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Abstract

Orthogonal frequency division multiplex (OFDM) systems are particularly straightforward to understand in the frequency
domain. The purpose of this paper is to draw attention to the fact that zero padded block transmissions also have a
straightforward frequency domain interpretation. The advantages of this interpretation are illustrated by three additional
results which further the understanding of zero padded block transmission systems; it is shown that the zero padding spreads
the spectrum of the source symbols uniformly, it is explained why zero padded block transmission systems do not always
outperform OFDM systems, and it is shown how pilot tones can be incorporated into zero padded block transmissions.
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1. Introduction

A wireless communications channel is often
modelled by a finite impulse response channel whose
impulse response varies with time. For high-speed
transmissions, it may be assumed that n consecu-
tive symbols can be transmitted without the impulse
response changing significantly, where n> 1 (for ex-
ample, n = 64 or higher). This paper shows that two
popular and apparently distinct block based transmis-
sion systems, both of which transmit data in blocks
of n symbols, are in fact more closely related than
initially suspected. The usefulness of this finding is
discussed at the end of this section.

The two transmission systems considered in this
paper are orthogonal frequency division multiplex
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(OFDM) systems [[12]] and the more recently pro-
posed zero padded systems [[10]], both of which are
special cases of linearly precoded block transmission
systems. These terms are defined as follows.

A linearly precoded block transmission system
first breaks the source symbols {...,s_1,50,1,...}
into blocks s© = [s;,Sipi1s--sSipsp—1] €CP of
length p. A linear precoder matrix P € C"*? is then
used to encode each block prior to transmission.
Assuming the system operates over a finite impulse
response (FIR) channel h = [hq,...,h,_1]" € CL of
length at most L, the ith received block is

YO = AP + PP 4D e, (1)

where #B is the m x m lower triangular Toeplitz
channel matrix whose first column is [Ag,...,h_1,
0,...,0]", #'Bl is the m x m upper triangular Toeplitz
matrix with first row equal to [0,...,0,A;_1,...,h]
and n)€C” is additive white Gaussian noise
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(AWGN). Here, # 8" models the inter-block interfer-
ence (IBI) caused by the memory of the channel while
#°B models the effect of the channel on the current
block.

This paper is concerned with the following special
cases of (1). An OFDM system uses the precoder
P=CD" where D is used throughout to denote the nor-
malized (so that DYD = I') discrete Fourier transform
(DFT) matrix whose dimensions can be determined
from its context and C is the cyclic prefix matrix

Oz —1yxm—2r+2) -1
C= ’ , )

[m—L+1

which adds a cyclic prefix of length L — 1. Due to
the cyclic prefix, an OFDM system transmits L — 1
extra symbols per block, that is, m = p+ L — 1. A
channel coded OFDM system uses a precoder of the
form P = CD"P for some precoder P € Cl"—L+Dxp
where m > p + L — 1. The interpretation of P, if it
has more rows than columns, is that it spreads the
source symbols out over the frequency domain in each
block (see Section 3). A TZ-OFDM system [[10]]
uses P = ZDM where Z is the zero padded matrix

In—r+1)

Z= ; (3)

O —1)x(m—1+1)

which adds L — 1 trailing zeros. (As in an OFDM
system, m= p+L— 1.) More generally, a zero padded
system is used here to refer to any system (1) which
uses a precoder P of the form P = ZD"P_ where P is
an arbitrary precoder having equal or more rows than
columns (thatis,m = p+L —1).

Remark. Note that in both channel coded OFDM sys-
tems and zero padded systems, P can cancel the IDFT
operation D, For example, P = Z is a zero padded
system since P = ZD"P if P = D.

Trailing zero OFDM (TZ-OFDM) systems are so
named in the literature because they replace the cyclic
prefix in an OFDM system by a sequence of trailing ze-
ros [[10]]. Ironically, this paper (see also [[2]]) shows
that TZ-OFDM systems are more closely related to
OFDM systems than originally suspected. Indeed, in
Section 3 it is shown that the DFT of the received sym-
bols in a zero padded system is related to the source

symbols in exactly the same way as in a channel coded
OFDM system. In fact, this is a consequence of the
more general result, proved in Section 2, that for any
zero padded system, there is an equivalent channel
coded OFDM system with the same statistical perfor-
mance.

