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Abstract—This paper introduces a model to study both single study single tier and multi-tier OBF wireless communication
tier and multi-tier wireless communication systems consisting networks consisting of multiple interfering wireless access

of a multitude of wireless access points (AP), and operating joints (AP) by modeling their locations using spatial Poisson
according to the classical opportunistic beamforming framework. .
point processes (PPP).

The AP locations in the proposed network model are determined X o
by using planar Poisson point processes. The extreme value FOr single AP communication systems, the well known
distribution of signal-to-interference-plus-noise-ratio GINR) on  system model of opportunistic communication along multiple
a beam is of fundamental importance for obtaining performance orthonormal beams was first introduced by Sharif and Hassibi
bounds for such an opportunistic communication system. Two in [1]. In this work, the authors considered a multi-antenna
tight distribution approximation results are provided for the ’ . .
distribution of maximum SINR on a beam, which is hard to V(?Ctor broadcast Channel, O_VGr which an AP c_ommunlcates
obtain due to correlation structure of the underlying inter-AP ~ With V- MUs that are equidistant from the serving AP. The
interference field, using key tools from stochastic geometry. These orthogonal beams are randomly generated, and each beam is
approximations hold for general path loss models that satisfy allocated to the MU having the higheSINR on that beam.
some mild conditions. Simulations and numerical evaluations are \14st of the existing works on OBF are based on this model

presented to validate the results, to provide further insights into . .
the derived approximate maximum beam SINR distributions, having homogeneous and equidistant MUs from the AP [1]-

and to illustrate the utility of these approximations in obtaining [7].
performance bounds for opportunistic communication systems  On the other hand, heterogeneity among MUs was also
having multiple interfering APs. In particular, key performance  considered in previous works such as [8] and [9], where
measures such as beam outage probability and ergodic aggregategach MU has its own deterministic location dependent path
data rate of an AP are derived by utilizing the approximated . L
distributions. loss value,i.e,, the MUs are no longer equidistant from the
o o home AP. In [8], heterogeneous MUs are grouped into a
Index Terms—Communication systems, Data communication, inite number of MU classes, and the asymptotic throughput
MIMO systems, Opportunistic beamforming, Stochastic pro- . . . .
cesses scaling behavior of the resulting system is analyzed. In [9], the
authors focused on the sum rate and the individual throughput
scaling while simultaneously maintaining fairness among the
. INTRODUCTION MUs. Recently, the model was further improved in [10] by
Opportunistic beamforming (OBF) is an important adaghtroducing random MU locations that are governed by a
tive signaling technique that utilizes multiuser diversity angpatial PPP and assigning a random path loss value to each
varying channel conditions to extract the full multiplexingdU. The authors in [10] mainly focused on the outage capac-
gain available in vector broadcast channels [1]-[20]. Thty of the network by taking the random MU locations into
main advantages of OBF are threefold. It attains the sumecount. All of the above papers consider OBF for asihgle
rate capacity with full channel state information (CSI) té\P communication systems by ignoring inter-AP interference
a first order for large numbers of mobile users (MU) immong potentially interfering APs.
the network [1]. Secondly, its operation only requires partial Different from these previous works, we take a step further
CSI in the form of signal-to-interference-plus-noise ratio# this paper to model and analyze OBF communication
(SINR). Finally, OBF is easy to implement, which makes isystems consisting afultiple interfering APs (multi-AP) by
a practical communication scheme. It has been also shouging spatial PPPs to model the AP locations. Also, being
that OBF is an asymptotically feedback optimal transmissighfferent than the conventional structure introduced in [1], the
strategy [5]. This paper introduces an analytical framework dUs communicating with a particular AP are not equidistant
from it. This introduces heterogeneity among the MUs as well.
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Marie Curie FP7-Reintegration-Grants within the 7th European Communit@], [9] and [10], the signal received by an MU in this paper
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call the intra-AP path loss values, are different among thmakes theSINR values on a beam non-identically distributed
MUs communicating with a particular AP. The intra-AP patlamong the MUs.
loss values are considered to be arbitrary but deterministicTowards the resolution of this complication, we provide
positive real numbers. On the other hand, the path loss valies tight distribution approximation results. To obtain the first
between an MU and its interfering APs, which we call thapproximation, we assume that the inter-AP interference is
inter-AP path loss values, are random and governed by a pattiependent among the MUs connected to a particular AP.
loss modelG(r), wherer is the distance from the interferingIntuitively, this approximation should give rise to a close match
AP. The network is a fully closed-access networl,, the to the actual scenario for APs with large coverage radii since
MUs communicate only with their respective home APs. FiMUs are expected to be further away from each other in
an example, one can consider a multitude of Wi-Fi networkshis case, and the spatial correlation of inter-AP interference
where each network has its own security measures to prevetit diminish to zero for large distances [27]. For the second
unauthorized access. approximation, we assume that the inter-AP interference is
The related work also includes papers such as [11]-[1gérfectly correlated. Intuitively, this approximation should lead
and [21]-[24], that study multiuser MIMO. The main pointo a close match to the actual scenario for APs with small
of difference between the network model introduced in thioverage radii since in this case, the MUs are expected to
paper and those introduced in [11]-[14] is that these previobe close to each other, and the spatial correlation of inter-AP
studies consider the AP locations to be known, similar to gridterference will increase to one for small distances [27].
based cellular models, which is in sharp contrast to our randomWe derive analytical expressions for the extreme value
AP locations model. Recent studies indicate that irregular Afstribution of beanSINR, values under these approximations
locations in communication networks of today resemble to tlier both single tier and multi-tier networks, and illustrate
random Poisson deployment, rather than regular grid badbdt the proposed distribution approximation results match
topologies [25], [26]. To this end, [21]-[24] use stochastithe realistically simulated distribution of the maximum beam
geometric approaches to model the AP locations, but th8kNR values quite well. The derived expressions hold for
operation is not based on partial CSI, which make thegeneral path loss models that satisfy some mild conditions,
different than this paper. To the best of our knowledge, thisiiscluding the commonly used unbounded path loss model
the first paper that considers random AP locations to mod&(r) = r~. Further, we use these approximation results to
multi-AP OBF communication systems and that uses key toalbtain performance bounds for multi-AP OBF communication
from stochastic geometry to analyze the performance of thgstems by focusing on beam outage probabilities and achiev-
resulting wireless communication system. able aggregate ergodic data rates of each AP.
Transmissions are scheduled to MUs having the highestThe rest of the paper is organized as follows. In Sec-
received SINR on each beam in an OBF communicatiotion I, we introduce the system model to analyze multi-AP
system. Therefore, the distribution of the maxim@NR OBF communication systems. In Section Ill, we study the
on a beam emerges as an important summary statistics dastribution of the maximumSINR on a beam and derive
the performance analysis of OBF communication systems. Foralytical distribution approximation results to approximate
single AP OBF communication systems, the calculation of thie distribution of maximunfSINR on a beam. In Section
extreme value distribution o8INR on a beam is relatively 1V, we extend our baseline model introduced in Section I
simple to carry out since th8INR values received by MUs for single tier multi-AP OBF wireless networks t&-tier
on a particular beam constitute a collection of independemterogeneous multi-AP OBF wireless networks, with each
random variables. In particular, for the baseline model ¢iEr modeling a particular class of networks, similar to macro-
opportunistic communication introduced in [1], tHINR cells, pico-cells or femto-cells in a cellular environment. The
values on a beam turn out to be independent and identicalysults analogous to those obtained in Section Il for the
distributed (i.i.d.) random variables among the MUs sinagistribution of maximumSINR on a beam are also obtained
they are equidistant from the AP. Hence, the extreme valfgr K-tier multi-AP OBF communication systems in Section
distribution of SINR on a beam for the system in [1] canlV. Note that the intra-AP path loss values are considered
be simply obtained by raising the individual bedNR to be arbitrary but deterministic, which implies that the MU
distributions to the power oV for a communication scenariolocations are deterministic. This is done in order to ensure
consisting of N MUs. clarity in our main results. However, according to conventional
However, unlike single AP OBF communication systemassumptions when stochastic geometry is applied to model
such as [8], [9] and [10], th8INR values on a beam for thewireless networks, both APs and MU locations are assumed
multi-AP system model considered in this paper are no longer be subject to PPPs, albeit with different intensities. In
independent among the MUs. They are dependent on thection V, we will discuss how the results in this paper can
common randomness caused by the point process goverriegextended to a scenario where both AP locations and MU
the locations of the interfering APs. This dependency makkgations are random.
it prohibitively hard to derive the exact distribution of the To illustrate the applications of our analytical distribution
maximumSINR on a beam, and hence, it becomes relativegpproximation formulas derived for general path loss models
much more complicated to perform performance analysis fas well as to gain further insights, we derive the extreme value
multi-AP OBF communication systems. The heterogeneitistribution for beanSINR levels by using two well known
among the MUs does further multiply the complexity as path loss models in Section VI. We provide simulations and
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numerical evaluations in Section VII to validate the results and P

