of this

section. Conditions are then derived for convexity of optimal control over a lattice,

for two di®erent typesof assumptionson the propagation of dynamics.

Finally in Section 5.3.5, we show how all of these results can be generalizedto

the casewherethe dynamicsof each subsystemmay e®ectthoseof other subsystems

either with somepropagationdelay, or not at all, and any controller may communicate

with any other either with sometransmissiondelay, or not at all. In other words,

delay constraints and sparsity constraints are combined.

5.3.1 Delays

We de¯ne Delay(·) to give the delay associated with a time-invariant causaloperator

Delay(W ) = arg inf
¿> 0

w(τ ) 6= 0 wherew is the impulse responseof W

Note that we then have the following inequalities for the delays of a composition

or an addition of operators:

Delay(AB) ≥ Delay(A) + Delay(B)

Delay(A + B) ≥ min{Delay(A),Delay(B)}

Propagation Delays

Supposethere are n subsystems.For any pair of subsystemsi and j we de¯ne the

propagation delay pij as the amount of time beforea controller action at subsystem

j can a®ectan output at subsystemi as such

pij = Delay(Gij ) for all i, j ∈ 1, . . . , n
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Transmission Delays

For any pair of subsystemsk and l we de¯ne the (total) transmissiondelay tkl as the

minimum amount of time beforethe controller of subsystemk may useoutputs from

subsysteml. Given theseconstraints, we cande¯ne the overall subspaceof admissible

controllers S such that K ∈ S if and only if

Delay(Kkl ) ≥ tkl for all k, l ∈ 1, . . . , n

In Section 5.3.3 we will break these total transmission delays out into a pure

transmission delay, representing the time it takes to communicate the information

from one subsystemto another, and a computational delay, representing the time it

takesto processthe information beforeit is usedby the controller.

Triangle inequality

For the main result of this section,we will assumethat the triangle inequality holds

amongstthe transmissiondelays, that is,

tki + tij ≥ tkj for all k, i, j

This is typically a very reasonableassumptionfor the following reasons.tkj is de¯ned

as the minimum amount of time beforecontroller k can useoutputs from subsystem

j. So if there existed an i such that the inequality above failed, that would mean

that controller k could receive that information more quickly if it cameindirectly via

controller i. We would thus reroute this information to go through i, tkj would be

reset to tki + tij , and the inequality would hold.

To put it another way, we could think of each subsystemas a node on a directed

graph, with the initial distance from any node j to any node k as tkj , the time it

takesbeforecontroller k candirectly useoutputs from subsystemj. We then want to

¯nd the shortestoverall time for any controller k to useoutputs from any subsystem

j, that is, the shortest path from node j to node k. So to ¯nd our ¯nal tkj 's, we run

Bellman-Ford or another shortest path algorithm on our initial graph [14], and the
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resulting delays are thus guaranteed to satisfy the triangle inequality.

5.3.2 Conditions for Convexity

Given a generalizedplant P and transmissiondelays tkl for each pair of subsystems,

we de¯ne S as above, and then seekto solve problem (1.1). The delays associated

with dynamicspropagating from onesubsystemto another are embeddedin P . The

subspaceof admissiblecontrollers, S, hasbeende¯ned to encapsulatethe constraints

on how quickly information may be passedfrom onesubsystemto another.

We ¯rst provide a necessaryand su±cient condition for quadratic invariance in

terms of thesedelays, which is derived fairly directly from our de¯nitions.

Theorem 32. Supposethat G andS are de¯ned asabove. S is quadratically invariant

underG if and only if

tki + pij + tj l ≥ tkl for all i, j, k, l (5.1)

Proof. GivenK ∈ S,

KGK ∈ S ⇐⇒ Delay
¡
(KGK)kl

¢
≥ tkl for all k, l

We now seekconditions that causethis to hold.