These results imply that the statistical performance
of any zero padded system can be understood by in-
vestigating the statistical performance of the equiva-
lent channel coded OFD M system. Three examples in
which this proves beneficial are given in Sections 4—6.
Section 4 proves that TZ-OFDM systems spread the
source symbols uniformly in the frequency domain;
this is a desirable property if the channel is unknown
to the transmitter. Section 5 explains intuitively why
TZ-OFDM systems do not always perform better than
OFDM systems. (Note though that this is no reason
not to use a TZ-OFDM system; for most channels,
a TZ-OFDM system performs better than an OFDM
system.) Section 6 demonstrates how TZ-OFDM sys-
tems can use pilot tones to identify the channel, just
as in OFDM systems. Concluding remarks are made
in Section 7.

Related work: In [[8]], it was shown that it is possi-
ble to make a TZ-OFDM system resemble an OFDM
system by using an appropriate reduced complexity
equaliser. However, such an equaliser is statistically
sub-optimal. The connection made in the present paper
is stronger because it is based on statistically optimal
equalisers being used for both systems. Furthermore,
it is mentioned that although zero padded systems are
explained in the literature as OFDM systems using a
different precoder matrix [[8,11]], this does not neces-
sarily mean zero padded systems are related to OFDM
systems in any way. Indeed, without the presence of
a cyclic prefix, a system cannot be called a (channel
coded or linearly precoded) OFDM system.

Relevance: The design and understanding of lin-
early precoded systems is currently an important area
of research. Prior to this work, it was not clear what the
mathematical difference was of using a zero padded
system instead of a cyclic prefixed system. This pa-
per proves that the only difference is that the zero
padded system inherently incorporates a precoding op-
eration which uniformly spreads the spectrum of the
source symbols. Therefore, it suffices to understand
cyclic prefixed systems in order to understand zero
padded systems. This is advantageous because cyclic
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prefixed systems have been studied extensively in the
past whereas zero padded systems are relatively new.

2. Zero forcing equalisers and sufficient statistics

To understand the performance of various lin-
early precoded transmission systems, it is insufficient
to study only the precoding operation in (1). This is
because the receiver must cope with the problem of
IBI (that is, the #'BIPs(—1) term in (1)), and in par-
ticular, the best way of dealing with IBI depends on
the actual precoder used. Therefore, it is necessary
to study the statistical information about the source
vector present in the received vector. Indeed, two sys-
tems will be defined to be equivalent if the identical
statistical information is present at the receivers of
the two systems.

The key result of this section is that an equivalent—
but not identical—channel coded OFDM system can
be associated with any zero padded system. The equiv-
alent OFDM system has the same statistical perfor-
mance as the zero padded system. The only difference
is that the equivalent OFDM system introduces an ex-
tra L — 1 zeros between each block. As clarified at the
end of this section, this implies that zero padded sys-
tems can be interpreted as efficient implementations
of certain channel coded OFDM systems.

The performance of a linearly precoded system (1)
is studied under the following three assumptions:

Al. The receiver uses only y\) to estimate s), and
in particular, the estimate §¢~1) of the previous
block s~ is not used to aid in the estimation
of the current block s,

A2. The receiver knows the true channel A.

A3. The noise n") has a zero mean Gaussian distri-
bution with covariance matrix 62/, where ¢ may
or may not be known.

The first assumption holds for most block transmission
systems. However, the second assumption is rarely
true in practice. The justification for making the sec-
ond assumption is that the effects of channel estima-
tion errors are not important for the purposes of this
paper. The third assumption is a standard one; note
that the results of this paper are valid regardless of
whether or not the noise power ¢ is known.

Before continuing further, two transmission systems
being statistically equivalent is first defined rigorously.
The definition is such that if two transmission systems
are equivalent and a receiver structure for one of them
is given, then there exists a receiver structure for the
other system such that all statistical figures of merit
(such as bit error rate) are the same for both systems.

Definition 1. (Equivalence). Dropping the block in-
dex in (1), let y denote the received block if s was
transmitted using the precoder P. Similarly, let y’ de-
note the received block if s’ was transmitted using the
precoder P’. Under assumptions A1-A3 above, the
two transmission systems, P and P’, are said to be
equivalent if there exist sufficient statistics § and §’ for
s and s, respectively, such that § and §" have identical
distributions.

