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Abstract

This thesis considersthe problem of constructing optimal decettralized cortrollers.
The problem is formulated as one of minimizing the closed-lmp norm of a feedba&
systemsubject to constrairts on the cortroller structure.

The notion of quadratic invariance of a constrairt setwith respect to a systemis
de ned. It is shavn that quadratic invarianceis necessaryand suzcient for the con-
straint setto be presened under feedbak. It is further shown that if the constrairt
sethasthis property, this allowsthe constrainedminimum-norm problemto be solved
via convex programming. Theseresults are deweloped in a very generalframework,
and are shavn to hold for cortinuous-time systems,discrete-time systems,or opera-
tors on Banad spacesfor stable or unstable plants, and for the minimization of any
norm.

The utilit y of theseresultsis then demonstratedon somespeci ¢ constrairt classes.
An explicit test is derived for sparsity constrairnts on a cortroller to be quadratically
invariant, and thus amenableto cornvex synthesis. Symmetric syrnthesisis alsoshowvn
to be quadratically invariant.

The problem of cortrol over networks with delays is then addressedas another
constrairt class. Multiple subsystemsare considered,eat with its own cortroller,
suc that the dynamicsof ead subsystemmay a®ectthose of other subsystemswith
somepropagationdelays, and the cortrollers may comnunicate with eat other with
sometransmissiondelays. It is showvn that if the commnunication delays are lessthan
the propagation delays, then the asseiated constraints are quadratically invariant,
and thus optimal cortrollers canbe synthesized. We further show that this result still
holds in the presenceof computational delays.

\



This thesisuni es the few previousresults on speci ¢ tractable decertralized con-
trol problems,identi es broad and useful classesof new solvable problems, and de-
lineatesthe largestknown classof corvex problemsin decertralized cortrol.

Vi
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Chapter 1
In tro duction

Much of convertional cortrols analysisassumeshat the cortrollers to be designedall
have accesdo the samemeasuremets. With the advent of complexsystems,decen-
tralized cortrol hasbecomencreasinglyimportant, whereonehasmultiple cortrollers
ead with accesdo di®eren information. Examplesof sud systemsinclude °ocks of
aerial vehicles,autonomousautomobileson the freeway, the power distribution grid,
spacecraftmoving in formation, and paper madining.

In a standard cortrols framework, the decertralization of the system manifests
itself as sparsity or delay constraints on the cortroller to be designed. Therefore a
canonical problem one would like to solwe in decenralized cortrol is to minimize a
norm of the closed-l@mp map subject to a subspaceconstrairt asfollows

minimize || f(P, K)||
subject to K stabilizes P
KeS

For agenerallinear time-invariant plant P and subspaces there is no known tractable
algorithm for computing the optimal K. It hasbeenknown since1968[30] that even
the simplestversionsof this problem can be extremely dixcult. In fact, certain cases
have beenshowvn to be intractable [15, 3]. Howewer, there are also seeral special
casesf this problem for which excient algorithms have beenfound [2, 8, 10, 16, 26,

1



2 CHAPTER 1. INTRODUCTION

27). This thesis uni es these casesand identi es a simple condition, which we call
guadr atic invarianc e, under which the above problem may be recastas a cornvex
optimization problem. The notion of quadratic invarianceallows us to better under-
stand this dichotomy betweentractable and intractable optimal decertralized cortrol
problems. It further delineatesthe largestknown classof decettralized problemsfor
which optimal cortrollers may be exciently synthesized.

Quadratic invariance is a simple algebraic condition relating the plant and the
constraint set. The main results of this thesis hold for continuous-time systems,
discrete-time systems,or operators on Banad spacesfor stable or unstable plants,
and for the minimization of any norm.

In Chapter 2, we de ne quadratic invariance, and presert someof its character-
istics. In Chapter 3, we show that quadratic invariance is necessaryand suzcient
for the constraint setto be invariant under a linear fractional transformation (LFT),
namely, the map from K to K(I — GK)i 1. This is rst shavn for operators over
Banad spacesin Section 3.1, and then for causal operators on extended spacesin
Section3.2. This allows for corvex syrnthesisof optimal cortrollers whenthe plant is
stable.

In Chapter 4, we show that for possibly unstable plants, as long as a nominal
cortroller existswhich is both stable and stabilizing, this invarianceimplies that the
information constrairt is equivalert to atne constrairts on the Youla parameter.
Thus synthesizing optimal stabilizing cortrollers subject to quadratically invariant
constrairts is a convex optimization problem. We further show that this is still a
convex optimization problem, even when suc a nominal cortroller is unobtainable.

In Chapter 5 we apply theseresultsto speci ¢ constrairt classesWe rst consider
sparsity constrains in Section5.1. We dewelop an explicit test for the quadratic
invariance of sparsity constrairts, and thus show that optimal synthesis subject to
sudh constraints which passthe test may be cast as a corvex optimization problem.
As a consequencef the test, we shav someexamplesof sparsity structures which
are quadratically invariant, and also show that block diagonal constrains are never
guadratically invariant unlessthe plant is block diagonalaswell.

We shawv in Section 5.2 that optimal synthesis of a symmetric cortroller for a



1.1. PRIOR WORK 3

symmetric plant is alsoquadratically invariant and thusamenableto convex synthesis.
This is important becausethis problem, while formerly known to be sohable, de ed
other e®ortsto classifytractable problems.

We then in Section5.3 considerthe problem of cortrol over networks with delays.
We nd that optimizing the closed-lmp norm may be formulated as a corvex opti-
mization problem when the cortrollers can communicate faster than the dynamics
propagate. We further show that this result still holds in the presenceof computa-
tional delay.

Theseresultsall hold for the minimization of an arbitrary norm. In Chapter 6 we
show that if the norm of interest is the H,-norm, then the constrained convex opti-
mization problem derived in Section4 may be further reducedto an unconstrained
convex optimization problem, and readily solved. We further showv how similar tech-
nigues may be usedto systematically nd stabilizing decerralized cortrollers for
quadratically invariant constraints. We then provide somenumerical examples.

1.1 Prior Work

Decertralized cortrol hasbeenstudied from many perspectivesover the past half cen-
tury, and there have beenmany striking resultswhich illustrate the complexity of this
problem. Important early work includesthat of Radner[17], who deweloped suxcient
conditions under which minimal quadratic cost for a linear systemis achieved by a
linear cortroller. An important examplewas presetted in 1968by Witsenhausen[3(]
whereit was shavn that for quadratic stochastic optimal cortrol of a linear system,
subject to a decertralized information constraint called non-classi@al information, a
nonlinear cortroller can adieve greater performancethan any linear cortroller. An
additional consequencef the work of [13 30] is to showv that under sud a non-
classicalinformation pattern the cost function is no longer cornvex in the cortroller
variables,a fact which today hasincreasingimportance.

With the dixcult y of the generalproblem elucidated and the myth of ubiquitous
linear optimality refuted, e®ortsfollowed to classifywhen linear cortrollers were in-
deedoptimal, to discernwhen nding the optimal linear cortroller could be castasa
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convex optimization problem, and to understandthe complexity of decertralized con-
trol problems. In a later paper [31], Witsenhausensummarizedse\eral important re-

sults on decertralized cortrol at that time, and gave sutcient conditionsunder which

the problem could be reformulated so that the standard Linear-Quadratic-Gaussian
(LQG) theory could be applied. Under these conditions, an optimal decertralized

cortroller for a linear system could be chosento be linear. Ho and Chu [10], in

the framework of team theory, de ned a more generalclassof information structures,

calledpartial ly nesteal, for which they shovedthe optimal LQG cortroller to belinear.

Roughly speaking, a plant-controller systemis called partially nestedif whene\er the

information of cortroller A is a®ectedby the decisionof a corntroller B, then A has
accesdo all of the information that B has.

The study of the computational complexity of decertralized cortrol problemshas
shown certain problemsto be intractable. Blondel and Tsitsiklis [3] showved that the
problem of nding a stabilizing decertralized static output feedba& is NP-complete.
This is alsothe casefor a discretevariant of Witsenhausen'scourterexample[15].

For particular information structures, the cortroller optimization problem may
have a tractable solution, and in particular, it was shavn by Voulgaris [26] that
the so-calledone-stepdelay information sharing pattern problem has this property.
In [8] the LEQG problem is solved for this information pattern, and in [26] the
H,, H1 and L; control synthesis problemsare solved. A classof structured spatio-
temporal systemshasalsobeenanalyzedin [2], and shavn to be reducibleto a convex
program. Seeral information structuresareidenti ed in [16] for which the problem of
minimizing multiple objectivesis reducedto a nite-dimensional corvex optimization
problem.

In this thesis we de ne a property called quadatic invariance, show that it is
necessaryand suzcient for the constrairt setto be presened under feedba&, and
that this allows optimal stabilizing decenralized cortrollers to be synthesized via
convex programming. The tractable structures of [2, 8, 10, 16, 26, 27, 31] can all be
shown to satisfy this property.
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1.2 Preliminaries

Giventopologicalvector spacesY, ), let £(X,)) denotethe setof all mapsT : X —
Y sud that T is linear and cortinuous. Note that if x| ) are normed spacesasin
Section3.1, then all such T" are bounded, but that 7" may be unboundedin general.
We abbreviate L(X', X') with L£(X).

Supposethat we have a generalizedplant P € L(W x U, Z x )) patrtitioned as

n #
Pll P12

P21 P22

P =

sothat P,y W — Z, P :U — Z, Py : W — Yand P : U — ). Suppose
K e L(Y,U). If I — PK isinvertible, de ne f(P, K) € L(W, Z) by

f(P,K)= P+ PoK(I — PyuK) 'Py

The map f(P, K) is called the (lower) line ar fractional transformation (LFT)

of P and K; we will alsoreferto this asthe closed-loop map . In the remainder
of the thesis, we abbreviate our notation and de ne G = P»,, aswe will referto this
block frequently.

Dual pairings

Given a linear vector spaceX, let X denote the dual-spaceof X', and let (x,z")
denotethe dual pairing ofany z € X and z® € X°. For S C X and T C X* de ne

n 0]
S? = 2" € X7 | (x,2°) = Oforallz € S

n (0]
T= z€X|(x,2%)=0forallz° €T
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Kronecker products

Given A € CM™E" and B € C5t9 |et the Kronecker product of A and B be denotedby
A ® B and given by

2 3
AllB s AlnB

A®B:§ 5 ;L e CmsEna
AmlB A AmnB

Given A € C™E", we may write A in term of its columnsas

h [
A= ai ... Qp

and then assaiate a vector vec(4) € C™ de ned by

2 3
a1

vec(A) = g : é

Qn
Lemma 1. Let A € C™" B € C£9 X € C"¢S, Then
vec(AXB) = (B" ® A)vec(X)

Proof. See,for example,[11]]. [

Transfer functions

We usethe following standard notation. Denote the imaginary axis by
© a
jJR= 2ze€C|R(2)=0
and the closedright half of the complexplane by

a

©
C.= 2€C|R(:)>0
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A rational function G : jR — C is called real-r ational if the coexcients of its
numerator and denominator polynomialsarereal. Similarly, a matrix-valuedfunction
G : jR — C™EN s called real-rational if Gy is real-rational for all i, ;. It is called
proper if

!I!i{n G(jw) existsandis nite,

and it is calledstrictly proper if
'I'i{n G(jw) = 0.