(KGK)kl =
X

i

X

j

KkiGij Kj l

and so for any k and l,

Delay
¡
(KGK)kl

¢

≥ min
i;j
{Delay(KkiGij Kj l )}

≥ min
i;j
{Delay(Kki ) + Delay(Gij ) + Delay(Kj l )}

≥ min
i;j
{tki + pij + tj l}
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Thus S is quadratically invariant underG if

min
i;j
{tki + pij + tj l} ≥ tkl for all k, l

which is equivalent to

tki + pij + tj l ≥ tkl for all i, j, k, l

Now supposethat Condition (5.1) fails. Then there exists i, j, k, l such that

tki + pij + tj l < tkl

ConsiderK such that

Kab = 0 if (a, b) /∈ {(k, i), (j, l)}

Then

(KGK)kl =
X

r

X

s

KkrGr sKsl = KkiGij Kj l

SinceDelay(Gij ) = pij , we can easilychooseKki andKj l such that Delay(Kki ) = tki ,

Delay(Kj l ) = tj l , and

Delay
¡
(KGK)kl

¢
= tki + pij + tj l

SoK ∈ S but KGK /∈ S and thus S is not quadratically invariant underG.

Main Result - networks. The following is the main result of this section. It states

that if the transmissiondelays satisfy the triangle inequality, and if the propagation

delay betweenany pair of subsystemsis at least as large as the transmissiondelay

betweenthosesubsystems,then the information constraint is quadratically invariant.

In other words, if data can be transmitted faster than dynamicspropagatealongany

link, then optimal controller synthesismay be castasa convex optimization problem.

Theorem 33. Supposethat G and S are de¯ned as above, and that the transmission
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delayssatisfy the triangle inequality. If

pij ≥ tij for all i, j (5.2)

then S is quadratically invariant underG.

Proof. SupposeCondition (5.2) holds. Then for all i, j, k, l we have

tki + pij + tj l ≥ tki + tij + tj l

≥ tkl by the triangle inequality

and thus by Theorem32, S is quadratically invariant underG.

Thus we have shown that the triangle inequality and Condition (5.2) aresu±cient

for quadratic invariance. The following remarks discussassumptionsunder which

they are necessaryas well.

Remark 34. If we assumethat tii = 0 for all i, that is, that there is no delaybefore

a subsystem'scontroller may use its own outputs, then we consider Condition (5.1)

with k = i, l = j and see that Condition (5.2) is necessaryfor quadratic invariance.

Remark 35. If we assumethat pii = 0 for all i, that is, that there is no delaybefore

a subsystem'scontroller actions a®ect its own dynamics, then we consider Condi-

tion (5.1) with i = j and see that the triangle inequality is necessaryfor quadratic

invariance.

5.3.3 Computational Delays

In this section, we consider what happens when the controller of each subsystem

has a computational delay ci associated with it. The delay for controller i to use

outputs from subsystemj, the total transmissiondelay, is then broken up into a pure

transmissiondelay and this computational delay, as follows

tij = ci + ~tij
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If wewereto assumethat the triangle inequality held for the total transmissiondelays

tij as before, then we would simply get the sameresults as in the previous section

with the substitution above. In particular, we would ¯nd pij ≥ ci + ~tij to be the

condition for quadratic invariance. However, there are many caseswhere it makes

senseto instead assumethat the triangle inequality holds for the pure transmission

delays ~tij , which is a strongerassumption. An examplewheresuch is clearly the case

is provided in Section5.3.4.

In this sectionwe derive conditions for quadratic invariancewhen we can assume

that the triangle inequality holds for the pure transmission delays ~tij , and get a

surprising result.

As before,the propagation delays are de¯ned as

pij = Delay(Gij ) for all i, j

and S is now de¯ned such that K ∈ S if and only if

Delay(Kkl ) ≥ ck + ~tkl for all k, l

Thus the necessaryand su±cient condition for quadratic invariance from Theo-

rem 32 becomes

ck + ~tki + pij + cj + ~tj l ≥ ck + ~tkl for all i, j, k, l

which reducesto

~tki + pij + cj + ~tj l ≥ ~tkl for all i, j, k, l (5.3)

The following theorem gives conditions under which the information constraint is

quadratically invariant. It statesthat if the triangle inequality holdsamongstthe pure

transmission delays, and if Condition (5.4) holds, then the information constraint

is quadratically invariant. Surprisingly, we seethat the computational delay now

appearson the left sideof the inequality. In other words, not only doestransmitting
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data faster than dynamicspropagatestill allow for convex synthesiswhenwe account

for computational delay, but the condition is actually relaxed.