to discuss the utility of each approximation for getting insights /"';“ s ° N,
into a realistically simulated OBF communication system. In :’.' ‘\l ° ,’. % A
particular, we demonstrate that when the coverage radius is 1‘. Re ,'o '\\ ° ° p'
small, the approximated maximum be&iNR distribution . f/ ,><::.';>(
obtained by assuming perfect correlation gives rise to a close g /"“\( ® o4\
match to the actual case in both sparse and dense networks. /e ®1N 8% .,'
On the other hand, the approximation result obtained by ?‘ %, ~,}\ ) o/'
assuming that the inter-AP interference is independent among 8 AP \® L6 S-e”
the MUs connected to a particular AP performs better for ® Active MU &7

sparse networks when the coverage radius is large. When o Inactive MU

the coverage radius is large and the network is dense, both
approximations do not perform well, and for this particulagig. 1. Part of the plane illustrating AP and MU locations foparticular
scenario, we propose using a mix of the two approximatiorgglization of AP locations.

to better approximate the actual case. Finally, we utilize thg an its home AP is a fixed arbitrary positive real number,
approximate maximum bearSINR distributions t0 obtain anq e call this the intra-AP path loss value of the respective
some important performance measures for multi-AP OBl Note that the intra-AP path loss values are different
communication systems such as beam outage probability %{?ﬂong MUs since they are not equidistant from the home
ergodic aggregate data rate per AP in Section VII. Sectiofp op the other hand, the path loss values between an MU
VIl concludes the paper. and its interfering APs, which we call the inter-AP path loss
values, are random and governed by a path loss mGdel,
) ) i wherer is the distance between the MU and an interfering
In this section, we will present our system model as 8p Our path loss model is general in the sense ¢haan be
extension of the classical single AP OBF framework withny fynction that is continuous, positive and non-increasing
homogeneous MUs [1] to a scenario of heterogeneous MYs \vell as satisfying the relatiafi(r) = O (r—®) asr grows
and multiple interfering APs. To simplify notations, we focu$arge for somen > 2.1
only on the system model for a single tier network in this The network operates according to the classical OBF frame-
section. The extensions to the multi-tier case are given |k [1] as follows. Each AP transmitsl, M < T, different
Section IV. To this end, we consider a wireless network wit§ata streams intended fad different MUs. We assume that
APs located according to a homogeneous spatial BR6T  the origino belongs to the AP location procedsand focus on
intensity A. Each AP is equipped withl” transmit antennas , test AP located at the origine ®. This assumption does not
and communicates with a multitude of MUs having singlgmit the generality of our results due to Slivnyak’s Theorem

receive antennas. The network is assumed tofollyaclosed- 28] [30]. The symbols of thenth stream transmitted from
access network. That is, the MUs communicate only with theirine Ap ocated at the origin are representedsby,. They

respective home APs similar to a multitude of Wi-Fi networkgyre drawn from a zero mean and unit variarateeularly-

where each network has its own security measures to prevgihmetric complex Gaussian distribution CA/ (0, 1), and are
unauthorized access. sent along the directions of/ orthonormal beamforming

Being different from [1], the MUs communicating with ayectors {b,,,,}"_ . The overall transmitted signal from the
particular AP are not equidistant from it, which introducegp |gcated at the origin is given by

additional heterogeneity among them. Each AP has a circular v
disk-shaped coverage area of radils and we assume that VP

. . . So = P bo m9oo,m; 1
an MU lying outside of the coverage area will not be able mz::l m o, @)
to communicate reliably with the AP. This means that eawln
AP and the locations of the MUs that communicate with it Consider MUi located atu; € Cp, whereC), represents

can be illustrated by using points lying inside a disk of radiu(§le disk centered at the origin with a radils The MU atu;

D, \{vhere the'AP. Is located at the center of the disk. Forc‘?mmunicates with the serving AP located at the origin. Let
particular realization of AP locations and a selected partggD

Il. SYSTEM MODEL AND PROBLEM SETUP

ere P is the transmit power per beam.

. . o . ; —y|| be the distance between the MU located:.adind an
the plane, Fig. 1 gives a graphical illustration of the propos Iog:!ted a € ®\ {0}, where|-|| represents theiéuclidean
mod_el fo_r the muIFl-AP OBF wwelgss communication ne_tworlﬂqorm_ The signal received by the MUat u; is given by
An inactive MU is an MU outside the coverage region of - .
its home AP. As shown in Fig. 1, an inactive MU may beY: = /g:h, ,, S0+ Z VG(|wi —ylDhy, 8y +Zis (2)
located inside the coverage area of a neighboring AP, but it y€®\{o}