Denote by RQE” the set of matrix-valued real-rational proper transfer matrices

n (0]
Rgﬂfn = G:jR— C™" | G proper, real-rational

£
and let Rg“p " be n o

RO = G eRYE"| G strictly proper

Also let R’H; be the set of real-rational proper stable transfer matrices

n 0
RHTE" = G e Ry*" | G hasno polesin C,

where we have usedthe fact that functions in RH; are determinedby their values

on jR, and RH;, can thus be regardedas a subspaceof R,. If A € RBE” we say

Ais invertible if lim,;; A(jw) is an invertible matrix and A(jw) is invertible for

almost all w € R. Note that this is di®erent from the de nition of invertibilit y for

the asseiated multiplication operator on L. If A is invertible we write B = Ai 1 if

B(jw) = A(jw)i ! for almost all w € R. Note that, if G ¢ RQ,%“” then I — GK is
nuf€ny

invertible for all K € Rp . Both this fact and the inverseitself will be consisten
with our de nition of invertibilit y for operators on extendedspaces.

When we considertransfer functions for discrete-timesystemsnsteadof cortin uous-
time systems,jR is replacedwith {z € C | |z| = 1}, the unit circle, C, is replaced
with {z € C | |z| > 1}, and jw is replacedwith ¢ . The above terms arethen de ned
analogously
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Topology

Let X be a vector spaceand {||-||e | « € I} be a family of semi-normson X. The
family is called suxcient if for all x € X sud that z # O there exists« € I sudh
that ||z|le # 0. The topology generatedby all open ||-||e-balls is called the topology
generatedby the family of semi-norms.Convergencen this topology is equivalert to
convergencein every semi-norm,and cortinuity of a linear operator is equivalert to
corntinuity in every semi-norm. See,for example,[35, 24].

Extended spaces

We introduce some notation for extendedlinear spaces. These spacesare utilized
extensiwely in [7, 29]. The topologiesdeweloped here for operators on these spaces
were rst utilized in [20] and are usedparticularly in Section3.2.
We de ne the truncation operator Pr for all T € R onall functions f : R, — R

sud that fr = Prf is givenby

8

< .

f@) ift<T

(@) =, _
-0 ift>T

and hereafterabbreviate Pr f as fr. We make useof the standard L, Banad spaces
equipped with the usual p-norm

1 ~z, 2 nZ , 1

Ly= f:R. =R —  (f(t)" existsandis nite  ||f||p = (f(1)P dt
0 0

Tl

and the extendedspaces
Loe={f:Ry = R| frelyforal T e R;} forall p >1

We let the topology on L, be generatedby the suxcient family of semi-norms
{Ilr | T € R.} where |||l = ||Prf|l,, and let the topology on £(LJ, L3,) be
generatedby the suxcient family of semi-norms{||-||x | 7 € R+ } where ||A|; =
| PrAllLp: Ly
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We usesimilar notation for discretetime. As is standard, we extend the discrete-
time Banad spaces/,, to the extendedspace

le={f:Z2y =R | fret, foral TeZ,}

Note that in discretetime, all extendedspacescortain the sameelemerts, sincethe
commonrequiremert is that the sequences nite at any nite index. This motivates
the abbreviated notation of /.

We let the topology on /. be generatedby the suzcient family of semi-norms
{lI-ll+ | T € Z+} where ||f||xr = ||Prf|,, and let the topology on L(/T',¢2) be
generatedby the suzcient family of semi-norms{||-||x | T € Z.} where ||A|r =
[ Pr Allgr g

When the dimensionsare implied by cortext, we omit the superscripts of RB‘E”,
RGN RHTEN LyE™, (9", We will indicate the restriction of an operator A to
L,[0, T] or £¢[0, 7] by A|r, and the restriction and truncation of an operator as Ay =
Pr Alr. Thusfor every semi-normin this thesis,onemay write ||A||r = ||Ar||. Given
a set of operators S, we alsodenote St = {PrA|r ; A€ S}.

1.3 Problem Form ulation

Given linear spacesi/, W, ), Z, generalizedplant P ¢ L(W x U,Z x )), and a
subspaceof admissiblecortrollers S C £(),U), we would like to solwe the following
problem:

minimize || f(P, K)||

KesS

(1.1)

Here ||-|| is any norm on L(W, Z), chosento encapsulatethe cortrol performance
objectives,and S is a subspaceof admissiblecortrollers which encapsulateshe de-
certralized nature of the system. The norm on £L(WW, Z) may be either a determin-
istic measureof performance,sud asthe induced norm, or a stochastic measureof
performance,sud asthe H, norm. Many decenralized cortrol problemsmay be for-
mulated in this manner, and someexamplesare shovn belon. We call the subspace
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S the information  constr aint .

In Section3.1, we considerBanad spacesand thus have the additional constraint
that (/ — GK) beinvertible. In Chapter 4 we considerextendedspacesand thus have
the additional constraint that K stabilize P.

This problem is made substartially more dixcult in generalby the constrairt
that K lie in the subspaceS. Without this constrairt, the problem may be solved
by a simple changeof variables,as discussedn Section3.1.1. For speci ¢ norms, the
problem may alsobe solved using a state-spaceapproad. Note that the costfunction
| f(P, K)] is in generala non-corvex function of K. No computationally tractable
approad is known for solving this problem for arbitrary P and S.

1.3.1 Some examples

Many standard certralized and decertralized cortrol problems may be represeted
in the form of problem (1.1), for speci c choicesof P and S. Examplesinclude the
following.

Perfectly decentralized control

We would like to designn separatecortrollers { K}, ..., K,}, with cortroller K; con-
nectedto subsystemG; of a coupledsystem,asin Figure 1.1.

Gl Gz G?, G4 G5

K, K, K K, K

Figure 1.1: Perfectly decertralized cortrol

When reformulated as a syrnthesis problem in the LFT framework above, the
constrairt setS is

n - 0
S= KeLU) K= diag(Ki,..., Ky
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that is, S consistsof those cortrollers that are black-diagonal We will revisit this
examplein Section5.1.3.

Delayed measurements

In this example we have n subsystems{Gy,..., Gy}, eadh with its respective con-
troller K, arranged so that subsystem: receiwes signals from cortroller i after a
computational delay of ¢, cortroller i receives measuremets from subsystem; with
atransmissiondelay of t|i — j|, and subsystem: receivessignalsfrom subsystemi + 1
delayed by propagationdelay p. This is illustrated in Figure 1.2 for the casewhere
n= 3.

G3

!

S

S 5] [

K3

Figure 1.2: Distributed cortrol with delays

When formulated as a synthesis problem in the LFT framework, the constrairt
set S may be de ned asfollows. Let K € S if and only if

2 3
DcHll Dt+ cH12 s D(ni Dt+ cHln
K= Dt+ CH21 DCHZZ cee D(ni 2)t+ cH2n
D(ni 1t+ cHnl s DcHnn

for someH; € R, of appropriate spatial dimensions.The correspnding system(' is
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given by 3
All DpA12 D(ni l)pAln

2
g DpA21 A22 D(ni 2)pA2n

D(ni 1)pAn1 s Am

for someA; € Rsp.

We will considera broadly generalizedversion of this examplein Section 5.3,
where, as an example of the utilit y of our approad, we provide conditions under
which it may be solved via convex programming.



Chapter 2
Quadratic Invariance

We now turn to the main focus of this thesis, which is the characterization of con-
straint sets S that lead to tractable solutionsfor problem (1.1). The following prop-
erty, rst introducedin [18], will be shavn to provide that characterization.

Definition 2. SupmwseG € L(U,)), and S C L(Y,U). The set S is called quadr at-
ically invariant under G if

KGK € S forall K e S

Note that, given GG, we can de ne a quadratic map @ : £(),U) — L(Y,U) by
3( K) = KGK. ThenasetS is quadratically invariant if and only if S is an invariant
setof 2; that is?( S) C S.

Definition 3. Given a constraint set S C £(),U), we de ne a complementaryset
S7C LWU,Y) by

n o
S?= G e LU,Y) | S is quadatically invariant under G

Theorem 4. If S is a subspce, S? is quadatically invariant under K for all K € S.

Proof. SupposeK,, K, € S and G € S?. First note that

KlGKZ + KzGKl = (Kl + Kz)G(Kl + Kz) — KlGKl — KzGKz

13
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and sinceall terms on the right hand side of this equationarein S, we have K,GK, +
K>GKq, € S. Then we have

2K,GKGK, =

(Ko + KhGKr+ KoGKY)G(K+ KiGKy, + Ko,GKY)
—(K7\GK, + K,GEK)G(K1GK, + K»,GK,) — K>GK,
+(K1 — K>,GKL)G(K, — K,GK,) — Ki1GKy

and sinceall termsonthe right hand sideof this equationarein S, wehave K,GK,GK, €
S for all K1, K, € S and for all G € S?. This implies GK,G € S? for all K; € S and
for all G € S?, and the desiredresult follows. n

This tells us that the complememary set is quadratically invariant under any
elemen of the constraint set, which will be very usefulin proving the main result of
Chapter 4.

We give another general lemma on quadratic invariance which will be useful
throughout the remainder of the thesis.

Lemma 5. SupmseG € L(U,)), and S C L(Y,U) is a subspce. If S is quadeati-
cally invariant under G, then

K(GK)"eS foral KeS, nez,

Proof. We prove this by induction. By assumption,given K € S, we have that
KGK € S. For the inductive step,assumehat K(GK)" € S for somen € Z,. Then

2K(GK)™! = (K + K(GK)MG(K + K(GK)") — KGK — K(GK)**!

andsinceall termsonthe right handsideof this equationarein S, wehave K(GK)"*! ¢
S. n



Chapter 3
Invariance Under Feedback

This chapter cortains the main technical resultsof this thesis. We shaw that quadratic
invariance is necessaryand suzxcient for the constraint setto be invariant under a
linear fractional transformation, namely, the map from K to K(/ — GK)i L.

This is shavn rst in Section 3.1 for operators on Banadc spaces,and it allows
for the closed-lmp minimum norm problem to be recastas a convex optimization
problem. Howewer, this framework does not allow for the possibility of unstable
operators, and the result is subject to a technical condition. In Section3.2, we turn
our focusto causaloperators on extendedspaces. Making use of the topologieswe
de ned in Section 1.2, we obtain a similar result which appliesto possibly unstable
operators and which is free from the strictures of technical conditions.

Wede nethemaph: L(U,Y) x L(Y,U) — L(Y,U) by
WG, K)= —K(I — GK)i?

for all G, K sud that I — GK is invertible. We will also make use of the notation
he(K) = h(G, K), which is then de ned for all K € £(),U) sut that [ — GK is
invertible. Given G € L(U,)), we note that hg is an involution on this set, as a
straightforward calculation shaws that hg(he(K)) = K.

15



16 CHAPTER 3. INVARIANCE UNDER FEEDBACK

3.1 Banach Spaces

In this section,we considerthe casewherel/, W, ), Z are Banat spacesand thus P
is a boundedlinear operator. We then introduce a little more notation.
Given G € L(U,)), we de ne the set M C L(),U) of cortrollers K sud that
f(P, K) is well-de ned by
n - 0
M= KeL(,U) (I—-GK)isinvertible

For any Banad spaceX” and bounded linear operator A € £(X) de ne the re-
solvent set p(A) by p(A) = {\ € C | (M — A) isinvertible} and the resolvent
Ra : p(A) — L(X) by Ra()\) = (M — A)i L for all X € p(4). We alsode ne pyc(A)
to be the unboundedconnectedcomponert of p(A).