Theorem 36. Supposethat G and S are de¯ned as above, and that the pure trans-

mission delayssatisfy the triangle inequality. If

pij + cj ≥ ~tij for all i, j (5.4)

then S is quadratically invariant underG.

Proof. SupposeCondition (5.4) holds. Then for all i, j, k, l we have

~tki + pij + cj + ~tj l ≥ ~tki + ~tij + ~tj l

≥ ~tkl by the triangle inequality

and thus Condition (5.3) holds and S is quadratically invariant underG.

Thus we have shown that the triangle inequality and Condition (5.4) aresu±cient

for quadratic invariance. The following remark discussesan assumptionunder which

the condition is necessaryas well.

Remark 37. If we assumethat ~tii = 0 for all i, that is, that there is no additional

delay before a subsystem'scontroller may use its own outputs, other than the com-

putational delay, then we consider Condition (5.3) with k = i, l = j and see that

Condition (5.4) is necessaryfor quadratic invariance. Since the computational delay

hasbeen extracted, this is now a very reasonableassumptionwhich is essentially true

by de¯nition.

5.3.4 Network Examples

We considerheresomespecial cases.

Vehicle Formation Example

We now consider an important special case,which corresponds to the problem of

controlling multiple vehiclesin a formation.
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Supposethere are n subsystems(vehicles),with positionsx1, . . . , xn ∈ Rd. Typi-

cally, we'll have d = 3, but theseresults hold for arbitrary d.

K31
G1

K31
G2

K31
G3

K31
G4 K31

G5

Figure 5.1: Communication and propagation in all directions

Let R represent the maximum distancebetweenany two subsystems

R = max
i;j
‖xi − xj ‖

For most applications of interest the appropriate norm throughout this section

would be the Euclideannorm, but theseresults hold for arbitrary norm on Rd.

We supposethat dynamics of all vehiclespropagateat a constant speed, deter-

mined by the medium, such that the propagation delays are proportional to the

distancebetweenvehicles,as illustrated in Figure 5.1.

Let γp be the amount of time it takesdynamicsto propagateoneunit of distance,

i.e., the inverseof the speedof propagation. For example,whenconsideringformations

of aerial vehicles,γp would equal the inverseof the speedof sound.

The systemG is then such that

Delay(Gij ) = γp‖xi − xj ‖ for all i, j

We similarly supposethat data can be transmitted at a constant speed,such that

the transmissiondelays are proportional to the distancesbetweenvehicles,such as if

each vehiclecould broadcastits information to the others. This is also illustrated in

Figure 5.1.
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Let γt be the amount of time it takes to transmit one unit of distance, i.e., the

inverseof the speedof transmission.Let C bethe computational delay at each vehicle.

The set of admissiblecontrollers is then de¯ned such that K ∈ S if and only if

Delay(Kkl ) ≥ C + γt‖xk − xl‖ for all k, l

We can now apply Theorem36 with

pij = γp‖xi − xj ‖, ~tij = γt‖xi − xj ‖, and ci = C for all i and j

Clearly, ~tii = 0 for all i as in Remark 37, so the conditions of Theorem 36 are both

necessaryand su±cient for quadratic invariance.

Theorem 38. Supposethat G andS are de¯ned asabove. S is quadratically invariant

underG if and only if

γp +
C

R
≥ γt

Proof. Sinceany norm satis¯esthe triangle inequality, the pure transmissiondelays

clearly satisfy the triangle inequality, so applying Theorem 36, S is quadratically

invariant underG if and only if

γp‖xi − xj ‖ + C ≥ γt‖xi − xj ‖ for all i, j

which is equivalent to

γp +
C

R
≥ γt

Thus we seethat, in the absenceof computational delay, ¯nding the minimum-

norm controller may be reducedto a convex optimization problem when the speedof

transmissionis faster than the speedof propagation; that is, when γp ≥ γt . We also

seethat this not only remainstrue in the presenceof computational delay, but that

we get a bu®errelaxing the condition.