nnot receive an t nnecting to the neighboring AR
ca ho ece eka. y data bydCO EC |g Od € neg bOh 9 1The variabler in G(r) is actually normalized by a reference distance
as the network Is assumed to be closed access. The same ror example, in cellular networks, typical distances foy.; are on
situation also applies to an active MU that is much closete order of a kilometer for macro-cells, of hundred meters for pico-/micro-
to a neighboring AP Compared to its home AP. cells and of several meters for femto-cells [26]takes the same _units as
The received sianal by an MU is impaired by both fadinDref. In the current paper, and in most related other works in the literature, it
g y p y f assumed t_halDref =1 unit di_stance. Th_e_reforg, bothand D in this paper
and path loss. We assume that the path loss value betweemaarbe considered as normalized quantities with respect to the unit distance.
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where g; is the intra-AP path loss value of MW, Z; is utilizing the derived extreme value distribution approximation
the CN (0, 1) additive background noisé, ., is the T-by-1 results.
complex vector containing fading coefficients between the MU When considering théSINR expression in (3) given for
at u; and the AP at the origin. Similarlyy, ., is the T-by- a multi-AP OBF communication system, it can be seen that
1 complex vector containing fading coefficients between thg, . ., is exponentially distributed with unit mean,e,
MU at u; and the AP located at. We assume that the fadingx,, ,,. ,, ~ exp(1). This means that due to being summations
coefficients are i.i.d. random variables drawn fréii" (0,1).  of i.i.d. unit mean exponentially distributed random variables,
Let vo,u;,m be the receivedINR value at the MU located 7, is distributed according to(M —1,1) and 1, is distributed
at u;, corresponding to beamn transmitted from the home according toI'(M, 1), whereT'(k,§) represents the gamma
AP. The first term on the right hand side of (2) represengstribution with shape parametgrand scale parametér By
the received useful signal. The second term represents thgng these observations, we first present the auxiliary result
interference signals from all interfering APs located according:low, where we condition on the locations of the interfering
to @\ {o}. Thus, Yo, m is given by APs and derive the conditional distribution of tRENR on a
9iXos.m @) beam for the MU located at;.
Yo,us,m = —1 . . J Lemma 1: Consider the AP located at the origine &, MU
(P) F9ilo 2 yeaio Glllui —wD1,y i atu; € Cp. Let ) = &\ {0} represent the point process

where X, m = |hluib07”,\2, I, = 211\11,175”1 Xo.u;, and governing the locations of the interfering APs. For a given
I, = Z;\il X, ., .. Here, we note thak, ., = Ih;uiby,zlg realization of®, the dlstrlbgtlop of théSINR on a peam for

is the (unnormalized) inter-AP interference power at the Mthe MU atu; and communicating with the AP atis given
located atu; arising from beani transmitted by the AP located PY
at y. Each MU feeds back itSINR. information to its home

AP, and the home AP selects the MU with the highelsiR , exp (g,’é) N
on each beam to maximize the communication rate. Therefore, Fu: (t/®,) =1 — )T II Gittui—w), ()
the instantaneous rate on beamrtransmitted from the test AP yED,
at the origin (measured in terms of nats/s/Hz) can be written
as where
te,, =1 <1 n > 4) - 9!
rate,, = log max Yo wu;,m | s Gi(t7ui — y) = 2 .
=y (9: + tG(Jlui —yIN™

where N is the number of home MUs within the coverage
area of the test AP at the origin. Proof: See Appendix A. [ ]
Since theSINR values on a beam at different MUs are
Il. DISTRIBUTION OF THEMAXIMUM SINR ON A BEAM  gependent upon each other through the common randomness
FOR GENERAL PATH LOSSMODELS caused by the point process governing the locations of the
In the system model we put forward in Section I, thénterfering APs, we have first conditioned on the point process
distribution of the maximunmSINR on a beam emerges asof locations of interfering APs in Lemma 1 to remove this
an important parameter for the network performance analysiependency. By utilizing this conditional CDF result for
Indeed, the CDF of the maximum be&iNR value provides individual beams, we can readily obtain an expression for the
us with necessary and sufficient statistical characterizationaafnditional distribution of the maximurSINR on a beam
a multi-AP OBF communication system to calculate outageansmitted from the AP at € ®, which can be written as
and ergodic data rate capacities of the system. We note

that this observation is also correct for the single AP OBF ) | N |
communication systems where the distribution of the beam F (t‘q)o) = HFu (t|¢’o>-
SINR F' was first derived, and then by using the fact that the =1

SINR on a beam is i.i.d. among the MUs, the distribution ofience, the unconditional maximum bestNR distribution
the maximunSINR on a beam was simply obtained by raisings, pe written as

F to the power of N [10]. The calculation of the extreme

value distribution of beanSINR values for multi-AP OBF N exp ( 712)

communication systems becomes strikingly more complicated* (¢) = E, H 1— % H Gi(t,u; — )

due to two reasons. Firstly, the MUs are not equidistant i iy (t+1) e

from the BS, thus theSsINR on a beam is not identically (6)

distributed among the MUs. Secondly, due to the correlatidine dependency among individual be&iNR. values makes
structure of the underlying inter-AP interference field, thi prohibitively hard to obtain an analytical expression for the
SINR on a beam is not independent among the MUs eithexpectation in (6), and therefore we cannot derive a closed
Below, we first present the steps taken towards obtainifgrm result for the maximunSINR on a beam. Towards
tight bounds on the maximum bea$iNR distribution. Then, the resolution of this complication, we formally present two
we elaborate on the performance characterization of muldipproximations for the distribution of the maxim@8iiNR on

AP OBF communication systems further in Section VII by beam by using key tools from stochastic geometry below.
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A. Independent Inter-AP Interference Approximation common assumption made for the modeling of MU locations

We will obtain our first approximation on the maximurm =71 ) ) _
beam SINR distribution by assuming that inter-AP inter- Corollgry 1: Under the mdependgnt inter-AP interference
ference random variables are independent among the M@Esumption, the CDF of the maximuSiNR on a beam
connected to a particular AP, This means that each MU locafégnsmitted from an AP communicating witN' equidistant
in the circular coverage are@p, observes an independenfMUs having the same intra-AP path '055 valyecan be
realization of the point process that governs the locations approximated byF: ,(t) = {1 — m% , Where
interfering APs. This assumption makes the b&diR values
among the MUs connected to the same home AP independent, t > aMg™G(VT)
which, in turn, leads to an easier computation of the maximum @) = g? + Z / e m1 O
SINR distribution on a beam. Thus, under the assumption of m=0”0  (tG(v7) +9)
independent inter-AP interference valuég;, (¢) in (6) can be ~ Next, we will provide another approximation for the CDF
approximated as of the maximumSINR on a beam transmitted from an AP.

M—-1

B. Perfectly Correlated Inter-AP Interference Approximation

exp (g}) - We will obtain our second approximation on the maximum
T - —2 k| [ Gittw—w) || @ et . | .
J (t + 1)Mq @, b Ui —Y : beamSINR distribution by assuming that inter-AP interfer-
=1 e, ence random variables are perfectly correlated among the MUs

This means that we can obtain the distribution of theonnected to the same home AfPhis assumption makes the
maximum beamSINR by first obtaining the bean$INR conditional bean$INR values (conditioned on the interfering
distributions of the MUs connected to the AP at the origin, arfdP locations) among the MUs connected to the same home
then considering the product of these individual be#iNR AP independent, which again leads to an easier computation
distributions. These ideas are formally presented through ®lethe maximumSINR distribution on a beam. Under this
following theorem, and intuitively, this approximation should@ssumption, by using the stationarity propertydgf, F™* (t)
give rise to a close match to the actual scenario for APs havitig(6) can be approximated as
large coverage radii since MUs are expected to be further . *