Consider first a channel coded OFDM system given
by (1) with P = CD"P; see Section 1 for definitions.
Because the first L — 1 symbols of y(*) usually ! de-
pend on the previous block s~ in accordance with
assumption Al, it is not possible for the receiver to ex-
tract any information about the source symbols from
the first L — 1 symbols of each block. This corresponds
to the well-known fact that OFDM systems discard the
cyclic prefix, also referred to as the guard interval, at
the receiver. Thus, the receiver uses only the symbols

y=H#CD"Ps +n (4)

to recover the current block s, where  is the upper
triangular (m—L-+1) x m Toeplitz channel matrix with
first row equal to [A;_1,..., ho,0,...,0] and n denotes
AWGN. Here, (4) is obtained from (1) by omitting
the first L — 1 rows and substituting P = CD"P.

Given the received vector y, one way of summaris-
ing all the statistical information about s in y is by
using the minimum variance unbiased estimator of s
given p. This estimator is readily shown to be

§=(0"0)"'0", 0=xCD"P. (%)

In the literature, (5) is also referred to as a zero forcing
equaliser.

! For most precoders P this is the case. The only exception is
if some of the last L — 1 rows of P are zero. These exceptions
are inconsequential in this paper.
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Remark. Other estimators/equalisers can be used
without altering the results of this paper; all that is
required is that § be a sufficient statistic for s under as-
sumptions Al-A3, and (5) serves this purpose. (Note
that § is a sufficient statistic regardless of whether or
not the noise power ¢ is known.)

Zero padded systems are now considered. If P =
ZDMP (see Section 1) then the presence of the trailing
zeros means that the IBI term #"B'Ps(—D in (1) is
always zero. Therefore, the receiver can use all the
received symbols

y=A#BZD"Ps +n (6)

to recover the current block s. Here, (6) is obtained
from (1) by substituting P = ZD"P. Analogous to
(5), the minimum variance unbiased estimate (and a
sufficient statistic) of s under assumptions Al-A3 is

$=(0"0)~' 0%,

The key result of this section is that an equivalent
channel coded OFDM system can be associated with
any zero padded system in such a way that both sys-
tems have identical statistical performance. In order
to state this result precisely, it is necessary to discrim-
inate between variables (such as P, m and D) pertain-
ing to OFDM systems and to zero padded systems.
Henceforth, a subscript 1 will refer to OFDM systems
and a subscript 2 to zero padded systems.

Let P, = ZDY P, be an arbitrary zero padded pre-
coder of size m, by p. Define an associated channel
coded OFDM precoder P; of size m; =my + L — 1 by
p according to the formula

0 =#BzD"P. (7)

Py =CDYP,, P, =D ZD}P,. (8)
(Recall that D and D, are both normalised DFT ma-
trices; the subscript indicates that their sizes differ.) It
is readily seen that the only difference between P; and
P, is that P, introduces an extra L — 1 leading zeros
per block (in addition to the L — 1 trailing zeros both
precoders introduce). For example, if P, encodes two
consecutive blocks as 1,2,3,0,4,5,6,0 then P; would
encode the blocks as 0,1,2,3,0,0,4,5,6,0.

Although P, transmits more symbols per block than
P, does, the following theorem proves that the statis-
tical performance of the two systems is identical.

Theorem 1. The source symbol estimates (7) of the
zero padded system P, are identical to the source
symbol estimates (5) of the associated channel coded
OFDM system P; defined in (8). In particular, the
systems Py and P, are equivalent (see Definition 1)
and hence have identical statistical properties.

Proof. The following shows that Q in (7), denoted
by 0>, is identical to Q in (5), denoted by Q.

0, = #BZDYP, = # CzZD P,
=#CDV'P,=0Q,. [ 9)

It is important to note that the proof of Theorem
1 shows that the received symbols y in (6) of the
zero padded system P, are identical to the received
symbols y in (4) of the associated OFDM system P;.
Even though P; has more rows than Pj, this is possible
because the OFDM receiver (4) discards the guard
interval whereas the zero padded receiver (6) does not.
Going in the reverse direction, the zero padded system
P, can be thought of as an efficient implementation
of the channel coded OFDM system P; because they
have identical statistical performance yet P, uses less
symbols to encode each block.

The implication of Theorem 1 is that any zero
padded system can be understood by studying its
equivalent channel coded OFDM system. The re-
mainder of this paper illustrates several advantages
of doing so.