A similar result waspreviouslyachieved for a very speci¯c caseof vehiclesequally

spacedalong a line [22]. This shows how the results of this section allow us to
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e®ortlesslygeneralizeto the caseconsideredin this subsection,where the vehicles

have arbitrary positions in arbitrary dimensions.This is a crucial generalizationfor

applications to realistic formation °ight problems.

Two-Dimensional Lattice Example

In this subsectionwe will considersubsystemsdistributed in a lattice, and usethese

results to derive the conditions for convexity of the associated optimal decentralized

control problem.

We ¯rst considerthe casewherethe controllers can communicate along the edges

of the lattice with a delay of t, and the dynamicssimilarly propagatealong the edges

with a delay of p, as illustrated in Figure 5.2.

D t D t D t

D t

D t D t

D t

D t

D t

D t

D t

D tK 11 K 12 K 13

K 23K 22K 21

K 31 K 32 K 33

G11 G12 G13

G23G22G21

G31 G32 G33

D p

D p

D p

D p

D p

D p

D p

D p D p

D p D p

D p

Figure 5.2: Two-dimensionallattice with dynamicspropagating along edges

It is a straightforward consequenceof this sectionthat the optimal controllers may

be synthesizedwith convex programming if

p ≥ t

We now considera more interesting variant, where the controllers again commu-

nicate only along the edgesof the lattice, but now the dynamics propagate in all

directions, as illustrated in Figure 5.3.
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D t D t D t

D t

D t D t

D t

D t

D t

D t

D t

D tK 11 K 12 K 13

K 23K 22K 21

K 31 K 32 K 33

G12 G13

G23G22

G32 G33

G11

G21

G31

Figure 5.3: Two-dimensionallattice with dynamicspropagating in all directions

Let γp be the amount of time it takes for the dynamics to propagate one unit

of distance. Along a diagonal, for instance, betweenG11 and G22, the propagation

delay is γp

√
2 and the transmissiondelay is 2t. The condition for convexity therefore

becomes

γp ≥ t
√

2

5.3.5 Combining Sparsity and Delay Constraints

In this section,we will discusshow sparsity constraints may be considereda special

caseof the framework analyzedin this section. Weshow how the two canbecombined

to handlethe very general,realistic caseof a network wheresomenodesareconnected

with delays asaboveand othersarenot connectedat all. An explicit test for quadratic

invariancein this casewill be provided.

The key observation is that a sparsity constraint may be consideredan in¯nite

delay. We thus de¯ne an extendednotion of propagation and transmissiondelays,

wherethey are assignedto be su±ciently large when they do not exist, and then the

results from the rest of this section may be applied to test for quadratic invariance

and convexity.
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Propagation Delays

We now consider a plant for which the controllers of certain subsystemsmay or

may not have any e®ecton other subsystems,and when they do, there may be a

propagation delay associated with that e®ect.First, let

Gbin = Pattern(G)

asin Section5.1,sothat Gbin
ij = 0 if subsystemi is not a®ectedby inputs to subsystem

j. We would then like to de¯ne the propagationdelay pij to be extremely large if this

is the case,as such

pij =

8
<

:

Delay(Gij ) if Gbin
ij = 1

H if Gbin
ij = 0

for somelargeH.

Transmission Delays

As in Section5.1,we ¯rst assigna binary matrix Kbin such that Kbin
kl = 0 if controller

k may never useoutputs from subsysteml. For any other pair of subsystemsk and l

we de¯ne the (total) transmissiondelay tkl asin the rest of this section;that is, asthe

minimum amount of time beforethe controller of subsystemk may useoutputs from

subsysteml. Given theseconstraints, we cande¯ne the overall subspaceof admissible

controllers S such that K ∈ S if and only if

Delay(Kkl ) ≥ tkl for all k, l such that Kbin
kl = 1

Kkl = 0 for all k, l such that Kbin
kl = 0

We wish to assigna very large transmissiondelay to the latter case,and sode¯ne

tkl = H for all k, l such that Kbin
kl = 0

for the samelargeH as above.
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Condition for Convexity

Given theseextendedde¯nitions of propagation delays and transmissiondelays for a

combination of sparsity and delay constraints, we can now test for quadratic invari-

anceusing Theorem32.