- : () = FE ()
away from each other in this case, and the spatial correlation

coefficient of inter-AP interference will diminish to zero for A N exp (gjfp) ~
large distances [27]. SEp [[][1- PR Il GEw]|. ®
Theorem 1. Under the independent inter-AP interference =1 yeD,

assumption, the CDF of the maximuSINR on a beam where we average over the location process of the interfering
transmitted from an AP communicating witii MUs having APs after considering the product of the individual beam
intra-AP path loss valuegg;}\, can be approximated by ~ SINR CDFs of the MUs to obtain our second approximation
N on the maximum bean$INR distribution. Intuitively, this
* (1) = H ll _ e’q’(_W] 7 approximation is expected to give rise to a close match to
i (t+1) the actual scenario for APs having small coverage radii since
the MUs are expected to be close to each other in this case

where Mt and the spatial correlation coefficient of inter-AP interference
t © wAtgmG(/T) will increase to one for small distances [27]. We will first
arilt) = g;: P + mz_:o/o (tG(\r) + gi)m+1 " presenF an 'auxiliary result that we will use to derive the above
- approximation.
Proof: See Appendix A. ] Lemma 2: For any collection of real numbess,, ..., ax,

If we consider the expression obtained féi;; more e have
closely, the first term of the functiom;; represents the N
. . s

effec_t of the background noise on the maximum bﬁmR_ H (1—a;) = Z (_1)\ | H as,
distribution, and the second term represents the effect of inter-
AP interference on the maximum be&iNR distribution. On '
the other hand, tha/(t+ 1) " term arises due to intra- Where we takg [;cga; = 1 if § = ¢. o .
AP interference. For example, i/ = 1, i.e, single rank The lemma can be easily proven by using induction, and
transmission, this term vanishes since using a single beHrefore, omitted in the paper. As an example for the use
eliminates intra-AP interference among the MUs connect&fiLemma 2, we getl —a1)(1 —az)(1 —a3) =1—a1—az —
to the same home AP. Through the following corollary, wés + @102 +aiaz +azaz — ayagaz for N = 3. Also note that
will further simplify the result in Theorem 1 to a scenaridf @1 = a2 = ... = ay = a, Lemma 2 simplifies to the well
where theN MUs communicating with the AP at the originknown binomial expansion.
are equidistant from it. In other words, it is assumed thaivall o , ,
MUs receive signals from their home AP at the same aver The term representing inter-AP |nterfere'nce' consists of both path loss

_g . i e alfies and fading coefficients. The correlation is with respect to path loss
power. In the literature associated with OBF, this is the mogtiues. The fading coefficients are still considered to be i.i.d. random variables.

i=1 sc{1,...,N} =
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Using the result in Lemma 2, the perfectly correlated inteobtained for the two cases as well. By binomial expansion,
AP approximation is formally presented in the followingFy,(¢) in Corollary 1 can be written as

theorem.
Theorem 2: Under the perfectly correlated inter-AP interfer- N (12’) (_1)i
ence assumption, the CDF of the maxim8iiNR, on a beam Fra) =1+ Z 14 p)i(M=1)
transmitted from an AP communicating witi MUs having = (1+1)
intra-AP path loss value§g; }~ , can be approximated by < oxp < it iﬂil/oo TAtg™G(VT) dr)
(-1’ 9P Zodo (G 9™
Fo(t) = Z T S|r—1) XP (—a2(t,S)), . . . .
SCmN) (1+1) . From a more practical point of view, t.he analytical structural
differences in these two approximation results help us to
where understand the statistical behavior of maximum bedNR
©.5) Z n o oc<1 gM ) ; values for a multi-AP OBF network at the two extreme cases
27, = ﬂ' — - r. L .
q 2 o P ) Lo tG(\/?))M of large and smallD. The extreme value distribution of the

beamSINR values in the actual scenario is expected to lie in

Proof: See Appendix A. B between these two limiting cases, a point which we illustrate

Compared to the result in Theorem 1, the result in Theoreamdetail numerically in Section VII. We should also note that

2 is less tractable analytically. Even, numerical evaluation g/ direct observation of the results in Theorems 1 and 2,
not straightforward whemV is large. Therefore, we resort toand Corollaries 1 and 2, we can see that the CDF of the
the equidistant assumption again, where the AP communicatesximum SINR on a beam transmitted from an AP goes
with N equidistant MUs. If the MUs are equidistant with &0 one exponentially fast with increasing AP intensity and
common intra-AP path loss valug (8) can be simplified as decreasing intra-AP path loss values.

N
—t
exp (ﬁ) g™ IV. OBF FORNETWORKS WITHHETEROGENEOUSAPS

M-1 M :
E+ 17 ce (g +1G(lyl) In this section, we will extend the results obtained for

] ) - single tier multi-AP OBF wireless communication networks in
This assumption does not only make the conditional beaga tion 111 to ak-tier heterogeneous network, with each tier

SINR. values (conditioned on the interfering AP Iocations}node”ng a particular class of network. Lt= {1,..., K}
among the MUs connected to the same home AP independgjdl, ihe set of network tiers. In such a multi-tier network
but also makes them identically distributed. The Simp"ﬁegonsisting of heterogeneous APs, the AP locations ofkthe
maximum SINR, distribution is formally presented in thetier, wherek € K, are usually modeled using a homogenous
following corollary. _ _ spatial PPRD,, of intensity A, [31], a model which we also
Corollary 2 Under the perfectly correlated inter-AP in-5) 16,y in this paper. We will use the same notations given
terference assumption, the CDF of the maxim8ilNR on i, section 11, with an added indek € K when necessary to
a beam transmitted from an AP communicating Wit epresent the parameters of an AP in kit tier, e.g., Dy, Mj
equidistant MUs having the same intra-AP path loss v@lue;ng p, represent the coverage radius, number of orthogonal
can be approximated by beams, and the transmit power per beam for an AP inktier

Fgor (t) £ E<I>'O 1-—

N (NY/ 1y o respectively.
. i) (—1) exp(—qa,i(t ) . -
F.(t)=1+ Z ()Y W\g_lf' ( )), Consider an AP in tiek € K located at the origim € @,
i=1 (1+1) and an MUq located atuy ; € Cp, that communicates with
where the AP located ab. Here, Cp, represents the disk centered
) Mi—1 at the origin with a radiud),. Note that the coverage radius
it © TAtg™G(T) : ; ; ; ;
G.i(t) = — + Z —dr. will be different among tiers, with macro APs having large
’ gP = Jo (G(/r)+g)" coverage radii and the femto and pico APs having relatively

Proof: See Appendix A. small coverage radii. The receivésINR value v, y,, ; m Of

[ ]

Note that there is only a subtle difference in the derivatioi@® MU located at ; corresponding to beamn transmitted
of the two approximations in Theorems 1 and 2 above. ffom the AP ato is given by
the independent inter-AP interference scenario, we performed Gr,iPeXouy, 1m
averaging over the reduced Palm distribution of the interfering Youp,iym =~
AP locations before calculating the extreme value distribution
for beamSINR values, whereas we calculated the condition¥here
extreme value distribution for the bea®iNR. values first in
the perfectly correlated inter-AP interference scenario and thenfo,ux,i;m = 1+ 9k Pelo+ > Glluki—yel) Pely, +

: ©)

Ioﬂl«k,i,m

averaged over the reduced Palm distribution of the interfering yr @i \{o}

AP locations to remove conditioning. Further, by focusing on K

the two simplified expressions in Corollaries 1 and 2, we can > Y PiG(luki — yslDIy, .
observe subtle structural differences between the expressions I=1,j#k y; €2;
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gk IS the intra-AP path loss value of Mu at ug,, where

