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Exact Filters for Doubly Stochastic AR Models are used to obtain target orientation measurements from which
with Conditionally Poisson Observations information about the state of the Markov chain can be obtained.
These measurements are then used in conjunction with the noisy

Jamie Evans and Vikram Krishnamurthy observations of the state (position, velocity) of the target to estimate

the true state. It is usually impractical to implement the optimal filter

Abstract—n thi the authors deri ¢ filters for the state of due to exponential growth in computational requirements with time
strac n this paper the authors derive exact titers for the state o f . . .

a doubly stochastic auto-regressive (AR) process with parameters which [14]. However, if the estlmgte Isf based solely on tr_]e, Ime_lge sgnsor
vary according to a nonlinear function of a Gauss—Markov process. The Measurements then the optimal filter turns out to be finite-dimensional

observations consist of a discrete-time Poisson process with rate a positive[13], [15]. In the absence of state observations, we use the term
function of the Gauss-Markov process. The dimension of the sufficient jmage-basedracking.

statistic increases linearly with the number of observed events. In the model under consideration here the finite state Markov chain
Index Terms—Doubly stochastic models, exact filters, nonlinear filters, representing the mode of the maneuvering target is replaced by a
Poisson observations. continuous-valued random process. This more accurately reflects the

underlying continuum of possible modes or orientations of the target,

I. INTRODUCTION and in fact early work on tracking with orientation measurements did

In this paper we derive optimal (minimum mean squared errofpt discretize the mode space [16], [17].
recursive filters for random parameter auto-regressive (AR) modelsVhen a finite state Markov process is used to model the mode,
in discrete time. The AR parameter varies as an exponential tHe mode is traditionally observed indirectly via a Markov (mode)
polynomial function of a linear Gaussian dynamical System_tﬁpodulated vector Poisson process. This model is based on properties
driving process. The observations form a doubly stochastic, discrefd-image sensors and image processing algorithms. In fact this is
time Poisson process with rate proportional to the square of tAtSO primary motivation for discretizing the orientation space. When
driving process. the orientation measurements are not discretized, the orientation

The vector of statistics required to fully specify the filtered estimaé assumed to be observed directly in Gaussian noise. While our
at a particular time is known as the sufficient statistic for the filtegOntinuous mode and Poisson observation model does not exactly
The new filters we derive here propagate a sufficient statistic witAatch existing models, we believe there is much promise for other
a dimension which increases linearly with the number of observenage-based” applications, especially considering the explicit form
Poisson events. of the optimal filters.

Filtering of doubly stochastic Poisson processes has been conINne paper is organized as follows. In Section Il we define the
sidered in both continuous [1]-[5] and discrete time [6] for botgignal model followed in Section Il by the introduction of a measure
continuous and discrete-valued rate processes. General filtering G@@nge which simplifies derivation of the filters. In Section IV we
sults for doubly stochastic point processes in discrete time Aigrive recursions for filtered densities of the linear Gaussian driving
presented in [7]. Note that [7] uses a different interpretation GOCESS and the random parameter AR model. These recursions are
a discrete-time Poisson process where in each time interval eit§8fved explicitly in Section V for the case when the AR parameter
no events occur or one event occurs. Our model can be seen a8 @& exponential and a polynomial function of the driving process.
generalization of this result which allows any number of events with€ction V contains the main contribution of the paper.
probabilities governed by the state of the driving process. I

A key motivation for studying this problem stems from the authors’ All rand defined initiall h babil
recent study of random parameter AR models where the drivin random processes are defined initially on the probability space

process is observed in Gaussian noise [8], [9]. Several new finif 1, F,P). We begin with the scalar linear stochastic difference

dimensional filters were discovered for these models which is quﬁguatlon

surprising, considering the rarity of such filters. This paper provides

the analogs of these results for the Poisson observation case. Tep1 = App1Tr + e 1)
Doubly stochastic Poisson processes have been widely used in

many areas including optical communications and medical diagnogiserex;, € R with =, a Gaussian random variable with zero mean

[1], teletraffic source modeling [10], and computer network analysithd nonzero varianc€, and A; € R is deterministic. The process

[7]. The model we examine here also appears promising for appliw,} is a sequence of independent, zero mean Gaussian random

cations to general multisensor applications such as image-enhangggables andv, has nonzero varianc@;. The sequencéwy} is

tracking [11]-[13]. In image-enhanced tracking a maneuvering targgisumed independent of.

is modeled by a Markov jump linear system (a random parameterThe observation process is the doubly stochastic, discrete-time

AR process driven by a finite state Markov chain). Image sens@gisson proces$n;}, k > 0 with rate (Crzr)* whereCy € R
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Define the sigma fields Lemma 3: Definew; = #; — Ajz;—1,1 > 1. Then under measure
P, {w,;} is a sequence of independent Gaussian random variables with