Note that 1 € p(GK) for all K € M, and de ne the subsetN C M by

n - 0
N= KeLlQ,U) 1lecp,(GK)

We cannow formally state the problemwe areto addressin this sectionasfollows.
Given Banad spaces/, W, ), Z, generalizedplant P € L(W x U, Z x ), and a
subspaceof admissiblecortrollers S C L£(),U), we would like to solve the following

problem
minimize || f(P, K)||

subjectto K e M (3.1)
KeS

3.1.1 Change of Variables

Letting @ = hg(K), we have
f(P,K) = Pu— PoQP»

Hencewe have the standard parametrization of all closed-l@p mapswhich are achiev-
able by bounded controllers K. This parametrization is related to the well-known



3.1. BANACH SPACES 17

internal model principle and Youla parametrization of stabilizing cortrollers. Now
we can reformulate problem (3.1) asthe following equivalert optimization problem.

minimize || P11 — P1oQPo||
subjectto Qe M (3-2)
he(Q) € S

The closed-lmp mapis now atne in ), and its norm is thereforea corvex function
of Q. If not for the last constraint, that is, the information constraint .S, we could
solwe this problemto nd (, and then construct the optimal K for problem (3.1) via
the transformation K = h(Q).

Note that while we are not consideringall Q € L£(Y,U), only those Q € M,
in many casesof practical interest M is densein £(),U). We will further discuss
eliminating this constrairt in Section3.1.3.

Howewer, we seethat the information constrairt prevens this problemfrom being
easily solved. Speci cally, the set

n (0]

QeLY.U) he(Q) €S
is not corvex in general. The main thrust of this chapter is to seekconditions under

which this last constrain. may be corverted to a corvex constrairt.

3.1.2 LFT Invariance

Before proving the main result of this section, we state the following preliminary
lemmasregarding analyticity.

Lemma 6. Suppse D C C is an open set, X' is a Banachspoe,and f : D — X is
analytic. Supmwsethat x € D, and f(y) = 0 for all ¥ in an open neighlorhood of .
Then f(y) = 0 for all y in the connected component of D containing .

Proof. Seefor exampleTheorem3.7in [6]. ]
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Lemma 7. Supmse X and ) are Banach spaces, D C C is an open set, and A :
X — Y is a boundel linear operator. Supmseq : D — X is analytic, andr : D — )
is givenby r = Aoq. Then r is analytic.

Proof. This is a straightforward consequencef the de nitions. m

Lemma 8. Suppse K € L(Y,U), G € L(U,)), andj € L(Y,U)". De ne the
function ¢, : p(GK) — C by

g (N) = (K Rk (V)i )-

Then ¢, is analytic.

Proof. De ne the linear map v : £L(Y) — C by
Y(G) = (KG,j) forall G e L(Y).
Clearly v is bounded,since
@ < K[ &) forall G e L(Y).
Further ¢, = 70 Rgk , and the resohert is analytic, henceby Lemma 7 we have that

¢; is analytic. "

The following lemmawill be useful for proving the corverseof our main results
both in this sectionand in Section3.2.

Lemma 9. Supmwsel{,) are Banachspaces, G € L(U,)),S C L(Y,U) is a closal
subspee, and S is not quadatically invariant under G. Then there exists K € S
suchthat 7 — GK is invertible and hg(K) ¢ S.

Proof. There exists Ky € S sudh that KoGKy ¢ S. We will construct K € S
sud that hg(K) ¢ S. Without lossof generality we may assume|| K| = 1. Choose
i €57 with [|j || = 1 sud that

ﬁ: <KoGKO,i>ER and 5>0,
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and choosea € R sud that

LA

O<ax i
G|l B+ |G|

Let K = aK,. Then ||GK|| <1, K € S, and

X .
(K(I-GK)'%i)= (K(GK),i)

i=0

Thus
- I
_i=0 _
— )4 . _
= a’B+ (K(GK),i)~
i=2
b3 o
>a?f—a ||G]d
i=2 . ¢ﬂ
|
_ Sa—alcl's+ el
1- |G|
>0
HenceK(I — GK)i! ¢ S asrequired. n

Main result - Banach spaces. The following is the main result of this section.
It statesthat given G, if a certain technical condition holds, then the constraint
set S is quadratically invariant if and only if the information constrairts on K are
equivalent to the sameatne constraints on the parameter Q = hg(K). In other
words, subject to technical conditions, quadratic invarianceis equivalert to invariance
under feedbag.

Theorem 10. SupwseG € L(U,)), and S C L(Y,U) is a closal subspce. Further
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suppseN NS = MnNS. Then

S is quadatically invariant under G < hg(SNM)=SNM

Proof. (==) SupposeK € SN M. We rst shov that hg(K) € SN M. For any
i € S5? dene the function ¢, : p(GK) — C by

g (\) = (K(\ - GK)' i),

For any A sudh that |\| > |GK ||, the Neumannseriesexpansionfor Rgk gives
R
KW\ -GK)it= XD E@EK)"
n=0
By Lemma5 we have K(GK)" € S for all n € Z,, and henceK(\] — GK)I 1 € S
since S is a closedsubspace.Thus,

q; (A) = 0 forall X sudthat |\ > ||GK||

By Lemmas8, the function ¢; is analytic, and since\ € p,.(GK) for all [A\| > [|GK]|,
by Lemma6 we have
g (A) = 0 forall A € pyc(GK).

It follows from K € N that 1 € p,(GK), and thereforeg, (1) = 0. Hence
(K(I -GK)'*i)=0 forallj € S°.
This implies
K(I -GK)'*te ?(S%).

Since S is a closedsubspacewe have ? (S?) = S (seefor example[12], p. 118) and
hencewe have shovn K € SN M == hg(K) € S. Sinceh is a bijective involution
on M, it followsthat hg(S N M) = SN M which wasthe desiredresult.

( <= ) The conversefollows immediately from Lemma9. [
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There are many casesof interest wherethe technical condition above is automat-
ically satis ed, speci cally any casewherethe plant is such that the resohent set of
G K is always connected. This includesthe casewhere G is compact, suc asfor any
problem where the Banact spacesare nite dimensional,as shavn in the following
corollary.

Corollary 11. Supwse G € L(U,)) is compmact and S C L(Y,U) is a closal sub-
smce. Then

S is quadatically invariant under G < hg(SNM)=SNM

Proof. This follows sinceif G is compactthen GK is compactfor any K € S, and
hencethe spectrum of GK is courtable, andso N = M. ]

3.1.3 Equivalent Problems

When the conditions of Theorem 10 are met, we have the following equivalert prob-
lem. K is optimal for problem (3.1) if and only if K = hg(Q) and @ is optimal
for
minimize || Piy — P1oQPo|
subjectto Qe M (3.3)
QReSsS

We then considerfurther reducingthe problem to the following corvex optimiza-
tion problem.

minimize || Py — PoQ P || (3.4)
subjectto Q€S
If the minimum to this problem did occur for some@ ¢ M, it would mean that
the original problem approadesits optimum as (I — GK)i * blows up. Thereforethe
constrairt that @ € M is unnecessaryvhenthe original problem is well-posed.
The solution procedureis then to solve problem (3.4) with convex programming,

and recover the optimal cortroller for the original problem (3.1) as K = hg(Q).
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3.1.4 Violation

The technical conditions of Theorem 10 are automatically satis ed in many casesof
interest, su asin Corollary 11. Howewer, the conditionscannotalways be eradicated.
We shav an examplewherethe resolhent setis not connected the technical conditions
thusfail, and the main result of this sectionno longerholds. This is meart to elucidate
that the conditions are not for easeof proof, but are actually needed.
Considerthe spaceof two-sidedsequences
( X
lr= (...,7;1,%0,21,...) —%i €R, x? < 00
i=jl

De ne the delay operator D : ¢, — (, as D(z); = xzj; 1. Let Y = U = {5, let the plant
be the idertity G = I, and let S be the subspaceof causalcortrollers

S = {KEE(@) | PrKPr = PTKforaIITEZ}

sud that S is clearly quadratically invariant under G. Now considerK = 2D € S;

we have
H .1
. 1 1 :
I-GK) ‘=z —Zpit 1-Z-pit
(I - GK) 5 >
X
= _ _Dik
k
k=12

and so K € M. Also note that
p(GK)= {AeC| A7 2}

and hencepy(GK) = {\ € C | |A| > 2}, which impliesthat K ¢ N. Finally,

AP
K(I-CGK)*=—  xDkgs
k=0

Sowe have G € L(U,)),S C L(Y,U) is a closedsubspaceand S is quadratically
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invariant under G, but NNS # M NS. We have then founda K € SN M sud that
he(K) ¢ S, and sohg(SN M) Z SN M.

This shaws that the technical conditions of Theorem 10 cannot be completely
eradicatedfor arbitrary Banad spacesand motivatesusto nd adi®eren framework
under which a similar result can be achieved without them.

3.2 Extended Spaces

In this section, we turn our focus to time-invariant causal operators on extended
spaces. This framework allows us to both extend our main results to unbounded
operators and to eliminate technical conditions from our assumptions.

From Lemma 5, and from_the proof in the previous section, we seethat if we
couldexpressK (I -GK)i ! asP LO K(GK)", then this mappingwould lie in .S for all
K € S, providedthat S wasa closedsubspace Noting that K canbe pulled outside of
the sumdueto continuity, even whenit is unbounded,we thus seekconditions under
which P LO(GK)” converges.We would like to be able to utilize this expansionnot
just for small K, asin the small gain theorem, but for arbitrarily large K aswell. We
considerthe plant and cortroller as operators on extendedspaceshoth becausethat
will allow usto adieve this, and alsosothat unstable operators may be considered.

In Section3.2.1,we dewelop conditions under which this Neumannseriesis guar-
anteed to corvergein the topologiesde ned in Section1.2. We then prove in Sec-
tion 3.2.2that under very broad assumptionsquadratic invariancein necessaryand
suzcient for the constrairt set to be presened under feedba&. These conditions
include, but are not limited to, the casewe are often interestedin where G' € R
and S C R,.

3.2.1 Convergence of Neumann Series

We rst analyzecorvergenceof the Neumannseries

X
(I-wyt= wn

n=0
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where 1V is a generalcausaltime-invariant linear operator on extendedspaces.Note
that while most of the results in this thesis have analogsin both cortinuous-time
and discrete-time, the cornvergenceproofs must be worked out separately We rst

analyzethe cortinuous-time case,and begin by providing a preliminary lemmawhich
states that if a sequenceof impulse responsescorvergein a particular sense,then
their assaiated operators do aswell.

Lemma 12. Supwse W, € L(L%5) is causal and time-invariant for all n € Z,,
w™ € L, . is the impulserespnseof Wy, a € Ly . and (w™); convegesuniformly
to ar asn — oo for all T € R,.. Then W, convemgesto A € L(L%,), whee A is given
by Au = a * u.

Proof. Givenu e L5, andT € R,,

(a*u)r = (ar *ur)T

sincea(t) = Oand u(t) = Ofort < 0. Hence(axu)t € L, sinceat € Ly andur € Ly,
by Theorem 65 of [25]. Therefore,we cande ne A € L(LJ.) by Au = a *u.
Forany n € Z, andany T € R,

[A=WhlF = sup || PrAu— PrWyul3
u2Lo;kuko=1
o 4 o
o o2
< sup ° ar — (w™)r xwe
u2Lo:kuko=1
Xn o o3 T o2
< sup ° ar — (M) ° |lyll3
u2lzkuka=l j_3 =1 ij o1
and hence
X o o3 P
JA=Whl3 < ° ar — (wM)r e
i=1 j=1 [

Since(wi(j”))T corvergesuniformly to ar; for any e > 0 we carchooseN sud that for
alln > Nandforalli,j =1,...,m, (aj)r(t) — (wi(j”))T(t)_< — for all ¢ € [0,7]



3.2. EXTENDED SPACES 25

and thus [|[A — W, ||t < e. SoWW, corvergesto A in L(LT.). o

We can now prove corvergenceof the Neumannseriesunder the given conditions
by shawing the convergenceof impulse responses. The method for showing this is
similar to that usedfor spatio-temporal systemsin the appendix of [2].