Thesede¯nitions of extendeddelays alongwith our de¯nition of the constraint set

S allow us to usethis and the rest of the resultsof this sectionas long asH hasbeen

chosenlarge enough.Condition (5.1) is indeednecessaryand su±cient for quadratic

invarianceas long as

H > 2 max{tkl} + max{pij }

whereof coursethe ¯rst maximum is taken over all k, l such that Kbin
kl = 1 and the

secondis taken over all i, j such that Gbin
ij = 1. This arisesbecauseCondition (5.1)

must fail if Kbin
kl = 0, but Kbin

ki = Gbin
ij = Kbin

j l = 1.



Chapter 6

Computation of Optimal

Con trollers

This chapter considersthe computation of solutionsto the convex optimization prob-

lems that have beenidenti¯ed and formulated throughout this thesis. Solution pro-

ceduresare given in Section6.1 and numerical examplesare provided in Section6.2.

6.1 Solution Pro cedure

We show in this sectionthat if we wish to minimize the H2-norm, onefurther change

of variablescan be usedin which the information constraint is eliminated.

In Section 6.1.1 problem (4.6) is then converted to an unconstrained problem

which may be readily solved. We focus on sparsity constraints, as in [21], but the

vectorization techniques in this section are easily applied to the other constraint

classesof Chapter 5 as well. A similar method was usedfor symmetric constraints

in [32].

In Section6.1.2weaddressthe convexbut morecomplexproblemthat wasderived

in Section4.5 for when a nominal stabilizing controller is not available. A solution

procedureis provided, and the implications for systematically ¯nding stabilizing de-

centralized controllers are discussed.

60
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6.1.1 Removal of Information Constraint

For easeof presentation, we now make a slight changeof notation from Section5.1.

We no longer assumethat the plant and controller are divided into blocks, so that

Kbin
kl now determineswhether the kl index of the controller may be non-zero,rather

than determiningwhethercontroller k may useinformation from subsysteml, andGij

similarly represents the ij index of the plant. Kbin thereforehasthe samedimension

as the controller itself. nu and ny represent the total number of inputs and outputs,

respectively.

Let

a =
nuX

i =1

nyX

j =1

Kbin
ij

such that a represents the number of admissible controls, that is, the number of

indicesfor which K is not constrainedto be zero.

The following theoremgivesthe equivalent unconstrainedproblem.

Theorem 39. Supposex is an optimal solution to

minimize ‖b + Ax‖2

subject to x ∈ RH1

(6.1)

whereD ∈ Rnu ny £ a is a matrix whosecolumnsform an orthonormal basis for vec(S),

and

b = vec(T1), A = −(T T
3 ⊗ T2)D.

Then Q = vec¡ 1(Dx) is optimal for (4.6) and the optimal valuesare equivalent.

Proof. We know that

Q ∈ RHnu £ ny
1 ∩ S ⇐⇒ vec(Q) = Dx for somex ∈ RHa£ 1

1
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Since

‖T1 − T2QT3‖2

= ‖vec(T1 − T2QT3)‖2 by de¯nition of the H2-norm

= ‖vec(T1) − (T T
3 ⊗ T2) vec(Q)‖2 by Lemma 1

= ‖vec(T1) − (T T
3 ⊗ T2)Dx‖2

= ‖b + Ax‖2

we have the desiredresult.

Therefore,we can ¯nd the optimal x for problem (6.1) using many available tools

for unconstrainedH2-synthesis,with

P11 = b P12 = A P21 = 1 P22 = 01£ a

then ¯nd the optimal Q for problem (4.6) asQ = vec¡ 1(Dx), and ¯nally , ¯nd the

optimal K for problem (4.1) asK = Knom − h
¡
h(Knom , G), Q

¢
.