G = 0{®0, 1, , Tk Mo, N1s N } . > "
. zero mean and covariance maté), and{»,} is a doubly stochastic
Vi = 0 {no,na, e i} Poisson process with rate;z;)?.
with corresponding complete filtratiodss, } and{V: }. In this sensd” represents theeal world measure; however, we will
Aim: To derive a filter forsy, i.e., to compute the filtered estimatework with P since the independence properties unéfesimplifies
s5r = E{sy | Vi }. We assumesg is known. manipulations involving conditional expectations.
Remark 1: In the sequel we assume that for &llu;, = 0 a.s. so
that (3) is replaced by IV. RECURSIONS FORFILTERED DENSITIES
o, . In this section we derive recursive expressions for unnormalized
Sk1 = Frr1(Th) Sk, so = 1. (4)

conditional densities which will be used in the sequel to calculate
HHe_ finite-dimensional filters. While we will use the measure change
from Section I, these recursions can also be derived using standard
Bayesian techniques. We prefer the measure change approach as it is
somewhat simpler once the machinery of Section lll is in place.

Let ovx () and pi(x) denote the densities implicitly defined by

No generality is lost due to the independence and zero mean ¢
ditions on theu; process. This assumption and the fact thatis
known, means that, is G._{-measurable.

IIl. M EASURE CHANGE

In this section we introduce a change of measure which simplifies E{Arg(er) | Vi) = /R ax(2)g(z) de (®)
derivation of the filtered densities. Similar methods are discussed for B i -
both finite and continuous state-space models in [18]. E{Awsieg(ee) | Vi) = /Hﬂk(éb‘)y(lf’) dx )

Suppose on the probability spat@, F, P), {x:} is a sequence )
of independent Gaussian random variables with zero mean dRfany measurable functiop: B — R. _
covariance matrixQx, and{n;} is a homogeneous Poisson process We_ then have the foIIowmg_ theorem WhICh gives recursive ex-
with unit rate. Further assume that the processgsand n, are Pressions for the above densities. The proof is simplified due to the
independent undeP. independence properties of thie, } and {n:} sequences under.

For convenience define The densities defined in (8) and (9) obey the following recursions

for k > 1:
. _ —1/2 —1/2 _1 2 y—1 / ) n g
vi(w) = (2m) Q exp< 21 Qi )7 vER ap(x) = —é«CkT) k) / (e — Apz)ap_1(z)dz (10)
n w(lvnl-") R
' - _ , n— S(Cra)2. ) [
oom) = reel=y). y€R =01 ety = AUEe D) / Gnle = A (D (5)d: (11)
_ o(1,ng) R
Write with initial values for the recursions given by
) () oA 2 n ) s 2
Ao = Q((qoro) ,M0) ao(z) = Q((Com) -,77/0)1[,0(”7)
o(1,no) ®) o(1,no) (12)
_ o((Crr))®, i) Yu(wr — Arwimy) po(x) = ag(x).
)\’ - P ’ l Z 1. . .
é(L.n) i)

Proof: We prove the recursion far, (). The proof of (10) is
Fork > 0 set similar and hence omitted.
h Once more lety : R — R be a measurable test function. Using
k (4)—(6) and the independence properties of the,} and {n;}
A= HA’ © sequences unddr, we arrive at the following chain of equalities:
=0

E{Arseg(ar) | i}
and define a new probability measufe on the premeasure space { S((Cren)?,ne) (e — Apaor)
A i) ) Yy — Apzg—

é(1,nz) Y (xr)

(€2, Gx) by setting theg,. restriction of the Radon—Nikodym deriva- =E
tive of P with respect toP to A

AP X fe(@r—1)sp—19(xr) | yk}

| = A
dP|., 1 - : .
Yk = mE{Ak_l/ (,)((CAL)Z,ILk)U'A(l — Ak.’l’k_l)
_ The following result relating conditional expectations undfeand T *
P will be used repeatedly. X fru(zrp—1)sk—19(x)dz | yk}
Lemma 2: If {¢;} is aG-adapted integrable sequence of random .
variables and+ is a subsigma field ofj;, then = #/ / @((CM)Q)W(w — Apz)
o(L,ng) Jp i’
E{A.¢ (D) pre—1(2)g(x)dx dz
E{o | H} = E}AW | H} % X fu(2)pia 30(?)(’7“‘(1
E{Ay [ H} o((Crai)tng) [ ,
= R AR LS Ye(r — Agz)
R (L, ny) R

where E denotes expectation under measiite
Proof: See [18, Lemma 3.3]. | X fk(z)pk,_l(ﬁ;)(iz}g('x) da. (13)
We then have the following result which says that undfethe
dynamic relations given in (1) and (2) hold. The proof is standai8inceg is an arbitrary test function, equating the right-hand side of
(see [18] for example). (13) with (9) immediately yields (11).
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Now atk = 0 we have O = (207 + Q' — RiAR QYY)

(/’)((?U»T?o)z,7lo)g(évo) | yo} Q= (2C34+Q, )"
(9(17 77’0)

/ &((Cox)? mo) o (@) g(a) du
R

E{Aog(;ljo) | yo} = E{

1 wherei* = max(0,j — M;_;) and

= 6(T,m0)

_ (T i 1/2
which on equating with (8) gives (12). Similarly because= 1, it &5 = (s)(RkAka_l) n(r = )
can be shown that, () = ao(x). O Ri = (7', +4i:0) 7!