Theorem 13. Suppse W € L(L%5) is causal and time-invariant with impulse re-
sponse matrix w suchthat w € L;. Then n:0 W" convelgesto an element
B e L(L5) suchthat B= (I — W)i 1,

Proof. Let ¢(T') = sup,prillw(t)| < oo forall T € R, , and let w™ bethe impulse

Th— -1
(ni 1!

n > 1. This is true immediately for n = 1. For the inductive step,
W) =0 w(T = Hw™(t)dte
t=0
Z;
< (T =) - ™ @) |dt
t=0
Z 1
<M [u™(@)]dt
Zt=0
T

responsematrix of W". First we claim that ||w™(T)| < q(T)" for all integers

nj 1
=0 (n —1)!
n
< g(T)"**
n!

< ¢(T) q(t)"dt

'Ighen |w(”)(t)| < &5 ()" forall t € [0, T)for all n > 1, andforall i, j = 1,...,m.
o=t oy ¢(7)" convergesto q(T)e™ ™), soby the WeierstrassM-test, ﬁzllwi(j”) ;
convergesuniformly and absolutelyforall 7,5 =1,...,m

leta= ', w™. Thenaj € Lie C Ly forall i,5 = 1,...,m, and we can
deneABeL(L)byAu—a*uandB—I+A b

Then by Lemma 12, [_, W¥ corvergesto A in £(L%), and thus ., Wk
corvergesto B in L(L5,

Lastly,
B(I-W)=({U-W)B= wh — wh=1
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A simpleexampleof the utilit y of this result is asfollows. Consider\V represeted
by the transfer function ﬁ Then —W = 2;—11 is not invertible in £(L,). However
using the above theorem, the inversein £(Ly) is given by i:o(%)n = :—11

We now move on to analyzethe discrete-timecase.Let r(-) denotespectral radius.
Theorem 14. SupwseW € L(7') is causaland time-invariant with impulserespnse
matrix w suchthat w € ¢, and r(w(0)) < 1. Then LO W" convelgesto an element
B € L(¢T) suchthat B= (I —W)i L.

Proof. We may represetn PrW|; with the block lower triangular Toeplitz matrix

2 3
w(0)

Wy = w(.l)
w(T) --- w(0)

Sincew € le, Wy € R™MEMT  Then, r(W7) = r(w(0)) < 1, which implies that
L, (W) corvergesin R™£MT . Thus we can dene B € L(/T) by (Bu)r =

P
( LOFQWT)”)uTO forany v € (' and any 7" € Z,. It_is then immediate that
"B— ,W"_ — 0asn — oo forall T, and thus ;_, W" convergesto B
in £(¢m).
Lastly,
b R
BI-W)=(-W)B= W'— W"=]
n=0 n=1

Note that while the conditions of Theorem 14 are necessaryfor corvergenceas
well as suxcient, the conditions of Theorem 13 are not.

In particular, the above resultsimply the following corollary, which shows conver-
genceof the Neumann seriesfor strictly proper systems,possibly with delay. Note
that the delay is redundart for discrete-time systems.

Corollary 15. SuppseW € L(L3) or W € L({7') is givenby Wy = D, Gj whee
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P
7j > 0and Gj € Rgp. Then i:o W™ convegesto an elementB € L(Lj,) such
that B= (I — W)i L.

3.2.2 LFT Invariance

In this section,we will shav that for a very broad classof systems,quadratic invari-
anceis necessanand suzxcient for the information constrairt S to be invariant under
a linear-fractional transformation.

We rst state a lemmawhich will help with the converseof our main result.

Lemma 16. Supwse S C L(L%,, L3.) or S C L(¢T,¢2), and C ¢ S. Then there
existsT suchthat Ct ¢ Srt.

Proof. Supposenot. Then for every positive T', Ct € St. Thus for every T', there
exists K € S sudh that PrC|y = PrK|r, or ||[C — K|l = 0. Since||A||r = 0 only if
|All, = Ofor all 7 < T, it follows that there exists K € S sud that |C — K|t = 0
for all 7. But then C — K = 0, and soC € S and we have a cortradiction. ]

We de ne a broad classof setsof cortrollers for which the closed-lmp map will

always be well-de ned. Note that this includesthe casewhich is often of interest
whereG € Rsp and S C R,
Definition 17. We saythat S C L£(L5:, Lo%) is inert with resgct to G if for all
K €S, (gk)j € Lieforalli,j =1 ...,m whee (gk) is the impulserespnsematrix
of GK. We overlad our notation and alsode ne S C £(¢2, () to be inert if for
all K € S, (gk)j € ¢ for all 7,57 = 1,...,m and r((¢gk)(0)) < 1 wheee (gk) is the
discrete impulserespnsematrix of GK.

Main result - extended spaces. The following theoremis the main result of this
section. It statesthat quadratic invariance of the constrairt set is necessaryand
suzcient for the setto be invariant under the LFT de ned by hg.

Theorem 18. SupmseG € L(L5:, Ly)) or G € L(£Dv, e’), and S is an inert close
subspce. Then

S is quadatically invariant under G <= hg(S) = S
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Proof. (==) SupposeK € S. We rst shav that hg(K) € S.

K(I-GK)'t= K)4 (GK)" = X K(GK)"
n=0 n=0
wherethe rst equality follows from Theorems13and 14 and the secondfollows from
the cortinuity of K.

By Lemma5 we have K(GK)" € S for all n € Z,, and henceK(I — GK)il e S
since S is a closedsubspace.

SoK € S == hg(K) € S. Thushg(S) C S, and sincehg is involutiveit follows
that hg(S) = S, which wasthe desiredresult.

(<= ) Wenow turn to the corverseof this result. Supposethat S is not quadrat-
ically invariant under G. Then there exists K € S sud that KGK ¢ S, and thus
by Lemma 16, there existsa nite 7" sud that Pr KGK|r ¢ St. SinceK and G are
causal,we then have

K+Gr K+ ¢ St where Ky = PrKPr € St and Gt = PrGPr

and thus St is not quadratically invariant under Gr. Then by Lemma9 there exists
K € 57 sud that
K(I-GtR)i'= X K(GrR)" ¢ St
n=0
By de nition of St, there exists Ky € S suc that K = Pr Ko|r. Then by causality

of Ko and G, My 7=

Pr Ko(GEo)" — ¢ St
T

n=0

P
and thus hg(Ko) = —  +_, Ko(GKo)" ¢ S. n



Chapter 4
Optimal Stabilizing Controllers

In this chapter we considerthe problem of nding optimal stabilizing cortrollers
subject to an information constrairt. Theseresults apply both to corntinuous-time
and discrete-time systems.Note that throughout this section,the constrairt setsS is
always inert, sinceG € Rgp and S C R,

The optimization problem we addressis as follows. Given P € R * ™) (fw+n)

and a subspaceof admissiblecortrollers S C Rp**™ , we would like to solve:

minimize || f(P, K)||
subject to K stabilizes P (4.1)
KeS

There have been seeral key results regarding cortroller parameterization and
optimization which we will extend for decertralized cortrol, relying heavily on our
result from the previouschapter. The celebratedYoula parameterization[33] shoved
that given a coprime factorization of the plant, one may parameterizeall stabilizing
cortrollers. The set of closed-lop maps adhievable with stabilizing cortrollers is
then atne in this parameter, an important result which corverts the problem of
‘nding the optimal stabilizing cortroller to a convex optimization problem, given
the factorization. Zamesproposeda two-step compensationscheme[34] for strongly
stabilizable plants, that is, plants which can be stabilized with a stable compensator.

29
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In the rst step one nds any cortroller which is both stable and stabilizing, and
in the secondone optimizes over a parameterizedfamily of systems. This idea has
beenextendedto nonlinear cortrol [1], and in this chapter we show that it may be
extendedto decenralized cortrol whenthe constraint setis quadratically invariant,
as rst shown in [19].

Our approad starts with a single nominal decettralized cortroller which is both
stable and stabilizing, and usesit to parameterizeall stabilizing decenralized con-
trollers. The resulting parameterizationexpresseshe closed-l@mp systemasan atne
function of a stable parameter, allowing the next step, optimization of closed-lmp
performance,to be achieved with corvex programming. Tedniquesfor nding an
initial stabilizing cortroller for decenralized systemsare discussedn detail in [23],
and conditions for decertralized stabilizability were developed in [28].

In the nal sectionof this chapter, we show that problem (4.1) can still be con-
verted to a convex optimization problemwhensud a nominal cortroller is unobtain-
able.

4.1 Stabilization

Pn G

z«<— P11 Pipe——w
u

V1 K « U2

Figure 4.1: Linear fractional interconnectionof P and K

We say that K stabilizes P if in Figure 4.1 the nine transfer matrices from
(w, vy, v2) to (z,u,y) belongto R’H, . Wesay that K stabilizes G if in the gure the
four transfer matricesfrom (v1, v2) to (u,y) belongto R'H; . P is calledstabilizable
if there exists K € RB”E”V sud that K stabilizes P, andit is calledis calledstr ongly
stabilizable if there exists K € RH1“*™ such that K stabilizes P. We denote by
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Coan € Rp“F™ the set of cortrollers K € Rp“*™ which stabilize P. The following
standard result relates stabilization of P with stabilization of G.

Theorem 19. Suppse G € RYE™ and P € R ™EM* M) " and supwse P is
stabilizable. Then K stabilizesP if and only if K stabilizesG.

Proof. See,for example,Chapter 4 of [9]. ]

4.2 Parameterization of Stabilizing Controllers

In this section, we review one well-known approad to solution of the feedba& opti-
mization problem (4.1) when the constraint that K lie in S is not presen. In this
case,onemay usethe following standard changeof variables.

For a given system P, all cortrollers that stabilize the systemmay be parameter-
ized using the well-known Youla parameterization[33], stated below.

Theorem 20. Suppsewe havea doublycoprime factorization of G over RH; , that
is, M, Ny, X, Yi, M;, Ny, X,,Y; € RHy suchthat G = N, Mj *= M 'N, and
" #" #
X - M Yoo _ 7
-N M, N X

Then the set Csap Of all controllers in R, which stabilize G is

n

- 0
Coan = (Y — M Q)X: — N;Q)'Y X, — N,Q is invertible, Q € RH;

Furthermore, the set of all closal-loop mapsachievablewith stabilizing controllers is

n - 0
f(P,K) K €TR, K stabilizesP
n - o]
= T —-TQTs X, — N:Q is invertible,Q € RH, (4.2)
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whee 11,15, T3 € R’H, are givenby

Th = Pip+ P, M Py

Ty = ProM;
T3= M, Py
Proof. See,for example,Chapter 4 of [9]. m

This parameterization is particularly simple to construct in the casewhere we
have a nominal stabilizing cortroller K,om € RH; ; that is, a cortroller which is both
stable and stabilizing.