My,
Yoo, = g, Baml's Io = Tl Kot a0 P (" GO
= lel yj,u“,z for j € K. The mstantaneous rate oni1,ki(t =5 Pk Z Z/ (LP,G(\/r 5y dr
beamm transmitted from the AP at (measured in terms of Pt j=1 m=0 VT) + ki)
nats/s/Hz) can be written as We will obtain our second approximation on the maximum
beamSINR distribution by assuming that inter-AP and inter-
rate,, = log (1+ nggX Yo u,“,m>, (10) tier interference random variables are perfectly correlated

among the MUs connected to the same home AP. This
where N, is the number of home MUs within the coveragassumption again makes the conditional be&®iNR values

area of the tier-iest AP at the origin. (conditioned on the interfering AP locations) among the MUs
Note that compared to (3), (9) has an extra termonnected to the same home AP independent. In the following
Zf 1k 2oy, PiGlues — wj5l[)1y, in the denominator theorem, we extend Theorem 2 to its respectiier version.

that represents the effect of the interference from the APs inTheorem 4: Consider an AP belonging to tidr € K and
all other tiers except tiek € K. We call this term inter- commumcatlng withV,, MUs having intra-AP path loss values
tler interference. As is done above, it can be shown th{agm} . Under the perfectly correlated inter-AP and inter-
I,, is distributed according to the gamma distributior,, tier mterference assumption, the CDF of the maximsiiNR,
I, ~T'(M;,1). Thus, inter-tier interference can be dealt witlon a beam transmitted by the AP can be approximated by

by following the same approach used to deal with the inter- (_1)\5\
AP interference in the single tier scenario. To this end, ther , () = Wexp(—qz,k(tﬁ)),
conditional distribution of bean$INR values in Lemma 1 SC{1,...,N} (1+1) :
can be easily extended to the case of heterogeneous netwg\;hgre
with K-tiers. That is, for a given realization of the interfering
APs ®! = {®; \ {o}} UUf{:l’j?ﬁ,C ®;, the distribqtiorj of the @i, S) = Z t
SINR on a beam of the MU at,, ; and communicating with = 9P
the AP ato € @y, is given by K (P ')M].
+ Zﬂ)\j/ <1 — H ROk, 7 ) dr
Fu,, (t1®}) = s 0 ios (ghiPe + tPG(7) Y

The proof of this theorem is also skipped to avoid repetitions.
Next, similar to what was done for the single tier scenario,

M
exp (gk LPk> H g}wk

M —1 M
e+ yea foy ki + G (llurg —yl) ™" we will further simplify the results in Theorems 3 and 4
K (P _)Mj by assuming that the MUs are equidistant from the serving
H hGk,i . (11) AP. The results for the independent inter-AP and inter-tier
i1k zed, Ghibe + PG (ks — 2[)™ interference case and perfectly correlated inter-AP and inter-

a'l?r interference case are presented in the following two

To obtain this expression, we have fixed the locations of
corollaries.

APs (except the AP at) in tier &k and the locations of those i . . .
other APs causing inter-tier interference. Compared to (5), (113C0rollary 3: Consider an AP belonging to tiér € K and

mmunicating withN;, equidistant MUs having the same
also contains an extra term, which is due to the effect of |nter . .
tier interference. intra-AP path loss valugy,. Under the independent inter-

. . . AP and inter-tier interference assumption, the CDF of the
As discussed in Section lll, an expression for the d'maX|mum SINR on a beam transmitted by the AP can be
tribution of the maximum bean$INR is hard to obtain. y

Thus, we provide two approximated distributions below. Thaepproxmated by

expression in (11) can be used to obtain these approximations exp (—qs.i(t)) i

by following similar concepts/steps to the ones used in the Frar() = l - Mrl] ;

single tier analysis in Section Ill. For the first approximation, (t+1)

we will assume that the random variables representing intéhere

AP and inter-tier interference are independent among the MUs K M-

connected to a particular AP. With this assumption, we extengl (¢ Z Z / AL (Pugi) ™ G(\Qi)rtl dr
Theorem 1 to its respectiv& -tier version as follows. The Pk j=1 m=0 (P, G(Vr) + 91 Pk)

proof of this theorem is skipped to avoid repetitions. Corollary 4: Consider an AP belonging to tidr € K and

Theorem 3: Consider an AP belonging to tiek € K communicating withV;, equidistant MUs having the same
and communlcatmg withV;, MUs having intra-AP path l0ss intra-AP path loss valugy,. Under the perfectly correlated
values {g;},"",. Under the independent inter-AP and intefinter-AP and inter-tier interference assumption, the CDF of

tier interference assumption, the CDF of the maxim$iNR  the maximumSINR on a beam transmitted by the AP can be
on a beam transmitted by the AP can be approximated by approximated by

Nk _ . N (NEY (=1) exp (—qo i
F}tld,k(t) = ljll [1 - eX(I:_(F f;}»];,il_(?)] ’ c*or,k(t) =1+ Zl ( L ) ((11_)|_ t)il()j\gk—qf),k, (t))v
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where A similar approach can also be used to extend the results in
iM;— Theorems 3 and 4 to a scenario where the MU locations are
it SIS 0N Py (Pag)™ G/ g
Qori(t) = +Z Z rdr. random.
9Py o (tP;G(r)+ giPy)

j=1 m=0
’ VI. APPLICATIONS FORSPECIFIC PATH LOSSMODELS
V. EXTENSION OF RESULTS FOR RANDOMMU LOCATIONS The results above are presented for general path loss models.
Note that we have assumed that the intra-AP path Ioksthis section, we apply our results to two well known path
values are fixed positive real numbers in the previous sectiolf¥ss models, and in Section VII, the resulting expressions will
This is done to ensure clarity in the results in Theoremsbe used to provide some further insights, and concrete exam-
and 2. However, according to conventional assumptions wheles illustrating the applications of the derived results, using
stochastic geometry is applied to model wireless networkdjmerical evaluations. For the applications, we will only focus
both APs and MU locations are assumed to be subject @b the results derived under the equidistant MU assumption in
PPPs, albeit with different intensities. In this section, we wifforollaries 1, 2, 3 and 4 as they can be much effectively and
discuss how the results above can be extended to a scen@#gily used to provide further insights on the results, and to
where both AP locations and MU locations are random. Tdustrate the validity of the two approximations (independent
this end, consider that the set of MUs communicating withand perfectly correlated) for different network settings. We
particular home AP is distributed over the coverage area \fll again start with the single tier scenario. To this end, we
this AP according to a PPP. More specifically the set of MUPserve that only the integral expression appearing in both
communicating with the AP at € ® is distributed over the Corollaries 1 and 2 depends on the functional form of the
disk centered ab with radius D according to a PPRyy,, Path loss model, which is given here again as
of intensity A\yiy. This means that the number of MUs inside ' Atg™G(\/T)
the coverage ared' is a Poisson distributed random variable Qm(t) = / T dr
with mean\yy7D?, and all MUs are uniformly distributed o (tG(Vr)+9)
over the coverage area given a particular realizationVof Thus, it will be enough to simplify this integral expression
Therefore, the intra-AP path loss values are now random, diiither to understand the effect of the specific functional
they are governed by a path loss modg&|y(r), wherer form of the path loss model on the maximum be&iNR
is the distance between an MU and its home AP. We célistribution. To this end, we will use two commonly used
Gwau the intra-AP path loss model. Similar 16, Gy is  Path loss models in the literature. The first one is a bounded
general and it can be any function that is continuous, positivegth loss model while the second one is an unbounded path
non-increasing, and’\y(r) = O (r~*) asr grows large for loss model. For the bounded path loss model, the path loss
somea > 2. Note that the intra-AP path loss values will bdunction G takes the functional form of(r) = (1 + 7)™,
identically distributed among a set of MUs communicatinghere o > 2 ( eg. see [10], [32], [33]). This bounded
with a particular home AP. Since the MU locations ar@ath loss model is also used in our numerical evaluations
modeled using a PPP, and sin6gy is non-increasing, the to illustrate network performance figures. For the unbounded
CDF of the intra-AP path loss of an MU can be written as path loss model, we use the classical unbounded path loss