Remark 5: It is important to note thag (x) is not the unnormal- Up = RY2Q 1202
ized conditional density of, given)) but is used for determining B e kT
the conditional mean estimate of given ). as follows.

Corollary 6: with 5(r,o) as defined in (21).

Further, the filtered estimate of the Poisson rate is

_ E{Asi |0} _ (Jren(a)da)

E B ' L 0k Pelin(j + Mi +2,2,7%)
E{A: | Vi} (fR (@) cl:;;) 12 = :

E{(Crar)* |V} =C}
t S5 Peli)n( + Me )

.§;.», = E{S],,., | y],,.,}

(14)

Proof: The proof is immediate from Lemma 2 and the defini-
tions of o (x) andpx (). |

Remark 7: The results we present can be readily extended %

derive finite-dimensional filters for the second momentsef In

Proof: See [6]. O
Remark 9: The dimension of the sufficient statistic at tinteis
Re random variablel + ZZf;J n;. Strictly speaking this filter is
not finite-dimensional since there is a positive probability of the

particular, if dimension being arbitrarily large. The total computational cost for
(@) de = E{ApsiI(en € da) | Vi } filtering a block of# observations is)(k(zﬁl’;(] n;)). Note that2y,
is independent of the data and can be calculated off-line.
then we have the recursion A suboptimal filter with a fixed dimension sufficient statistic was
proposed in [6] using an Edgeworth series expansion to approximate
oWk ) [ e ar(z) by a fixed-order polynomial times a Gaussian. This reduces
(@) = o(1.nk) /Hwk(d Ae2) fi ()71 (2) 2 the( total computational cost t0(k).
+ Srag () Also note that as pointed out in [6], Theorem 8 can be extended

to the case where,. is vector valued.
whereS; = E{u?} is the covariance of the zero mean noise process T0 obtain conditional mean estimates of quantities such;asnd
which we can no longer assume to be zero without losing generality. We need the following normalization constant:

V. FINITE-DIMENSIONAL FILTERS AL :/ ai(z) de
R

We begin this section by giving an explicit solution to the recursion
of (10) for the unnormalized filtered density af;. This leads L N Y 1 o4
immediately to a filter for estimating the rate of the discrete-time = Zpk(ﬂ)/ a? T exp <—§-77 Qy )dT
Poisson process. This filter was derived in [6] where we refer the J=0 R

reader for further details. 1/2 L ) M,
The main contribution of this paper appears in Theorems 10 and = (2mih) ZP’“(J)E{"" ¥
12 where explicit solutions of (11) are given for the cases when 3=0

fi is an exponential (Theorem 10) and whép is & polynomial \\here . is a normal random variable with mean zero and variance
(Theorem 12). These solutions are used to obtain optimal stafe o (€2, F. P). Continuing on

estimates for the doubly stochastic AR process of (3).

Theorem 8—Solution far,(x): The unnormalized filtered den- L o
sity of ) is given by Ap = (200)" ZP/:(]')U ( + M. 92,%) (16)
J=0

Ly,
o(a) = e (i Pk(j)fc"> exp <—}J‘29k_~]) (15) Where n(r,o) is defined in (21).
i=o 2 We now turn to filters for the state of the random parameter AR
model starting with the case wheyfg is an exponential.
where the sufficient statistic Theorem 10—Solution for. («): Exponential Case:If fi : R —
R with
My, Ly, Pr(0),-++, P. (L), Q2 .
(M, L, Pi(0) »Pu(La), ) fr(x) = er exp(are” + brx) a7)

is recursively computed fok > 1 as . . o
y P = then the solution to the recursion (11) is given by

J\/[k = an, A/fo = 2’110 Ly, )
Li=Li 1+ Me1, Lo=0 pr(x) = 2™k (Z Sku,)wf) exp(Hya” + Dyx)  (18)
Ly—1 7=0
Pe(j)=Ux Y Peoa(DEG + Mi—1,7), where the sufficient statistic

=i

F(0) = (VQWQO)A/QC(?"%?I (My, Ly, Sx(0),- - -, Sk (L), Hi, Dy,)
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is recursively computed fok > 1 as