Theorem 21. Supmse G is strictly proper, and K,om € Cstap N RHy . Then all
stabilizing controllers are given by

n . ¢ _
|
Cstab = Knom — b M(EKnom, G), @ Q € RH1

o]
and all closal-loop mapsare givenby (4.2) whee

Ty = P+ PypKpom(I — GKnom)' *Pay
1, = _PlZ(] - KnomG)i ! (4-3)
15 = ([ - GKnom)i 1P21

Proof. A doubly coprime factorization for G over R’H; is given by

My = (I — GKnom)' ! M, = —(I = KnomG)' !
Xi= —I Y= —Kpom Xy =1 Y, = Knom
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Then

(Y — M Q)(X: — N Q)
= Knom+ QI + G(I — KnomG)i 1Q)i !
= Knom - hl h(KnomaG)qu:

soall stabilizing cortrollers are given by

n

i ¢ 0
Cstab = Knom — b M(EKnom, G), @ Q) € RH;y

The invertibilit y condition is met sinceG, and thus /V,, is strictly proper. ]

This theorem tells us that if the plant is strongly stabilizable, that is, it can be
stabilized by a stable cortroller, then given sud a cortroller, we can parameterize
the set of all stabilizing cortrollers. See[34] for a discussionof this, and [1] for an
extensionto nonlinear cortrol. The parameterization above is very useful, sincein
the absenceof the constraint K € S, problem (4.1) can be reformulated as

minimize |7y — TLQT3||
subjectto @ € RH;

(4.4)

The closed-lmp map is now atzne in (), and its norm is therefore a corvex func-
tion of ). This problem is readily sohable by, for example, the techniquesin [4].
After solving this problemto nd @, one may then construct the optimal K for
problem (4.1) via K = Knom — h' h(Knom, G), Q-

4.3 Parameterization of Admissible Controllers

We now wish to extend the above result to parameterizeall stabilizing cortrollers
K € R, which also satisfy the information constraint K € S. Applying the above
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changeof variablesto problem (4.1), we arrive at the following optimization problem.

minimize ||Ty — TQTx||
subjectto Q € RH; (4.5)
i ¢
Knom —h h(KnomaG)aQ €S

Howewer, the set of all () which satisfy this last constrairt is not corvex in general,
and hencethis problemis not easily solved. We thus dewelop conditions under which
this setis in fact convex, sothat the optimization problem (4.5) may be solved via
corvex programming. First we state a preliminary lemma.

Lemma 22. SupmseG € Ry, S C R, is a closa subspoe, and Knom € Cstap N
RH; NS. Then S is quadatically invariant under h(Knom, G) if and only if

n

i ¢— °
S= Knom—h h(Knom, G),Q Q€S

Proof. (==) Supposes is quadratically invariant under h(Knom, G), and further
supposethere exists ) € S sud that

i ¢
K = Knom —h h(KnomaG)vQ .

SinceS is quadratically invariant und%r h(Knom, G) and S is an inert subspace;The-
orem 18 implies that h| h(Knom, G),QQ €S, and since Kpom € S aswell, K € S.
Now supposeK € S. Let

i ¢
Q: h h(KnomaG)aKnom _K .

We know Kn,om — K € S, and since S is quadratically invariant under hA(Knom, &),
then by Theorem18, we alsohave () € S.

( <= ) Now suppose S is not quadratically invariant under A(Knom,G). Then
by Theorem 18 there ex(i]:stsQ € S sud that hlh(Knom,G),Q ¢ S, and thus K =
Knom — h' 1(Knom, G), Q¢ S. .

This lemmashows that if we can nd a stable K,,m € S which is stabilizing, and
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if the condition that S is quadratically invariant under h(K,om, G) holds, then the
set of all stabilizing admissiblecortrollers canbe easily parameterizedwith the same
changeof variablesfrom Theorem 21. We now simplify this condition.

Main result - optimal stabilization. The following theorem is the main result
of this chapter. It statesthat if the constraint setis quadratically invariant under
the plant, then the information constrairts on K are equivalert to atne constraints
on the Youla parameter ). Speci cally, the constraint K € S is equivalert to the
constrairt ) € S.

Theorem 23. SupwseG € Rgp, S C R, is a closa subspoe, and Knom € Cstap N
RH, NS. If Sis quadatically invariant under GG then

S= Knom—h M(Kpom,G),Q Q€S

Proof. If S is quadratically invariant under G, then G € S”. Further, by Theo-
rem 4, S? is quadratically invariant under K.om, and then by Theorem 18, we have
h(Knom, S?) = S?. We then have h(Knom,G) € S?, and therefore S is quadratically
invariant under h(Knom, G). By Lemma 22, this yields the desiredresult. ]

Remark 24. When P is stable,we can chase K,,,,m = 0 and the parameterization
reduesto hg(Q).

Remark 25. When S = Rp“*™ which correspndsto centralized control, then the
guadatic invariance condition is met and the resultreduceesto Theorem 21.

4.4 Equiv alent Convex Problem

When the constrairnt set is quadratically invariant under the plant, we now have
the following equivalert problem. Suppose G € R%*™ and S C Rp**™ is a
closedsubspace. Then K is optimal for problem (4.1) if and only if K = Kpom —
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' ¢
B! M Knom, G),Q and Q is optimal for

minimize ||Ty — TQTx||
subjectto @ € RH; (4.6)
QesS

whereT1,T,, T3 € RH, are given by equations(4.3). This problem may be solwed
via convex programming.

4.5 Convexity without Strong Stabilizabilit y

Supposethat onecannot nd a K,om € Csap N RH1 NS, that is, a cortroller with
the admissiblestructure which is both stable and stabilizing. This may occur either
becausehe plant is not strongly stabilizable, or simply becausat is dizcult to nd.
In this section we will shav that problem (4.1) can still be reducedto a corvex
optimization problem, albeit onewhich is lessstraightforward to solve.

We will adhieve this by bypassingthe Youla parameterization, and using the
changeof variables previously assaiated with stable or bounded plants

R = he(K) = —K(U-GK)'*

where R will be usedinstead of () to elucidate that this is not a Youla parameter.
The key obsenation is that internal stabilization is equivalert to an atne constrairt
in this parameter.

The constraint that K stabilize G, which is equivalert to the constrairt that K
stabilize P whenthe standard conditions of Theorem 19 hold, is de ned asrequiring
that the mapsfrom (vy, v;) to (u,y) in Figure 4.1 belongto R+, . This canbe stated
explicitly as " #

(I-KG@)it (I-KG K

. ) € RHq
GU-KG)'t G(I - KG) 'K
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Making useof the relations

(I - GK)' '@
(I-KG)*

G - KG)it
I+ K(I - GK)' '@

we nd that K stabilizesG if and only if

! #
RG

€ RH; (4.7)
G —GRG GR

SupposeG € RQ%E”“ and S C RB”E”V is a quadratically invariant closedsubspace.

We may then usethis result to transform the stabilization constrairt of problem (4.1)
and Theorem 18 to transform the information constraint to obtain the following
equivalert problem. K is optimal for problem (4.1) if and only if K = hg(R) and R
is optimal for

minimize || Pry — PoRP | ”

: RG R
subject to € RH1 (4.8)
G —-GRG GR

ReS

This is a convex optimization problem. Its solution is discussedn Section6.1.2.



Chapter 5
Speci ¢ Constrain t Classes

In this sectionwe apply theseresults to speci ¢ constraint classes.Armed with our
‘ndings on quadratic invariance, many useful results easily follow. In Section5.1
we consider sparsity constrairnts. We dewelop a computational test for quadratic
invariance of sparsity constrairts, and shov that norm minimization subject to sut
constrairts that passthe test is a corvex optimization problem. We also seean
interesting negative result, that perfectly decenralized cortrol is never quadratically
invariant. In Section5.2we shav that symmetric synthesisis quadratically invariant,
and thus corvex. In Section5.3we considerthe problem of cortrol over networks with
delays. We shaw that if the cortrollers can comnunicate faster than the dynamics
propagate along any link, then norm-optimal cortrollers may be found via convex
programming.

5.1 Sparsity Constrain ts

Many problemsin decertralized cortrol canbe expressedn the form of problem (1.1),
where S is the set of cortrollers that satisfy a speci ed sparsity constrairt. In this
section,we provide a computational test for quadratic invariancewhen the subspace
S is de ned by block sparsity constrairts. First we introduce somenotation.

38



5.1. SPARSITY CONSTRAINTS 39

Suppose APM € {0, 1}™ME" is a binary matrix. We de ne the subspace

n
Sparse@®™) = B e R, | Bj (jw) = 0for all i,
0
sudh that AP™ = 0 for almostall w € R

Also, if B € Rsp, let AP = Pattern(B) be the binary matrix given by

8
<0 if Bj(jw) = 0for almostall w € R

ADn =
- 1 otherwise

Note that in this section,we assumehat matricesof transfer functions are indexedby
blocks, sothat above, the dimensionsof AP may be much smaller than those of B.
Then, K" determineswhether cortroller k& may use measuremets from subsystem
[, Ky is the map from the outputs of subsystem/ to the inputs of subsystemk, and
Gy represems the map from the inputs to subsystem; to the outputs of subsystem

1.

5.1.1 Computational Test

We seekan explicit test for quadratic invarianceof a constrairt setde ned by suc a
binary matrix. We rst prove two preliminary lemmas.

Lemma 26. SupmseS = Spars¢K "), and let G"" = Pattern(G). If S is quadat-
ically invariant under G, then

Ky = 0or Kj; = 0for all (,4,k,1) and K suchthat K" =0, G)" = 1, K € S
Proof. Supposethere exists (i, j, k,1) and K sud that
K"=0,G"=1 KeS

but
Ky ;/OandK“ 7’0
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Then we must have
K"=1 K\"=1i71, j7k

Consider K € S sud that

Kab O if (aa b) ¢ {(/C,Z),(], l)}

Then X X

(KGK)u = K GisKy = KiGjj Kj)

r S

Since Gj # 0, we can easily choose Ky; and Kj, sut that (KGK)y # 0. So
KGK ¢ S and S is not quadratically invariant.

Lemma 27. Supmse S = SparséK®"), and let G°" = Pattern(G). If
Ky = 0or Kj; = 0for all (i,4,k,1) and K suchthat K" = 0, Gi" = 1, K€ S
Then
K" K" = 0for all (i,,k,1) suchthat K" = 0, Gi" = 1
Proof. We shaw this by cortradiction. Supposethere exists (i, 7, k, 1) sud that
Kq"=0, G"=1 KK"#O0.
Then
Kl?iin — [{jblin =1
and henceit must follow that there exists K € S sud that K,; # Oand K;; 7 0. =

The following is the main result of this section. It providesa computational test
for quadratic invariance when S is de ned by sparsity constrairts. It also equates
quadratic invariancewith a stronger condition.

Theorem 28. Supmse S = Spars¢k®"), and let GP" = Pattern(G). Then the
following are equivalent:
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(i) S is quadatically invariant under G
(i) KGJeSforal K,JeS
(i) KPin G}J?‘” Kjbl"‘ (1- K"y =0forallil=1..,n andjk=1 ... ,n,

Proof. = We will shav that (i) == (wi) == (i) == (i). SupposeS is
guadratically invariant under G. Then by Lemma 26,

Ky = 0or Kj; = Oforall (i,4,k,1) and K suc that K" = 0; G = 1; K € S
and by Lemma 27,
K" Kf" = 0for all (i,,k,1) such that K" = 0, G)" = 1
which can be restated
KghGi™ K (- K") = 0
and which implies that
Ky = 0or J = 0forall (i,5,k,1), K, Jsuhthat K" =0; Gi" = 1; K,J €S

which clearly implies

X X .
(KGJ)w = K«iGy Jiy = Oforall (k,1),K,J sud that K" = 0;K,J € S
P
and thus
KGJe Sforal K,Je€ S
which is a stronger condition than quadratic invariance and henceimplies (7). ]

This result shavsusseeral things about sparsity constrairts. In this casequadratic
invarianceis equivalert to another condition which is strongerin general. When G
is symmetric, for example, the subspaceconsistingof symmetric K is quadratically
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invariant but doesnot satisfy condition (i7). Condition (zi7), which givesus the com-
putational test we desired,shows that quadratic invariance can be cheded in time
O(n*), wheren = max{ny,ny}. It alsoshaws that, if S is de ned by sparsity con-
straints, then S is quadratically invariant under GG if and only if it is quadratically
invariant under all systemswith the samesparsity pattern.