(12)

1 2 function G(r) = r—¢, wherea > 2 ( eg., see [25], [31],
Gnu(g) =1 — {GMU(Q)] [34]), which is the most commonly used path loss model in
D ' the literature. Our results simplifying the integral expression

in (12) for these specific selections of path loss models are
6g_iven in the following corollary.
Corallary 5: For the path loss model taking the fori{r) =

Here, we defin&y; (9) asGyyy(g) = inf {r : Gymu(r) < g}
In this context, the results in Theorems 1 and 2 c

be considered as the CDFs of the maxim@$iNR on a

beam conditioned oV andg = {gi}f;l, i.e, Fr4(tlg,N)

and F (t|g, N), where g;'s are now independent random <m+ 2 _ 1) 2\72 <t>3

r=% for a > 2, @, (t) in (12) can be written as
2
variables distributed according to the CDF derived above. @m(t) = 7)) <\ ) (13)
The distribution of the maximun$INR on a beam can be ) . _
obtained by averaging over the location process of the MUdNd forG(r) = (1+7%) ", wherea > 2, it can be written
To this end, averaging over the i.i.d. intra-AP path loss valu@$§
gives usFy  (t|N) and FZ (t|N). Similarly, by observing 273t (%) < 2 t
t csc X oI
1

m «

that Pr{N =n} = {e‘*MU’TD? (AmumD?)"| /nl, we can m(t) = ag mtLl=gib=g)
remove the condition on the number of MUs, and obtain the ) : 4)
distribution of the maximunSINR on a beam. Although the WhereéF1 represents the Gauss hypergeometric function [35].
idea of unconditioning the expressions in Theorems 1 and 2 Proof: ForG(r) =r=%, @m(t) in (12) can be written as
over g and N is rather straightforward, the unconditioning g\m [ rest

does not lead to any simplification of the expressions. In Qm(t) = mA (g) /

fact, it further complicates them. Therefore, without formally 0 (
presenting the results, we just discuss the idea of extendiMgking a variable change? = v and using the techniques
our results to a scenario where the MU locations are randoimtroduced in [35] for further simplification leads to (13). Since

——dr.
gre/t+ 1)m+1
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the proof of (14) follows along the similar lines, we skip it to

avoid repetitions. [ ]
Results for the heterogeneous case can be obtained by
focusing on

o [T TP (Pegr)™ GGV dr
Qm,;(t) /O (tP;G( /1) + ngk)m+1 ,

which is the integral expression appearing in both Corollaries
3 and 4 that depends on the functional form of the path loss
model. It is not hard to see that taking the results in Corollary
5 and replacing\ with A; and g with g P./P; will give us
the required extension to the heterogeneous AP scenaxjo,
Q. for G(r) == andG(r) = (1 +r*)"", wherea > 2.
We do not formally present these results to avoid repetition.
By focusing on the bounded path loss modg(r) =
(1+7*)"" and the respective maximum beafNR distri-
butions given through Corollaries 1 2 and 5 for this path loss
model, we will provide some numerical evaluations in the next
section to illustrate the applications of maximum beBivR
distribution approximations derived above.

Probability

rosf

abil

rob:

A 0.4r

VIl. NUMERICAL EVALUATIONS

In this section, we will demonstrate the utility of analytical
results obtained for general network models by focusing on
specific communication scenarios through numerical evalua-
tions. We only focus on the single tier networks to keep the
notations simpler. However, the same qualitative conclusions (b)y D=5
continue to hold for other selections of the system parameters ) )
as well as HetNet scenarios. We assume that the MUs glr% 2. The behavior of the CDFs for sparse networks with 0.05.
equidistant from the home AP and without any loss of gend€sults (including both independent and perfectly correlated
ality, we assume that the MUs are located at the edge of théer-AP interference cases) for the CDF of receidd'R
coverage area. That is, the distance to the home MUs from‘éues at MUs are illustrated in Fig. 2(a), along with the
AP is D, which is the radius of the coverage area. To this entgalistically simulated CDF of the receiveSINR values.
we consider four separate communication scenarios differiRf the other hand, Fig. 2(b) demonstrates the approximation
from each Other W|th respect tD and the average numberresults fOI’ a network Consisting Of APs W|th relatively |al’ger
of interferers per coverage areai.e, u = ArD2. All other coverage radii but again sparsely distributed in terms of inter-
network parameters are kept constantiés= 2, N = 20 and AP interference power levels (i.€2 = 5 andy = 0.05) when
o — 4. compared with the network model used to sketch Fig. 2(a).

We set the intra-AP path-loss value o= (1 +Da)*1 In Fig. 3, we focus on network models that are highly
and assume that the transmit powers per beam are controfléfise in terms of inter-AP interference. In particular, Fig.
such that all beams are received with an avenamiepower, 3(a) demonstrates theINR CDFs (both approximated and
i.e, Pg = 1. We note this assumption implies that increasinggalistically simulated ones) for a network consisting of APs
D results in APs transmitting at higher power levels, andith small coverage radii (i.ep = 0.5) and large inter-AP
as a result, MUs have the same recei®XR in all four interference power levels (i.g, = 1), whereas Fig. 3(b) gives
communication scenarios studied. This is necessary to hamalogous results for a network consisting of larger coverage
a fair comparison among different communication scenariégdii (i.e, D = 5) and having the same inter-AP interference
studied in our numerical evaluations. We note that, withogower level with the network in Fig. 3(a). Next, we compare
such a normalization, our approximation results automa@ind contrast the results obtained in Figs. 2(a) and 3(a).
cally become more accurate with increasing coverage radiiWe observe from Figs. 2(a) and 3(a) that when the coverage
as increasing the communication distance makes the receivadius is small, the perfectly correlated inter-AP interference
SINR CDFs more concentrated around small values with shagpproximation gives rise to a close match to the actlidlR
dynamic ranges. in both sparse and dense networks. This observation provides a