6.1.2 Solution without Strong Stabilizability

We show in this section that vectorization can similarly be used to eliminate the

information constraint when a nominal stable and stabilizing controller can not be

found, as in Section 4.5. The resulting problem is not immediately amenableto

standard software, as in the previoussection,but methods for obtaining its solution

are discussed.

Let D ∈ Rnu ny £ a bea matrix whosecolumnsform an orthonormal basisfor vec(S),

as in the previoussection,and now let

f = vec(P11), E = −(P T
21⊗ P12)D,
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d =

2

6
6
4

0

vec(G)

0

3

7
7
5 , C =

2

6
6
4

(GT ⊗ I)D

−(GT ⊗G)D

(I ⊗G)D

3

7
7
5

Using similar arguments as in the previoussection,we ¯nd that we may solve the

following equivalent problem. Supposex is an optimal solution to

minimize ‖f + Ex‖2

subject to d + Cx ∈ RH1

x ∈ RH1

(6.2)

Then R = vec¡ 1(Dx) is optimal for (4.8) and the optimal valuesare equivalent.

The optimal K for problem (4.1) could then be recoveredasK = hG(R).

Remark 40. While A, b of problem (6.1) are stable,C, d, E, f of problem (6.2) may

very well be unstable.Notice also that G ∈ Rsp implies C, d ∈ Rsp.

Remark 41. The last constraint comes from the upper right-hand block of Condi-

tion (4.7), and the others come from the rest of that condition.

Remark 42. The relaxed problem

minimize ‖f + Ex‖2

subject to x ∈ RH1

(6.3)

can be solved with standard software as described in the previoussubsection, and gives

a lower bound on the solution. If the result is such that the entire constraint of

problem (6.2) is satis¯ed, then the optimal valuehasbeen achieved.

Remark 43. For any µ > 0 the following problemmay be solved in the samestandard
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manner

minimize

°
°
°
°
°

"
f

µd

#

+

"
E

µC

#

x

°
°
°
°
°

2

subject to x ∈ RH1

(6.4)

and then the optimal valueof x as well as the optimal valueof the objective function

wil l approach thoseof problem (6.2) as µ approaches0 from above.

A reasonablesolution procedurefor problem (6.2) would then be to ¯rst solve the

relaxedproblemof Remark42,and test whetherd+ Cx ∈ RH1 for the optimal value.

If so, we are done and can recover the optimal K. If not, then solve problem (6.4)

for valuesof µ which decreaseand approach 0. This procedurein no way requiresa

controller that is both stable and stabilizing, so it is most useful when the plant is

actually not strongly stabilizable, and thus no such controller exists.

Alternativ ely, as long as P is stabilizable by someK ∈ S, the solution to prob-

lem (6.4) for any µ > 0 results in an x such that ‖d + Cx‖2 is ¯nite. Thus R =

vec¡ 1(Dx) satis¯es Condition (4.7), andK = hG(R) is both stabilizing and lies in S.

If it is alsostable,we have then found aKnom ∈ Cstab ∩RH1 ∩S, and the procedures

from the rest of this thesismay be usedto ¯nd the optimal decentralized controller.

This is ideal for the casewhere the plant is strongly stabilizable, but a stabilizing

controller is di±cult to ¯nd with other methods.

The techniquesdiscussedhereand in Section4.5 involve not only ¯nding optimal

decentralized controllers, but also develop explicit proceduresfor ¯rst ¯nding a sta-

bilizing decentralized controller when one is not available otherwise. As there are no

known systematicmethods of ¯nding stabilizing controllers for most quadratically in-

variant problems,this is an extremelyimportant development, and an exciting avenue

for future research.

6.2 Numerical Examples

Weapply our resultsto somespeci¯c numericalexamples,̄ rst for sparsity constraints,

and then for delay constraints.