5.1.2 Sparse Synthesis

The following theorem shaws that for sparsity constrairnts, the test in Section5.1 can
be usedto identify tractable decenralized cortrol problems.

Theorem 29. SupwseG € Rsp and Knom € Cstap N R'H1 N S. Further supmse
GPn = Pattern(G) and S = Sparse®") for some K" € {0, 1}"Eny, |f

K" G Ki" (L-KQ") =0 foralli,l=1...,nyandj k= 1. n

then N

S= Knom—h' h(Enom, ), Q | Q€S

Proof. Follows immediately from Theorems23 and 28. m

5.1.3 Example Sparsity Patterns

We apply this test to examinea few speci ¢ sparsity structures.

Skyline structure

Considermatrices for which any non-zeroertry must have non-zeroertries below it,
and more formally, de'ne a matrix A € C™" to be a skyline matrix if for all
1=2,....,mandall j =1 ... n,

Aii 1 = 0o if Ai;j =0
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An exampleis 2 3
000O00O

01000

K=80 100 0

11100

11101

Suppose is lower triangular and K" is a lower triangular skyline matrix. Then
S = Spars€K ") is quadratically invariant under G. Somenumerical exampleswith
thesestructures are worked out in Section6.2.

Plant and controller with the same structure

It is important to notice that G and S having the samesparsity structure doesnot
imply that S is quadratically invariant under GG. For example,consider

2 3
00O

G:§1 0 oé

011

and let S = SparséG). Then S is not quadratically invariant, asG?® ¢ S.

Perfectly Decentralized Control

We now show an interesting negative result. Let n, = ny, sothat ead subsystemhas
its own cortroller asin Figure 1.1.

Corollary 30. Supmsethere existsi, j, with i # j, suchthat Gj # 0. Supmse K"
is diagonaland S = Sparsef<®™). Then S is not quadatically invariant under G.

Proof. Let G”" = Pattern(G). Then
Kili)in Gilj)in vabjin (1_ Ki?in) =1

The result then follows from Theorem 28. =
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It is important to note that the plant and controller do not have to be squareto
apply this result becauseof the block notation usedin this section. This corollary
tells us that if ead subsystemhas its own cortroller which may only use sensor
information from its own subsystem,and any subsystema®ectsany other, then the
systemis not quadratically invariant. In other words, perfectly decenralized cortrol
is never quadratically invariant exceptfor the trivial casewhereno subsystema®ects
any other.

5.2 Symmetric Constrain ts

The following shavsthat whenthe plant is symmetric, the methods introducedin this
thesis could be usedto nd the optimal symmetric stabilizing cortroller. Symmetric
synthesisis a well-studied problem, and there are many techniquesthat exploit its
structure. Therefore,the methods in this thesis are possibly not the most excient.
Howewer, it is important to note the quadratic invarianceof this structure becauset
de ed earlier attempts to classifysolvable problems. This arisesbecausea symmetric
matrix multiplied by another,i.e. KG, is not guararteedto yield a symmetric matrix,
but a symmetric matrix left and right multiplied by the samesymmetric matrix, i.e.
KGK, will indeed.

Theorem 31. Suppse

a

n_© n£n: — o
H'= AeC A=A

and
S={K eRy,| K(jw) € H" for almostall w € R}.

Further supmseKnom € CstanNRH1 NS and G € Rgp With G(jw) € H" for almostall w €

R. Then n

i ¢ 0
S= Knom—h h(EKnom G),Q | Q€S

Proof. Followsimmediately from Theorem 23. m
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5.3 Control over Networks with Delays

In this section we considerthe problem of multiple subsystems,ead with its own
cortroller, sudh that the dynamics of ead subsystemmay e®ectthose of other sub-
systemswith some propagation delay, and the cortrollers may communicate with
eat other with sometransmissiondelays. We again seekto syrnthesizelinear con-
trollers to minimize a closed-lmp norm for the ertire interconnectedsystem. There is
no known tractable solution for arbitrary propagation and transmissiondelays. This
section usesthe results from the previous chaptersto nd simple conditions on the
delays sud that this optimal cortrol problem may be cast as a convex optimization
problem.

We nd that if the transmissiondelays satisfy the triangle inequality, and if the
propagation delay betweenany pair of subsystemsis at least as large as the trans-
missiondelay betweenthose subsystemsthen the problemis quadratically invariant.
In other words, if data can be transmitted fasterthan dynamicspropagatealong any
link, then optimal cortroller synthesis may be formulated as a corvex optimization
problem.

It isimportant to note the extremegeneralily of this framework and of this result.
It holdsfor discrete-timesystemsand cortin uous-timesystems.It holdsfor any norm
that we wish to minimize. It doesnot assumethat the dynamics of any subsystem
are the sameasthose of any other, and they may all be completely di®eren typesof
objects. Most importantly, the delay betweenany two subsystemss not assumedo
have any relationshipwhatsoever to other delaysin the system. They may be assigned
independerly for ead link. Only in the nal examplesdo we assumeotherwise.

Prior Work

A vast amourt of prior work on optimal corntrol over networks assumesthat the
actions of any subsystemhave no e®ecton the dynamics of other subsystems.For a
few other speci ¢ structures, someof which are mertioned in Section 1.1, tractable
methods have beenfound. One of the rst problemsof this nature to be studied was
the one-stepdelayed information sharing problem. This problem assumeghat eadh
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subsystemhas a cortroller which can seeits own output immediately, and can see
outputs from all other subsystemsafter a delay of onetime step. This problem has
long beenknown to admit tractable solutions [31], and has also been studied more
recertly in an LFT framework [26]. An interesting classof spatio-temporal systems
that allow for cornvex synthesisof optimal cortrollers wasidenti ed in [2], and named
funnel causal systems. One of the tractable structures discussedin [16] involved
evenly spacedsubsystemswhich can passmeasuremets on at the samespeedthat
the dynamics propagate, and [2(] included a similar classof evenly spacedsystems
where the bound was found sud that if the communication speed exceededthat
bound the problem was amenableto corvex synthesis.

Theseresultsare all uni ed and generalizedby the simple conditions found in this
section.

Section Outline

In Section5.3.1, we dewelop somenotation, de ne the propagation and transmission
delays, explain why we may assumethat the transmissiondelays satisfy the triangle
inequality, and formulate the problem we wish to solve.

Section5.3.2 cortains the main result of the section, where we prove that if this
triangle inequality is satis ed, and if the propagation delay assaiated with any pair
of subsystemsds at leastaslarge asthe assaiated transmissiondelay, then the infor-
mation constrairt is quadratically invariant, and thus, optimal cortrol may be cast
asa corvex optimization problem.

In Section5.3.3 we break thesetotal transmissiondelays out into a pure trans-
mission delay, represeting the time it takesto comnunicate the information from
one subsystemto another, and a computational delay, represeting the time it takes
to processthe information beforeit is usedby the cortroller. We nd, somewhat
surprisingly, that transmitting faster than the propagation of dynamicsstill guaran-
teesconvexity, and in fact, that the computational delay causesthe condition to be
relaxed.

Wethen considera few morespeci ¢ examplesn Section5.3.4. First is an example
correspnding to a very generalproblem of the cortrol of vehiclesin formation. The
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vehiclesmay have arbitrary positions, their dynamicspropagateat a constart speed,
and they comnunicate their measuremets at a constart speed. The optimal cortrol
problemis amenableto corvex syrnthesisaslong asthe comnmunication speedexceeds
the propagationspeed. Eventhough this itself is a broad generalizationof previously
identi ed tractable classes,it follows almost immediately from the results of this
section. Conditions are then derived for corvexity of optimal cortrol over a lattice,
for two di®eren typesof assumptionson the propagation of dynamics.

Finally in Section5.3.5, we shov how all of theseresults can be generalizedto
the casewherethe dynamicsof eat subsystemmay e®ectthose of other subsystems
either with somepropagationdelay, or not at all, and any cortroller may communicate
with any other either with sometransmissiondelay, or not at all. In other words,
delay constraints and sparsity constraints are conbined.

5.3.1 Delays
We de ne Delay(-) to give the delay assaiated with a time-invariant causaloperator
Delay(W) = arg i_r>11:)w(7) Z 0 wherew is the impulse responseof W

Note that we then have the following inequalities for the delays of a composition
or an addition of operators:

Delay(AB) > Delay(A) + Delay(B)

Delay(A+ B) > min{Delay(A), Delay(B)}

Propagation Delays

Supposethere are n subsystems.For any pair of subsystemsi and j we de ne the
propagation delay p; asthe amourt of time beforea cortroller action at subsystem
j can a®ectan output at subsystem; assud

pj = Delay(Gj) foralli,jel ....n
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Transmission Delays

For any pair of subsystemst and [ we de ne the (total) transmissiondelay ¢y, asthe
minimum amourt of time beforethe cortroller of subsystemk may useoutputs from
subsysteml. Giventheseconstrairts, we cande ne the overall subspaceof admissible
cortrollers S sudh that K € S if and only if

Delay(Ky) > ty forall k,le€1,....n

In Section 5.3.3 we will break these total transmission delays out into a pure
transmission delay, represeting the time it takesto communicate the information
from one subsystemto another, and a computational delay, represeting the time it
takesto processthe information beforeit is usedby the cortroller.

Triangle inequality

For the main result of this section,we will assumethat the triangle inequality holds
amongstthe transmissiondelays, that is,

tki + tij > tkj for all k,i,j

This is typically a very reasonableassumptionfor the following reasons.ty; is de ned
asthe minimum amourt of time beforecortroller k£ can useoutputs from subsystem
j. Soif there existed an i sud that the inequality above failed, that would mean
that cortroller k& could receiwe that information more quickly if it cameindirectly via
cortroller . We would thus reroute this information to go through i, t,; would be
resetto ¢ + ¢; , and the inequality would hold.

To put it another way, we could think of ead subsystemas a node on a directed
graph, with the initial distance from any node j to any node k£ as t;, the time it
takesbeforecortroller £ candirectly useoutputs from subsystem;. We then want to
‘nd the shortestoverall time for any cortroller & to useoutputs from any subsystem
J, that is, the shortestpath from node j to node k. Soto nd our nal t's, we run
Bellman-Ford or another shortest path algorithm on our initial graph [14], and the
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resulting delays are thus guararteed to satisfy the triangle inequality.

5.3.2 Conditions for Convexity

Given a generalizedplant P and transmissiondelays t for eat pair of subsystems,
we de ne S as above, and then seekto solwe problem (1.1). The delays assaiated
with dynamics propagating from one subsystemto another are embeddedin P. The
subspaceof admissiblecortrollers, S, hasbeende ned to encapsulatethe constraints
on how quickly information may be passedfrom one subsystemto another.