3. Frequency domain interpretation of zero
padded systems

It is well-known that OFDM systems have a par-
ticularly simple frequency domain interpretation. This
section first reviews this interpretation and then ap-
plies the results of the previous section to derive a
novel frequency domain interpretation of zero padded
systems.

The received symbols of a channel coded OFDM
system in the frequency domain are given by taking
the DFT of (4), namely:

Dy = (DA#CD")Ps + Dn. (10)

It is a standard result that D#CD" is a diagonal
matrix, a consequence of J#'C being circulant. In
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particular, in an OFDM system (P = I), the ith el-
ement of s is interpreted as being sent across the
ith sub-channel [[12]]. Clearly, the effect of P in a
channel coded OFDM system is to spread the source
symbols over the independent sub-channels, or in
other words, P spreads the source symbols over the
frequency domain.

The traditional description of a TZ-OFDM system
is that it replaces the cyclic prefix of an OFDM system
by trailing zeros, and in particular, it is not apparent
from this description that there is a straightforward fre-
quency domain interpretation of TZ-OFDM systems.
As is now shown though, all zero padded systems (in-
cluding TZ-OFDM systems) can be understood in the
frequency domain via their equivalent channel coded
OFDM systems.

The received symbols of a zero padded system in
the frequency domain are given by taking the DFT of
(6), namely:

Dy = D, #BZD!'Ps + Din, (11)

where Dy and D, are different sized DFT matrices.
In order to obtain a frequency domain interpretation
of (11) it is necessary to make #B into a diagonal
matrix by multiplying it on the right and the left by
appropriate matrices (cf., (10)). As in the proof of
Theorem 1, #“BZ is equal to #°CZ where # has the
same form as the channel matrix appearing in both (4)
and (10). Making this substitution in (11) shows that

Dy =D, #CZDPs + D\n (12)
= (D # CDY(D\ZD P)s + Din. (13)

Notice that D # CD{{ is a diagonal matrix, and more-
over, (13) is identical to (10) if P in (10) is defined to
be DlZDgls; compare this result with (8) and Theorem
1. That is, referring to (13), any zero padded system
P:ZD?}; works by first spreading the source symbols
s out over the frequency domain by pre-multiplication
by D\ZDYP and then sending these encoded symbols
over independent sub-channels.

4. Spectrally balanced nature of TZ-QFDM
systems

As (13) shows, a zero padded system uses the
matrix D;ZDYP to spread the source symbols over
the frequency domain. This section draws attention to
the fact that D;ZD!' can be interpreted as spreading

the symbols “uniformly”, and moreover, this is a
desirable property if the channel is unknown to the
transmitter.

Consider the channel coded OFDM system P =
CDII{I51 where P, spreads the spectrum of the source
symbols s. That is, as (10) shows, the ith element of
Pys is transmitted on the ith sub-channel, and in par-
ticular, the transmitted energy in each sub-channel is
given by the diagonal elements of 151ssHISI]1I f s is
white noise then the expected value of the transmitted
energy in each sub-channel is proportional to the diag-
onal elements of P;P!. The off-diagonal elements of
P 113111 correspond to the correlation in energy between
sub-channels.

For coding over unknown channels, it is known
[[1,7,9]] that it is best to spread the transmitted energy
evenly over all sub-channels. Since P is a tall matrix
in general, it is not possible to make ﬁlﬁ? the identity
matrix. However, choosing f’lﬁlli so that its diagonal
elements are equal is perhaps the next best thing. A
channel coded OFDM system using such a precoder
is said to be spectrally balanced.

This definition readily extends to zero padded sys-
tems by using the frequency domain interpretation
(13), or equivalently, by using Theorem 1. Specifi-
cally, a zero padded system is said to be spectrally
balanced if its equivalent channel coded OFDM
system is spectrally balanced.

Theorem 2. A TZ-OFDM system is spectrally
balanced.

Proof. A TZ-OFDM system is a zero padded system
P :ZD?ﬁz with P, =1. This is equivalent to the chan-
nel coded OFDM system using the precoder CD'{‘ISI
with P, = DIZDg; see (8). It is straightforward to
prove that Plﬁ‘f is a circulant matrix, hence its diag-
onal elements are equal. [

Remark. It is clear from the proof that a “Zero
Padding Only” precoder [[11]] (P = Z) is also spec-
trally balanced.