For the first communication scenario, we $et= 0.5 and quantitative justification for the intuition that led us to propose
u = 0.05. These selections of network parameters mean ttihe perfectly correlated inter-AP interference approximation
the network model of interest consists of sparsely distributéal the maximum bearSINR distribution in Section Ill. That
APs having small coverage radii (in terms of the inter-Al, it is anticipated that the MUs communicating with AP
interference power levels) over the plane. Our approximatiavith small coverage radius are located close to each other,
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we set the mixing coefficient t0.5, and an optimal selection

of this coefficient relies upon the correlation between the
SINR values considered for choosing the best MU with the
maximumSINR for downlink communication at each beam.
As seen in this figureF?,, (¢) fits to the maximum beam
SINR distribution more closely for most values of interference
levels. In fact, the approach proposed above is just a heuristic
one. For a more rigorous treatment of this problem, one first
needs to determine a metric to measure the distance between
F* and F,, such as the Kullback-Leibler divergence or the
Kolmogorov-Smirnov distance. Then, the mixing coefficient
1 that minimizes the distance between two distributions can
be found either numerically or analytically, whichever more
convenient to carry out, for given values &f and A. This
process can be repeated initially for all possible pairs\of
and D, and the respective optimal mixing coefficients can
be tabulated. Then, for any give and )\, the system
implementer will readily have access to the optimal mixing
coefficient, or at least a near optimal mixing coefficient given
that the exactD or A is not to be found in the table. A final
remark is that we have also provided simulation results to
validate the expressions obtained for the two approximations in
Fig. 3(b). We have simulated over a 12020 rectangular area,
and we have considered 350000 realizations of the Poisson
process. For clarity, we have omitted these simulation results
3 in Figs. 2(a), 2(b) and 3(a).

It is important to note that};;, and F,. do in fact provide
byD=5 a lower bound and arupper bound to the actual maximum
beamSINR distribution in Figs. 2 and 3, respectively. This is
a rather intuitive observation. For the perfectly correlated inter-
and the spatial correlation coefficient of inter-AP interferencgp interference approximation, we assume the collection of
increases to one for small distances [27]. Large spatial Corgfstances/path loss values between an MU and its interfering
lation implies that all MUs experience more or less the samgs to be the same for all MUs connected to a particular AP,
inter-AP interference value, which leads to the above observ,g-_:-gr the independent inter-AP interference approximation, on
phenomenon of close match between the actual CDF and{{g other hand, we assume that the collection of distances/path
perfectly correlated inter-AP interference approximation. |oss values between an MU and its interfering APs consists

On the other hand, we observe in Fig. 2(b) that the indef independent random variables among the MUs. Thus, the
pendent inter-AP interference approximation performs betiggamSINR values vary more significantly from one MU to
for sparse networks when the coverage radius is large. Thisother one in the independent inter-AP interference case than

observation is also expected because MUs are located far awt@y variances of those in the perfectly correlated inter-AP
from each other when the coverage radius is large, and the Spgerference case.
tial correlation coefficient of inter-AP interference diminishes The maximization operation to choose the best MU achiev-
to zero for large distances [27]. However, the auto-correlatighy the highest rate on each beam (isege (4)) benefits from
function of the spatial interference field increases with interfeguch a higher variance in the independent inter-AP interference
ing AP density, and therefore how large the coverage radiggse. To put in other words, we can better exploit multiuser
should be to make interference values uncorrelated depe@gi#rsity gains when the correlation structure of the beam
also on the network density. In particular, we see in Fig. 3(BINR values leads to larger dynamic ranges for the maximum
that when the coverage radius is large and the networkggéamSINR CDF [36], which is the case in the independent
dense, the independent inter-AP interference approximatigifer-AP interference approximation. In the actual scenario,
does not perform well, neither does the perfectly correlatée inter-AP interference will neither be perfectly correlated
inter-AP interference approximation. For such cases wheigr independent. Therefore, it will lie in the middle ground
both of the propose@INR approximations do not perform between these two extreme cases, and that's why we observe
well, a plausible approach is to use a convex combination pﬁld and F. as lower and upper bounds to the realistically
the two proposedINR distribution approximations to bettersimulated CDF of the maximum bea$iNR in above figures.
fit the actual maximum bearsINR CDF. We can use Figs. 2 and 3 to get insights into the hetero-
To illustrate this point more clearly, we provide an exgeneous AP scenario as well. In general, the heterogeneous
ample combination ofF (t) and F},(t) as FJ;.(t) = AP scenario will lead to denser deployment of the APs due

0.5F% . (t)+0.5F7 4(¢) in Fig. 3(b). In this particular example, to interfering APs in different tiers. Therefore, Fig. 3 will be

Probability
o
2]

1N
&

Probability

Fig. 3. The behavior of the CDFs for dense networks wyitk= 1.
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of more relevance. This figure tells us that when the covera

radius is small, the perfectly correlated scenario will be a bett !
fit, and when the coverage radius is large, the mixing techniq 0
will provide a better fit. This means, for pico and femtc 0s
APs, the approximation obtained using the perfect correlati - - - Fole - 1)

Pr(Beam Outage)
S Fhde-1)

assumption in Theorem 4 and Corollary 4 will be better suite
for performance evaluation. On the other hand, the mixir
technique will be better suited for performance analysis
macro APs and other APs having a large coverage radil
Alternatively, we can numerically evaluate the results obtaint
in Section VI with regards to the heterogeneous AP scenar 03
and obtain similar insights. However, we are skipping these
avoid repetition of figures that look similar to each other.
The utility of our CDF approximation results becomes mor A
prominent when we consider obtaining performance boun e
for Poisson wireless networks operating according to OBF. farset Data ftate ¢ [Nato/o/He)
particular, these approximations can be used to analyze some
important performance measures such as outage probabiity 4. Beam outage probability fdd = 0.5 and . = 0.05.

Beam Outage Probability
o
o

and ergodic capacity for multi-AP OBF systems. Starting TABLE |
with outage probability calculations, we consider fixed rat@veERAGE ACHIEVABLE RATE OF AN AP PER BEAM (NATS/S/HZ). (M = 2,
communication on each beam for delay sensitive traffic. In this N =20AND a =4.)
ili aX 7=
case, the beam outage probability becomes a relevant metrictrrerence =05 T D=05 1 D=5 [ D=3
measure the system performance. Considering an AP located w=005| p=1 | u=005| p=1
at the origin and a particular beam, say beamwithout loss lAndepflendem i-gigg 85;«22 ﬁgg; 8-22?3
H : ctua . . . .
S
of generality due to symmetry among beams and Slivnyakisgere e oremied 10082 | 02323 | 11189 | 04291
Theorem, the beam outage probability can be written as VX 1.0208 0.2401 11239 | 05101

Pr (Beam Outage

: <
Pr {log (1 + 121135\] 70,1,77&) >~ t}

= F*(e"—1) M
Rergodic = E log { 14+ max 7o.im
for a target data rate. If an outage event occurs at a beam, © 2 an_:l s < 1SSy To )]
this beam cannot be scheduled for reliable communication oo
until it faces better channel states. Using our independent = M/ Pr{log (1+1r<nii>§vvo,¢,m> > t} dt
and perfectly correlated inter-AP interference approximation b -
results, we can upper and lower bouRd(Beam Outagegs = M/ (1 — F* (et - 1)) dt,
0
ima (e — 1) < Pr(Beam Outagp< Fy;,, (¢' — 1), where we used the property thiaig (1 + max;<;<x Yoim)