We rst provide a necessaryand sutcient condition for quadratic invariancein
terms of thesedelays, which is derived fairly directly from our de nitions.

Theorem 32. Supmsethat G and S are de ned asalove. S is quadatically invariant
under G if and only if

tki + pij + 1 = ta for all 7,5, k,1 (5.1

Proof. Given K € S,
i ¢
KGK € S <= Delay (KGK)y >ty forall k,1

We now seekconditions that causethis to hold.
X X
(KGK)y = Kyi Gy Kj
i j
and sofor any £ and [,
i ¢
Delay (KGK)M
> ni?jin{De|aY(KkiGinj|)}
> min{Delay(Ky;) + Delay(Gj ) + Delay(Kj)}
1)

> fTi_ljin{tki +pi + t}
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Thus S is quadratically invariant under G if
r?jin{tki + i+t > ta for all k.1
which is equivalert to
ti + pij t 1 > ta for all 4,7, k, 1
Now supposethat Condition (5.1) fails. Then there existsi, j, k, [ sud that
i+ pj + i1 < ta
Consider K sud that

Kab = 0if ((l, b) ¢ {(k,l),(], l)}

Then X X

(KGK) = K GisKy = KiGjj Kj)

r S
SinceDelay(Gjj ) = pjj , we can easily choose Ky; and Kj; sud that Delay(Kyi) = i,
Delay(Kji) = ¢, and

i ¢
Delay (KGK)k| =t t pij t tjl

SoK € S but KGK ¢ S and thus S is not quadratically invariant under G. ]

Main Result - networks. The following is the main result of this section. It states
that if the transmissiondelays satisfy the triangle inequality, and if the propagation
delay betweenany pair of subsystemsis at least as large as the transmissiondelay
betweenthosesubsystemsthen the information constrairt is quadratically invariant.
In other words, if data can be transmitted faster than dynamicspropagatealongany
link, then optimal cortroller synthesismay be castasa corvex optimization problem.

Theorem 33. Supmsethat G and S are de ned as alove, and that the transmission
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delayssatisfy the triangle inequality. If

pi > tj for all 4, (5.2)
then S is quadatically invariant under G.
Proof. SupposeCondition (5.2) holds. Then for all ¢, j, k, [ we have

i+ pij + i = i L+

>ty by the triangle inequality

and thus by Theorem 32, S is quadratically invariant under G. m

Thus we have shavn that the triangle inequality and Condition (5.2) are suzcient
for quadratic invariance. The following remarks discussassumptionsunder which
they are necessaryas well.

Remark 34. If weassumethat ¢; = O for all 4, that is, that there is no delay before
a subsystem'scontroller may useits own outputs, then we consider Condition (5.1)
with k£ = 4, [ = 7 and see that Condition (5.2) is necessaryfor quadatic invariance.

Remark 35. If weassumethat p; = O for all 4, that is, that there is no delay before
a subsystem'scontroller actions a®et its own dynamics, then we consider Condi-
tion (5.1) with : = ;5 and see that the triangle inequality is necessaryfor quaditic
invariance.

5.3.3 Computational Delays

In this section, we considerwhat happens when the cortroller of eat subsystem
has a computational delay ¢; assaiated with it. The delay for cortroller i to use
outputs from subsystemy, the total transmissiondelay, is then broken up into a pure
transmissiondelay and this computational delay, as follows

Gy =+
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If wewereto assumethat the triangle inequality held for the total transmissiondelays
tj as before, then we would simply get the sameresults as in the previous section
with the substitution above. In particular, we would nd p; > ¢ + #j to be the
condition for quadratic invariance. Howeer, there are many caseswhere it makes
senseto instead assumethat the triangle inequality holds for the pure transmission
delays 7 , which is a strongerassumption. An examplewheresud is clearly the case
is provided in Section5.3.4.

In this sectionwe derive conditions for quadratic invariancewhen we can assume
that the triangle inequality holds for the pure transmission delays tj , and get a
surprising result.

As before,the propagation delays are de ned as
pj = Delay(Gj) for all 7,7
and S is now de ned sud that K € S if and only if

Delay(Ky) > o + ty for all £,1

Thus the necessaryand suxcient condition for quadratic invariance from Theo-
rem 32 becomes

atti+pp+q+i > at for all 7,7, k,1
which reducesto

The following theorem gives conditions under which the information constrairt is
guadratically invariant. It statesthat if the triangle inequality holdsamongstthe pure
transmission delays, and if Condition (5.4) holds, then the information constrairt
is quadratically invariant. Surprisingly, we seethat the computational delay now
appearson the left side of the inequality. In other words, not only doestransmitting
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data fasterthan dynamicspropagatestill allow for corvex synthesiswhenwe accour
for computational delay, but the condition is actually relaxed.

Theorem 36. Supmsethat G and S are de ned as alove, and that the pure trans-
mission delayssatisfy the triangle inequality. If

pij t ¢ = T for all 4, (5.4)

then S is quadatically invariant under G.

Proof. SupposeCondition (5.4) holds. Then for all ¢, j, k&, we have

kitpjg +qg+t = tat G+

> Ty by the triangle inequality

and thus Condition (5.3) holdsand S is quadratically invariant under G. m

Thuswe have shown that the triangle inequality and Condition (5.4) are suzcient
for quadratic invariance. The following remark discussesn assumptionunder which
the condition is necessaryas well.

Remark 37. If we assumethat #; = O for all 7, that is, that there is no additional
delay before a subsystem'scontroller may use its own outputs, other than the com-
putational delay, then we consider Condition (5.3) with £ = ¢, [ = j and see that
Condition (5.4) is necessaryfor quadatic invariance. Since the computational delay
has been extracted, this is now a very reasonableassumptionwhich is essentialy true
by de nition.

5.3.4 Network Examples

We considerhere somespecial cases.

Vehicle Formation Example

We now consideran important special case,which correspnds to the problem of
cortrolling multiple vehiclesin a formation.
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Supposethere are n subsystems(vehicles),with positionsz,,...,z, € RY. Typi-
cally, we'll have d = 3, but theseresults hold for arbitrary d.

Figure 5.1: Communication and propagationin all directions
Let R represen the maximum distancebetweenany two subsystems
R = max|zi — |
|

For most applications of interest the appropriate norm throughout this section
would be the Euclidean norm, but theseresults hold for arbitrary norm on RY.

We supposethat dynamics of all vehiclespropagateat a constart speed, deter-
mined by the medium, sudc that the propagation delays are proportional to the
distancebetweenvehicles,asillustrated in Figure 5.1.

Let , be the amourt of time it takesdynamicsto propagateoneunit of distance,
i.e., the inverseof the speedof propagation. For example,whenconsideringformations
of aerial vehicles,~, would equalthe inverseof the speedof sound.

The system( is then sud that

Delay(Gij) = plloi — ;|| foralli,j

We similarly supposethat data canbe transmitted at a constart speed,sud that
the transmissiondelays are proportional to the distancesbetweenvehicles,sud asif
ead vehicle could broadcastits information to the others. This is alsoillustrated in
Figure 5.1.



5.3. CONTROL OVER NETWORKS WITH DELAYS 55

Let  be the amourt of time it takesto transmit one unit of distance,i.e., the
inverseof the speedof transmission. Let C' bethe computational delay at eat vehicle.
The set of admissiblecortrollers is then de ned sudh that K € S if and only if

Delay(Kx) > C+ v|lak — o for all k,1
We can now apply Theorem 36 with
i = Yllzi — ||, % = wllei —z], and¢ = C foralliandj

Clearly, tj = 0 for all 7 asin Remark 37, sothe conditions of Theorem 36 are both
necessaryand suzcient for quadratic invariance.

Theorem 38. Supmsethat G and S are de ned asalove. S is quadatically invariant

under G if and only if o

'Yp"'ﬁ > M

Proof. Sinceany norm satis esthe triangle inequality, the pure transmissiondelays
clearly satisfy the triangle inequality, so applying Theorem 36, S is quadratically
invariant under G if and only if

Yollzi — zj ||+ C > o — ;]| forall i,

which is equivalert to o
+ = >
T R = Tt

Thus we seethat, in the absenceof computational delay, nding the minimum-
norm cortroller may be reducedto a convex optimization problem whenthe speedof
transmissionis faster than the speedof propagation; that is, when~, > . We also
seethat this not only remainstrue in the presenceof computational delay, but that
we get a bu®errelaxing the condition.

A similar result was previously achieved for a very speci ¢ caseof vehiclesequally
spacedalong a line [22]. This showns how the results of this section allow us to
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e®ortlesslygeneralizeto the caseconsideredin this subsection,where the vehicles
have arbitrary positionsin arbitrary dimensions. This is a crucial generalizationfor
applicationsto realistic formation °ight problems.

Two-Dimensional Lattice Example

In this subsectionwe will considersubsystemddistributed in a lattice, and usethese
resultsto derive the conditions for corvexity of the assaiated optimal decertralized
cortrol problem.

We rst considerthe casewherethe cortrollers can commnunicate along the edges
of the lattice with a delay of ¢, and the dynamicssimilarly propagatealongthe edges
with a delay of p, asillustrated in Figure 5.2.

G31 | Z=Pef=—G 39 =PrF=— G 33

Figure 5.2: Two-dimensionallattice with dynamics propagating along edges

It is a straightforward consequencef this sectionthat the optimal cortrollers may
be syrnthesizedwith corvex programming if

p =t

We now considera more interesting variant, wherethe cortrollers again comnu-
nicate only along the edgesof the lattice, but now the dynamics propagatein all
directions, asillustrated in Figure 5.3.
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Gn G2 Gi3
GZl 3 Gzz ng /)
Gay Gz Ga3

Figure 5.3: Two-dimensionallattice with dynamicspropagatingin all directions

Let , be the amourt of time it takesfor the dynamicsto propagate one unit
of distance. Along a diagonal, for instance, between GG1; and Go,, the propagation
delay is y,1/2 and the transmissiondelay is 2¢. The condition for convexity therefore
becomes

% = V2

5.3.5 Combining Sparsity and Delay Constraints

In this section, we will discusshow sparsity constraints may be considereda special
caseof the framework analyzedin this section. We shov how the two canbe conmbined
to handlethe very general,realistic caseof a network wheresomenodesare connected
with delays asabove and othersarenot connectedat all. An explicit test for quadratic
invariancein this casewill be provided.

The key obsenation is that a sparsity constrairnt may be consideredan in nite
delay. We thus de ne an extended notion of propagation and transmission delays,
wherethey are assignedo be suzciently large whenthey do not exist, and then the
results from the rest of this sectionmay be applied to test for quadratic invariance
and corvexity.
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Propagation Delays

We now considera plant for which the corrollers of certain subsystemsmay or
may not have any e®ecton other subsystems,and when they do, there may be a
propagation delay assaiated with that e®ect.First, let

GPN = Pattern(G)

asin Section5.1, sothat Gﬁ-’"‘ = 0if subsystemi is not a®ectedy inputs to subsystem
j. Wewould then like to de ne the propagationdelay p; to be extremely largeif this
is the case,assut

8
< Delay(Gy) if Ghin

H if Gp"

I
|

pij =

I
o

for somelarge H.