5. OFDM versus TZ-OFDM

It is proposed in [[3,4]] to measure the intrinsic
performance of linearly precoded systems by the
mean-square error E[||s — §||*] of the source symbol
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estimates if a minimum variance unbiased estimator
is used; see Section 2. Although a TZ-OFDM system
outperforms an OFDM system over most channels A,
an example of a channel over which a TZ-OFDM sys-
tem performs worse than an OFDM system appears
in [[5]]. This section uses the frequency domain in-
terpretation of TZ-OFDM systems derived in Section
3 to explain this example.

Remark. Since a TZ-OFDM system has the same per-
formance as its equivalent channel coded OFDM sys-
tem, it might be conjectured that a TZ-OFDM system
has a smaller MSE than an OFDM system over all
channels. Theoretically then, it is interesting to know
that a counter-example exists.

Consider sending p =3 symbols per block over the
channel £ =[1—0.6181]" of length L = 3. In [[5]], it
was proved that the mean-square error of the source
symbol estimates (obtained using the optimal unbi-
ased estimators (5) and (7)) is worse for a TZ-OFDM
system than for an OFDM system. An intuitive expla-
nation is now offered.

An OFDM system transmits the 3 symbols in
each block over 3 independent sub-channels. The re-
ceived symbols in the frequency domain are given by
(10) with P =1, and for the particular channel & =
[1 —0.618 1]7, the diagonal elements of (D.# CD™)
are given by the 3-point DFT of A, namely {14,
0.8+ 1.4j,0.8 — 1.4j}. A TZ-OFDM system transmits
the 3 source symbols in each block over 5 independent
sub-channels. The received symbols in the frequency
domain are given by (13) with P = I, and for the
particular channel A =[1 — 0.618 1]7, the diagonal
elements of (D #CD!!) are given by the 5-point
DFT of h, namely {1.4,0,1.8 + 1.3j,1.8 — 1.3j,0}.
Notice that the 2nd and 5th sub-channels attenuate the
signal completely! It turns out that this attenuation
is significant enough to allow the OFDM system to
perform better than the TZ-OFDM system; observe
that none of the 3 sub-channels in the OFDM system
are significantly attenuated.

6. Pilot tones in zero padded systems

One way of allowing the receiver to estimate the
channel is to transmit sinusoids at various frequen-

cies and with known amplitudes. These sinusoids are
called pilot tones. It is straightforward to generate pi-
lot tones in an OFDM system; simply set various ele-
ments of the source symbols s to known values [[6]].
This section shows that pilot tones can also be gener-
ated in zero padded systems.

Remark. The use of pilot tones in a TZ-OFDM sys-
tem has already been proposed in [[8]]. This section
shows that pilot tones can be used in any zero padded
system (even if an additional redundant precoder is
present), and moreover, it is felt that the derivation
here offers a different perspective to the one in [[8]].

Consider the zero padded system P = ZD?IS. The
DFT of the received block is given by (13). The aim
of pilot tones is to “Probe” various elements of the di-
agonal matrix D #CD!! in (13). To do this, it is suffi-
cient to make various elements of (DlZD?I3 )s known
to the receiver; this is the direct analogue of pilot tones
in OFDM systems.

Assume for example that it is required to send two
pilot tones of unit energy, one on the 2nd sub-channel
and one on the Sth sub-channel of a zero padded sys-
tem. Then it suffices to restrict the source symbols s to
lie in the subspace defined by the requirement that the
2nd and the 5th elements of (DlZD?P)s are both unity.
Note that, as in a traditional OFDM system, data can
also be sent in conjunction with pilot tones because
the aforementioned subspace has non-zero dimension.

7. Conclusion

OFDM systems are best understood in the frequency
domain. This paper showed that zero padded systems
can also be understood more easily in the frequency
domain than in the time domain. Indeed, it was proved
that associated with every zero padded system is a
channel coded OFDM system such that both systems
receive exactly the same symbols after taking into
account that OFDM receivers discard the guard in-
terval whereas zero padded systems do not. The ad-
vantages of this interpretation were demonstrated by
three additional results. It was proved that TZ-OFDM
systems spread the source symbols uniformly in the
frequency domain, it was explained why there exist
exceptional channels over which TZ-OFDM systems
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perform worse than OFDM systems, and it was shown
how zero padded systems can transmit pilot tones.
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