6.2. NUMERICAL EXAMPLES 65

6.2.1 Sparsity Examples

Consideran unstable lower triangular plant

G(s) =
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with P given by

P11 =

"
G 0

0 0

#

P12 =

"
G

I

#

P21 =
h
G I

i

and a sequenceof sparsity constraints Kbin
1 , . . . , Kbin

6
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de¯ning a sequenceof information constraints Si = Sparse(Kbin
i ) such that each

subsequent constraint is lessrestrictive, and such that each is quadratically invariant

under G. We also useS7 as the set of controllers with no sparsity constraints; i.e.,

the centralized case. A stable and stabilizing controller which lies in the subspace

de¯ned by any of thesesparsity constraints is given by

Knom =

2
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4
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0
−6
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0 0 0

0 0 0 0 0
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3
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7
7
7
7
7
7
7
7
5

We can then ¯nd T1, T2, T3 as in (4.3), and then ¯nd the stabilizing controller

that minimizes the closed-loop norm subject to the sparsity constraints by solving

problem (6.1), as outlined in Section 6. The graph in Figure 6.1 shows the result-

ing minimum H2-norms for the six sparsity constraints as well as for a centralized

controller.

Information Constrain t

O
pt

im
al

 N
or

m

Figure 6.1: Sensitivity of optimal performanceto sparsity constraints
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6.2.2 Delay Examples

We considera distributed control examplelike that of Figure 1.2. Let the plant be

such that

Gij (s) = 0.5j i ¡ j j 1
s + 1

so that the e®ectof inputs falls o®for more distant subsystems.

Let the propagation delay be 0.5 seconds.We seekto minimize the closed-loop

H2-norm wherethe rest of the generalizedplant is given as

P11 =

"
G 0

0 0

#

P12 =

"
G

ηI

#

P21 =
h
G I

i
η = 1e− 3

From the resultsof Section5.3, and Section5.3.4in particular, we know that this

problem is quadratically invariant for any transmissiondelays up to 0.5 seconds,and

for any computational delays.

We ¯rst ¯x the computational delay at 0.1 seconds,and observe how the optimal

performancevaries as the transmissiondelay decreasesfrom 0.5 to 0 seconds.This

is shown in Figure 6.2, where the delay is indicated in tenths of a second,and the

performanceof the optimal centralized controller is shown for comparison, which

corresponds to both a transmissiondelay and a computational delay of 0.

5 4 3 2 1 0 Centralized
1

1.1

1.2

1.3

1.4

Transmission Delay

O
pt

im
al

 N
or

m

Figure 6.2: Sensitivity of optimal performanceto transmissiondelay

We then ¯x the transmissiondelay at 0.2 seconds,and observe how the optimal
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performancevariesas the computational delay decreasesfrom 0.5 to 0 seconds.This

is shown in Figure 6.3, where the delay is also indicated in tenths of a second,and

the performanceof the optimal centralized controller is again shown for comparison.

5 4 3 2 1 0 Centralized
1

1.1

1.2

1.3

1.4

Computational Delay

O
pt
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m

Figure 6.3: Sensitivity of optimal performanceto computational delay

It is worth noting that even though the plants consideredin this sectionare fairly

simple, the sparsity and delay constraints are such that nearly all of theseproblems

would have previously beenconsideredto be intractable.



Chapter 7

Conclusion

We de¯ned the notion of quadratic invariance of a constraint set with respect to

a plant. We showed in Theorems10 and 18 that quadratic invariance is necessary

and su±cient for the constraint set to be preserved under feedback, for operators on

Banach spacesand extendedspaces,respectively. In Theorem23,wethen provedthat

quadratic invarianceallows us to choosea controller parameterizationsuch that the

information constraint is equivalent to an a±ne constraint on the Youla parameter.

Thus synthesizing optimal decentralized controllers becomesa convex optimization

problem.

We then applied this to some speci¯c constraint classes. We provided a test

for sparsity constraints to be quadratically invariant, and thus amenableto convex

synthesis. We noted that symmetric synthesis is included in this classi¯cation. We

showed in Theorem33 that for control over networks with delays, optimal controllers

may be synthesized in this manner if the communication delays are less than the

propagation delays. We further showed that this result still holds in the presenceof

computational delays.

We thus characterizeda broad and useful classof tractable decentralized control

problems,unifying many previousresultsregardingspeci¯c structures,and identifying

many new ones.
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