J[/C = 2"1{5
Liy=Lg_1+ M.,
L1 g+Mp—y

Sk =Vi Y Se—1 (DX (0 + My—1.1.j)
i =5

=1

Z\l[) = 217,0
Ly=0

S0(0) = (2mQo) 2 CEm 0!
Hi= =320+ 0 - ReAiQr?)
Hy = —%(205 +Q")
Dy = ReAxQy ' (bk + Di1), Do =0
wherei* = max(0,j — M,—1) and
W= () ena
x (bg + Di—1)°""n (r—s, RL/Q)
Ri = (A7Qy" — 20 — 2H, )
Vi = (Ri/ZQZI/ZC:"’“efl)ek eXP(%Rk('bk + Dk—l)Q)
with n(r,o) as defined in (21).

Further, the minimum mean squared estimates;ofis computed
from

5. =E{s1 |V} =Ti/Ay

where

1/2 Lp g+My . y
_ T _D2/4H, J+ My
n= (o) ey (7

j=0 i=0

X S;c(]) <_Zl)?kl\> 77(] + My — 7. (—QHk)*l/Z)

and Ay, is defined in (16).

Proof: The result follows inductively upon substitution of (18)
into the recursion of (11). For full details the reader is referred to

[19]. O

797

p Ne—1

Te(i) =Tk Y > exTha (el +i+ My1,j)

=I*
T()(O) = (Z'TTQ(])_1/2C02”0(3_1
O = (208 + Qi - R %)
Q= (2C34+Q5") "

i=i*

and

" =max(0,j — My—1 — Ni—1)
" = max(0,j — Mx_1 — p)
N (T s  pl/2
{(r.s) = (8>(Rk"4k~Qk—l) n(r—sR')
Re= (O, + 47Q: ")
Up = RY/2Q. V202 ve™?
with #(r,o) as defined in (21).

Further, the minimum mean squared estimates,0ofis computed
from

5. =E{si | Vi} =Er/As

where

Ny
Zp = 27003 T + My, %)
j=0
and Ay, is defined in (16).

Proof: The result follows inductively upon substitution of (20)
into the recursion of (11). For full details the reader is referred to
[19]. a

Remark 13: The form of p, () is once more a polynomial times
a Gaussian. The dimension of the sufficient statistic at #inie the
442 Z’;:_Ol n; + kp which grows linearly with time and with the
number of observed events. The total computational cost for filtering
a block of k observations is noW)(k(Zf;(] n;)? + k).

VI.
In this paper we derive exact filters for the state of a random

CONCLUSION

Remark 11: The form ofpx(x) is a polynomial times a GaussianParameter AR process when the random parameter is either an
just as foray (). The dimension of the sufficient statistic at tirhe €xponential or a polynomial function of a linear Gaussian driving
is the random variabla + 2 Z’?*Dl n;. Again the total computational Process. The observations consist of a discrete-time Poisson process
j=

cost for filtering a block of: observations ig)(k(zﬁf;] n;)?). Note
off-line.
We next consider the situation whefg is a polynomial.
Theorem 12—Solution fgr. («): Polynomial Case: If f, : R —
R with
P

frle) = ex()a’

=0

(19)

then the solution to the recursion (11) is given by

Ny,
pi(x) = o’ (Z Ty (J)w”) exp (— %0;) (20)

where the sufficient statistic
(My, N, T, (0), -+« , T (Ni ), Q%)
is recursively computed fok > 1 as

My, =2n, Mo = 2no

N = N1+ My—1 +p, No=0

which has its rate modulated by the square of the driving process.

thatH,, andD, are independent of the data and can thus be calculatbe new filters are specified by a sufficient statistic which increases

with time. In the exponential case, the growth is linear in the number
of observed events while in the polynomial case, the increase is linear
in both time and the number of events.

We note that it is also possible to derive a filter whar{z) is
a polynomial times an exponential. For genefalx) one could
approximate the function by a polynomial times an exponential
and develop suboptimal approaches along the lines of the extended
Kalman filter. This is a subject for future research.

APPENDIX |
NONCENTRAL MOMENTS OF GAUSSIAN RANDOM VARIABLES

Assume that” is a Gaussian random variable (i, 7, P) with
meanm and variancer® and letE denote expectation with respect
to P. We are interested in evaluating the moments

m, =E{Z"} = (27702)_1/2/ 2" exp <—%(z - 771)20_2)
R

We will use a binomial expansion to express, in terms of the
central moments of which are then readily expressed in a simple
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n(r,a) =<0, » > 0 and odd (21) An Exponentially Stable Adaptive Control for Force
1-3---(r—1)¢", r>0andeven and Position Tracking of Robot Manipulators

is the well-known expression for theh central moment of a normal
random variable [20, p. 24]. The moments can also be computed
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