. o . s always a positive number to write the first identity. Hence,
which are quite tight bounds, especially for target rates greabgr ysap Y

than1 [nats/s/Hz] as depicted in Fig. 4. Further, these bounds$™s°# can be upper and lower bounded as
can also be utilized to estimate the outage capacity of a multi- o0
AP OBF communication system, defined as the supremu
of target rates that can be sustained by each beam without )
exceeding a given threshold level for outage probability. M/ (1= Fpa (' =1))at.
Fig. 4, we only demonstrate beam outage probabilities for 0 .
sparsely distributed OBF Poisson wireless networks consistinglaPle | tabulates the average achievable rate of an AP per
of APs with small coverage radii. The other three scenari§§am for the four scenarios considered in Figs. 2 and 3. In this
considered above to illustrate our approximation results for tfRP€, we also provide average achievable data rates obtained
distribution of the maximum bearINR values have been through using the mixing approach to approximate the maxi-
omitted to avoid repetitions. mum beantINR distribution with the mixing coefficiend.5,

The same approach can also be used to obtain ergodic détal” (t) = FLix(t) = 0.5F, (1) +0.5F,4(¢). We recall that
rates for multi-AP OBF communication systems. Considerirfg€ Strategy of approximating™ (¢) through mixing ofF%,, (¢)
an AP located at the origin, we can write the aggrega?é‘dFi;d(t) works fine when neither the independent inter-AP

average data rate that can be sustained to support relidBfgrference approximation and nor the perfectly correlated
communication of delay insensitive data as inter-AP interference approximation comes close enough to

F*. Indeed, from Table |, it can be seen that both independent
3A similar calculation was carried out for single AP OBF communicatioﬂlnter'AP !nterference approx!mau.on and perfeCtly correlated
systems in [10]. inter-AP interference approximation very well match to the

(1 - F (et - 1)) dt < Rergodic <

cor
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realistically simulated ergodic data rates in the first three casdsen, by conditioning od,, and{I,} yed! s and by using the
when the network either contains APs with small coveradact thatX, ,, ., ~ exp(1), we get

radii or it is sparse in terms of inter-AP interference values.
On the other hand, the approximated data rates obtained b¥) |
using F* ., (t) match to the actual data rates much better when' ' Dowussam > 1%, } t .
the network contains APs with large coverage radii and large ! -
inter-AP interference levels. The s%me exple?nations regard?ng =Er, [eXp ( to zlwm> ’ ® } P (giP)
the suitability of each approximation also hold for outage i ] e —t
probabilties, which we do not restate here to avoid repetitions. = 1 ¢ "] E {e " ‘ (I)O} P <g¢P>' (15)

Furthermore, sincé, is aT' (M — 1, 1) distributed random

VIIl. CONCLUSIONS variable, we have

- - - B e y(t+1)y]\/1 2 1
In this paper, we have introduced a model to study both sin-Ez, [e™"] = / dy = 1 (16)
gle tier and multi-tier multi-AP opportunistic communication 0 P(M —1) (t+1)

systems, in which wireless access point locations are modeled

using a Poisson point process, and that operate accordfg® note that{Z,} ., form an ii.d. collection of random
to the classical opportunistic beamforming framework. Thériables with common distribution(2/, 1), hence we obtain
received signals at MUs are impaired by both fading and

location dependent path loss. Considering a closed-access [e*gﬁfs"m (I)!} _ H E ew
network, where each AP communicates with a multitude of Ly ° Ly

non-equidistant MUs, and communication scheduled to the yed, o
MU having the besSINR on each beam, we have focused — H 9i (17)
on the distribution of the maximum bea$iNR by using key yed! (g + tG(|Ju; — y|))™

tools from stochastic geometry. TI$NR values at MUs are
dependent on the point process characterizing the locatio
of the interfering wireless access points. Thus, obtainirit
an expression for the distribution of the maximum beam
SINR, becomes untractable due to the maximization of
set of correlated random variables. Towards the resolution

of this complication, we have provided two tight distribution

approximation results. The derived distribution approximatioB. Independent Inter-AP Interference Approximation: Proof of
results have been validated through simulations and numeritgkorem 1

evaluations. In particular, we have shown that for APs with

small coverage radii, the approximation obtained by assumingNote that®! is a PPP of intensityA on R? since the
perfect correlation gives rise to a close match to the actuaduced Palm distribution of a PPP is equal to the distribution
case in both sparse and dense networks. On the other haridhe PPP itself. Hence, by using the probability generating
the approximation obtained by assuming independent intéunctionals for PPPs, and by changing the coordinates from
AP interference performs better for sparse networks whéiartesian to polar and evaluating the resulting integration over
the coverage radius is large. The utility of these distributidhe area of the interfering APs, we have

approximation results has also been illustrated by obtaining

some important performance measures for multi-AP OBF

communication systems such as beam outage probability an@ H Gilt,u; —

ergodic aggregate data rate per AP.

r}fQ'er averaging over all,,y € ®'. Substituting (16) and (17)
19(15) and considering’,, (¢/®)) = 1—Pr {you,.m > t|®,}
glves us (5), which completes the proof.

yed,
= exp —)\/ 1-— Z—M dy
R? i +tG
APPENDIXA N (9 M(”yH))
DISTRIBUTION OF THEMAXIMUM SINR ON A BEAM ~exp (A/ (1 B gZM> 2mdv>
0 (9; +tG(v))

A. Given Realization of AP Locations: Proof of Lemma 1

= exp (—m\t Z / tG U+ gr)>m+1 dr) (18)

after a variable change® = r, some algebraic manipulations
| } and factoring the binomials. Substituting the resulting expres-

Let Lsum = >- e (o} Glllui — yl[)1y. We have

giXo,ui,m

— >t
(P) —+ giIo + Isum

o

P sion in (7) gives usFy; (), which completes the proof.

Pr {Yo,ui,m > t|®h} = Pr{
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C. Perfectly Correlated Inter-AP Interference Approximation:
Proof of Theorem 2

By using Lemma 2F . in (8) can be written as

(4]

5

—

Fcor ( ) [6]

- <)M )

= Eq:‘o Z éi (t, y) [7]
SC{1,..,N} i€S yeD!
(—1) []eg 5P ]
- siorn e | 11 TT @iy
scitny (1+1) yed! icS

9
Now, by resorting to similar steps used in the proof of[]
Theorem 1 (i.e,, by using the probability generating functionals
for PPPs, by changing the coordinates from Cartesian to p
and evaluating the resulting integration over the area of the
interfering APs), we get

yeD! i€S
M
9i

= exp )\/ 1 —(gz T

A variable change? = r and some algebraic manipulations
completes the proof. [14]

(11]

(12]

2mvdv
[13]

D. Perfectly Correlated Inter-AP Interference Approximation:

Proof of Corollary 2 [15]
If g =g forallie{l,...,N}, the result in Theorem 2 16
simplifies to [16]
(—1)% e ti/gP (17)
Fc*or =1 +
; 1 -|-t i(M—1)
r (18]
H glwi
X Eg: —_—
e, (9 + Gy 9
Directly from (18),
[20]
Mi
9
Eo! T 21
H (g +1G(yl)™ | 24
Mi—1
exp [t Z / W)MH A
(g+ tG V)
which completes the proof. [23]
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