Transmission Delays

As in Section5.1,we Tst assigna binary matrix K®" suc that K" = 0if cortroller
k may never useoutputs from subsystem/. For any other pair of subsystemst and [
we de ne the (total) transmissiondelay ¢y, asin the rest of this section;that is, asthe
minimum amourt of time beforethe cortroller of subsystemk may useoutputs from
subsysteml. Giventheseconstrairts, we cande ne the overall subspaceof admissible
cortrollers S sudh that K € S if and only if

Delay(Ki) > ta for all k,1 suc that K2
Kqg =0 for all k,1 sud that KJ"

I 1
o

We wish to assigna very large transmissiondelay to the latter case,and sode ne
tw=H  forallk,l sud that K" =

for the samelarge H asabove.
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Condition for Convexity

Given theseextendedde nitions of propagation delays and transmissiondelays for a
combination of sparsity and delay constrairts, we can now test for quadratic invari-
anceusing Theorem 32.

Thesede nitions of extendeddelays alongwith our de nition of the constrairt set
S allow usto usethis and the rest of the results of this sectionaslong as H hasbeen
chosenlarge enough. Condition (5.1) is indeed necessaryand suzcient for quadratic
invarianceaslong as

H > 2max{tq}+ max{p; }

where of coursethe Tst maximum is taken over all &, sud that K" = 1 and the
secondis taken over all i, j such that GP" = 1. This arisesbecauseCondition (5.1)
must fail if K" = 0, but K" = GP" = K" = 1.



Chapter 6

Computation of Optimal
Controllers

This chapter considersthe computation of solutionsto the convex optimization prob-
lemsthat have beenidenti ed and formulated throughout this thesis. Solution pro-
ceduresare givenin Section6.1 and numerical examplesare provided in Section6.2.

6.1 Solution Pro cedure

We shaw in this sectionthat if we wish to minimize the H,-norm, onefurther change
of variablescan be usedin which the information constrairt is eliminated.

In Section 6.1.1 problem (4.6) is then corverted to an unconstrained problem
which may be readily solved. We focus on sparsity constrains, asin [21], but the
vectorization techniques in this section are easily applied to the other constraint
classesof Chapter 5 aswell. A similar method was usedfor symmetric constrairns
in [32].

In Section6.1.2we addresshe corvex but more complexproblemthat wasderived
in Section4.5 for when a nominal stabilizing cortroller is not available. A solution
procedureis provided, and the implications for systematically nding stabilizing de-
certralized cortrollers are discussed.

60
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6.1.1 Removal of Information Constraint

For easeof presertation, we now make a slight changeof notation from Section5.1.
We no longer assumethat the plant and cortroller are divided into blocks, so that
KPM now determineswhether the ki index of the cortroller may be non-zero,rather
than determining whether cortroller £ may useinformation from subsystem/, and G

similarly represets the ij index of the plant. KP" thereforehasthe samedimension
asthe cortroller itself. n, and n, represen the total number of inputs and outputs,
respectively.

Let

a= Ki?'”
i=1 j=1

sud that « represems the number of admissible controls, that is, the number of
indicesfor which K is not constrainedto be zero.

The following theorem givesthe equivalert unconstrainedproblem.

Theorem 39. Suppmsez is an optimal solution to

minimize ||b+ Az||; 6.1)
subjetto = € RH; .

where D € R"™£2 is a matrix whosecolumnsform an orthonormal basis for vedS),
and
b= vedTy), A= —(T3 @ Ty)D.

Then Q = ved Y(Dz) is optimal for (4.6) and the optimal valuesare equivalent.

Proof. We know that

Qe RHIMEY NS «— vedQ) = Dz for somez € RHE!
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Since
|11 — T2QT5]|2
= |vedTy — ToQT3)||2 by de nition of the H,-norm
= |lvedTy) — (T3 ® Tx)vedQ)|]> by Lemmal
= |lvedTy) — (T3 ® T2)Dz||>
= |lb+ Az|2
we have the desiredresult. =

Therefore,we can nd the optimal z for problem (6.1) using many available tools
for unconstrainedH,-synthesis, with

Pu=b Pp=A Pn=1 Pp=0*¥?

then nd the optimal @ for problem (4.6) as @ = vec 1(D:p&, and nally, nd the
optimal K for problem (4.1) as K = Knom — h'h(Knom,G),Q .

6.1.2 Solution without Strong Stabilizability

We show in this section that vectorization can similarly be usedto eliminate the
information constrairt when a nominal stable and stabilizing cortroller can not be
found, as in Section 4.5. The resulting problem is not immediately amenableto
standard software, asin the previous section, but methods for obtaining its solution
are discussed.

Let D € R™"v£23 peamatrix whosecolumnsform an orthonormal basisfor ved.S),
asin the previoussection,and now let

f = vedPr), E= —(P;;® Pp)D,
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2 3 2 3
0 (GT®I)D

d= §veqa)§ : C=9-(GC"® G)Dé
0 (I®G)D

Using similar argumerts asin the previoussection,we nd that we may solve the
following equivalernt problem. Supposex is an optimal solution to

minimize ||f+ Ex|»
subjectto d+ Cz € RH, (6.2)
z € RH,

Then R = ved }(Dz) is optimal for (4.8) and the optimal valuesare equivalert.
The optimal K for problem (4.1) could then be recoveredas K = hg(R).

Remark 40. While A, b of problem (6.1) are stable,C, d, E, f of problem (6.2) may
very wel be unstable. Notice alsothat G € R, implies C, d € Regp.

Remark 41. The last constraint comesfrom the upper right-hand black of Condi-
tion (4.7), and the others come from the rest of that condition.

Remark 42. The relaxal problem

minimize ||f + Ex||» 6.3)
subjetto =z € RH, .

can be solvel with standad software as descriled in the previoussubsetion, and gives
a lower bound on the solution. If the result is such that the entire constraint of
problem (6.2) is satis ed, then the optimal value has been achievel.

Remark 43. For any 1 > 0 the following problemmay be solvel in the samestandad
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manner om g g °
I °o f E o
minimize ¢ + x2

pd —pC (6.4)

subjetto =z € RH,

and then the optimal value of = as wel as the optimal value of the objective function
will approach those of problem (6.2) as i approachesO from alove.

A reasonablesolution procedurefor problem (6.2) would then beto rst solve the
relaxedproblem of Remark42, and test whetherd+ Cxz € R’H; for the optimal value.
If so,we are done and can recover the optimal K. If not, then solve problem (6.4)
for valuesof i which decreaseand approad 0. This procedurein no way requiresa
cortroller that is both stable and stabilizing, soit is most useful when the plant is
actually not strongly stabilizable, and thus no sud cortroller exists.

Alternativ ely, aslong as P is stabilizable by some K < S, the solution to prob-
lem (6.4) for any x> O results in an z sud that ||d+ Czl|, is nite. Thus R =
ved 1(Dz) satis es Condition (4.7), and K = hg(R) is both stabilizing and liesin S.
If it is alsostable, we have then found a Kom € Csiap N"RH1 NS, and the procedures
from the rest of this thesismay be usedto nd the optimal decenralized cortroller.
This is ideal for the casewhere the plant is strongly stabilizable, but a stabilizing
cortroller is dizcult to nd with other methods.

The techniquesdiscussedhereand in Section4.5 involve not only nding optimal
decerralized cortrollers, but also dewelop explicit proceduresfor rst nding a sta-
bilizing decertralized cortroller when oneis not available otherwise. As there are no
known systematicmethods of nding stabilizing cortrollers for most quadratically in-
variant problems,this is an extremelyimportant developmen, and an exciting averue
for future researb.

6.2 Numerical Examples

We apply our resultsto somespeci ¢ numericalexamples, rst for sparsity constrairts,
and then for delay constrairts.
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6.2.1 Sparsity Examples

Consideran unstable lower triangular plant

2 3
1
1 0 0 0 0
1 1
0 0 0
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81 1 1
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s+1 s—1 s+1 s+1
1 1 1 1 1
s+1 s—1 s+1 s+1 s-—1
with P given by
# "# .
G 0 G h
Py = 0 0 Prp = Ph= G I
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dening a sequenceof information constrairts S; = Spars¢ KP") suc that eah
subsequen constrairt is lessrestrictive, and sud that ead is quadratically invariant
under G. We also use S; as the set of cortrollers with no sparsity constrairts; i.e.,
the certralized case. A stable and stabilizing cortroller which lies in the subspace
de ned by any of thesesparsity constrairts is given by

2
O 0 O 0 O

Kom=60 0 0 0 O

We can then nd T3,7,73 asin (4.3), and then nd the stabilizing cortroller
that minimizes the closed-l@p norm subject to the sparsity constrains by solving
problem (6.1), as outlined in Section6. The graph in Figure 6.1 shaws the result-
ing minimum H,-norms for the six sparsity constrairts as well as for a certralized
cortroller.

Optimal Norm

1 2 3 4 5 6 7
Information Constraint

Figure 6.1: Sensitivity of optimal performanceto sparsity constrains



6.2. NUMERICAL EXAMPLES 67

6.2.2 Delay Examples

We considera distributed cortrol examplelike that of Figure 1.2. Let the plant be
sud that

Gii (s) = 051 sTll
sothat the e®ectof inputs falls o®for more distant subsystems.

Let the propagation delay be 0.5 seconds. We seekto minimize the closed-l@p

‘H,-norm wherethe rest of the generalizedplant is given as
¢ o ¢ h i
Py = Py = Ph= G I n=1le—3
00 nl

From the results of Section5.3, and Section5.3.4in particular, we know that this
problem is quadratically invariant for any transmissiondelays up to 0.5 secondsand
for any computational delays.

We rst x the computational delay at 0.1 secondsand obsene how the optimal
performancevaries as the transmissiondelay decreasegrom 0.5to 0 seconds.This
is shavn in Figure 6.2, where the delay is indicated in tenths of a second,and the
performance of the optimal certralized cortroller is shavn for comparison, which

correspndsto both a transmissiondelay and a computational delay of 0.

1.4

Optimal Norm

5 4 3 2 1 0 Centralized
Transmission Delay

Figure 6.2: Sensitivity of optimal performanceto transmissiondelay

We then x the transmissiondelay at 0.2 seconds.and obsene how the optimal
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performancevaries asthe computational delay decrease$rom 0.5to 0 seconds.This
is shawvn in Figure 6.3, wherethe delay is also indicated in tenths of a second,and
the performanceof the optimal certralized cortroller is again shavn for comparison.

1.4

1.3r

Optimal Norm
=
N

I
[

5 4 3 2 1 0 Centralized
Computational Delay

Figure 6.3: Sensitivity of optimal performanceto computational delay

It is worth noting that eventhough the plants consideredn this sectionare fairly
simple, the sparsity and delay constraints are sud that nearly all of theseproblems
would have previously beenconsideredto be intractable.



Chapter 7
Conclusion

We de ned the notion of quadratic invariance of a constrairt set with respect to
a plant. We shaved in Theorems10 and 18 that quadratic invariance is necessary
and suzcient for the constraint setto be presened under feedbagk, for operatorson
Banad spacesand extendedspacesrespectively. In Theorem23, we then provedthat
guadratic invariance allows us to choosea corroller parameterizationsud that the
information constrairt is equivalert to an atne constraint on the Youla parameter.
Thus synthesizing optimal decenralized cortrollers becomesa corvex optimization
problem.

We then applied this to some speci ¢ constrairt classes. We provided a test
for sparsity constrains to be quadratically invariant, and thus amenableto corvex
synthesis. We noted that symmetric syrthesisis included in this classi cation. We
showvedin Theorem33that for cortrol over networks with delays, optimal cortrollers
may be synthesizedin this manner if the communication delays are lessthan the
propagation delays. We further showved that this result still holdsin the presenceof
computational delays.

We thus characterizeda broad and useful classof tractable decertralized cortrol
problems,unifying many previousresultsregardingspeci ¢ structures, and identifying
many new ones.
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