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Abstract

Principal component flows are flows converging to the eigenvectors associated with the largest eigenvalues of a given
symmetric matrix. Similarly, minor component flows converge to the eigenvectors associated with the smallest eigenvalues.
Traditional flows required the matrix to be positive definite, and moreover, finding well-behaved minor component flows
appeared to be harder and unrelated to the principal component case. This paper derives a flow which can be used to extract
either the principal or the minor components and which does not require the matrix to be positive definite. The flow is shown
to be a generalisation of the Oja—Brockett flow.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction of C. If these eigenvectors are those associated with
the p largest eigenvalues @ then the flow is said to
There is considerable interest in constructing and be a principal component flow. Similarly, the flow is
analysing families of ordinary differential equations a minor component flow if it converges to the eigen-
which are parameterised by a symmetric matfix vectors associated with theesmallest eigenvalues of
R™*", which evolve on matrix spad@”*”, and which C. An example of a principal component flow is
have the following property. Starting from a generic
initial matrix Xg € R"*?, the flow converges to a ma-
trix X. whose columns are particular eigenvectors

X=CXN - XNX'CX, (1)

where X denotes the derivative of € R"™*” with re-
spect to time, superscript T denotes matrix transpose,
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678. positive eigenvalues. This flow was introduced and
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helmke@mathematik.uni-wuerzburg.da. Helmke). pears in32], which termed (1) the Oja—Brockett flow
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because it is a natural generalisation of both Oja’s flow
[13,14]for principal subspace analysis and Brockett's
flow [2] on orthogonal matrices for symmetric matrix
diagonalisation.

The contribution of this paper is two-fold. The novel
flow

X=—CXN+uX(N — X'X) 2)
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This makes the connection between the proposed mi-
nor component flow (2) and the existing principal com-
ponent flow (1) interesting for two reasons; the very
existence of a connection is itself interesting, and it
is interesting that the minor component flow is more
general than the principal component flow rather than
the other way round.

Related work is now summarised. The starting point

is introduced and analysed. For appropriate choicesfor most of the current work in principal component

of the constantg € R and N € R”*?, it is proved to
be a minor component flow. Moreover, and somewhat
surprisingly, it is shown to be a generalisation of the
Oja—Brockett principal component flow (1). Specif-
ically, provided i is sufficiently large, a coordinate
transformation converting the Oja—Brockett flow (1)
into the proposed minor component flow (2) is exhib-
ited. It is remarked that whereas most flows, including
(1), requireC to be positive definite and symmetric,
the proposed flow (2) only requir€sto be symmetric.

The main interest in principal and minor component
flows arises from being able to derive from them dis-
crete time stochastic averaging algorithms for tracking
the principal or minor components of a time-varying
data matriq1,9,11] Subspace tracking algorithms are
widely used in signal processing and control applica-
tions[5,8,12,20,21,25,29,3Huch as direction or fre-
quency estimation in antenna arrd@®,24,30] data
compression via the Karhunen—Loéve transf¢i®
and multiuser detection in wireless communications
[26].

In practice then, it is important to consider flows=
f (X, C),where the functiorf (X, C) can be evaluated
on a computer quickly. In particular, although a minor
component flow is readily obtained from a principal
component flow by replacin@ with C~1, it is not
desirable to do so. Another trick sometimes resulting
in a minor component flow is to reverse the sign of a
principal component flow and incorporate a projection
operator to prevent the flow from diverging. However,
the computation of the projection operator requires a
matrix inverse and hence is not desirable either.

With the proviso thatf(X, C) in the flow X =
f(X, C) be an element-wise polynomial function, so

analysis and subspace tracking has been Oja’s system
from neural network theory13-15] Oja’s principal
subspace flow is

X=0U-XX"HCX, (3)

wherel denotes the identity matrix. A principal sub-
space flow differs from a principal component flow
in that its stable equilibrium point¥,, do not deter-
mine the principal eigenvectors individually, but in-
stead, the space spanned by the column$gfis the
same as the space spanned by the principal eigenvec-
tors of C. In fact, although (3) was proved [13,16]

to be a principal subspace flow;if=1 (recallp is the
number of columns oK), the conjecture that it is a
principal subspace flow fop > 1 was not proved till
much later in[28].

An interesting feature of the Oja flow (3) is that it
has been shown very recently to be a gradient fR®y
with respect to a suitable Riemannian metridRti?.

This is despite confusing remarks made earlier in the
literature claiming that it cannot be a gradient flow
because the linearisation is not a symmetric matrix.
This claim is only valid for gradient flows with respect
to the Euclidean metric.

Principal component flows were first studied in
[23,17,18,27]However, pointwise convergence to the
equilibria points was not established in these papers.
Using an early result by LojasiewicflO] on real
analytic gradient flows, the pointwise convergence of
the Oja—Brockett flow (1) was established[B2]. It
is also mentioned that although sufficient conditions
for initial matrices in the Oja flow (3) to converge to
a principal subspace are given [#,28], a complete
characterisation of the stable and unstable manifolds

that matrix inverses cannot appear, history shows thatis currently lacking for flows (1) and (3).

minor component flows evolving on matrix space are

The remainder of this paper is organised as follows.

harder to construct than principal component flows. Section 2 motivates the introduction of a novel cost
Moreover, there is no historical evidence that princi- function whose critical points are related to the eigen-
pal and minor component flows are somehow related. structure of a matridxC. Under mild assumptions, all
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the critical points are characterised. The proposed flow 2.2. The cost function and assumptions

(2) is a gradient flow for this cost function. Section

3 formally states the definition of a minor component  In Appendix A, it is shown that the cost function (4)
flow and proves that (2) does indeed meet the require- can have critical points unrelated to the eigenstructure
ments of this definition. Informal arguments and sev- of C. To avoid this, the penalty term is modified thus
eral numerical examples in Section 4 provide a feel 1 — T2

for the convergence rate of the flow. Section 5 shows JX)=3WCXNX "} + ZullN — X" X|° ()

that replacingC with —C converts (2) into a princi-
pal component flow. It also establishes a connection
between the proposed flow (2) and the Oja—
flow (1). Section 6 concludes the paper.

The following assumptions are made throughout.

Brockett Al. The scalamu € R is strictly positive.
A2. The matrixC € R™" is symmetric.
A3. The matrix N € RP*? is diagonal with distinct
positive eigenvalues.

2. A minor component cost function . . - o .
When discussing local minima, it is convenient to

This section introduces and analyses a cost function make the following additional assumptions.

necessary for the understanding of the proposed minor

A4. The matrixC has distinct eigenvalues.
component flow (2).

A5. The scalau does not equal any eigenvalue@f

2.1. Motivation 2.3. Critical points
Subject to the orthogonality constraikif X = 7, it

is a standard resu[6] that the generalised Rayleigh

quotient t{C X N X T} takes its smallest value when the

columns of the tall matriX are the eigenvectors (ar- DFX)E=tr{ETCXN + uT (XN + XXTX)}.

ranged in a suitable order) corresponding to the small- ©6)

est eigenvalues of the symmetric mat€x hereafter

referred to as the minor components@fHere,N is Therefore, the critical points of (X) are the pointX

an arbitrary diagonal matrix with distinct positive ele- satisfying

ments and ff} is the trace operator. With this in mind,

define the penalised cost function

The directional derivative of (5) in the direction
& e R™*? is readily calculated to be

CXN =puX(N — X'X). 7)

. The solutions of (7) are stated explicitly in Proposi-

F(X)=tr{CXNXT} + plll — XTX|?, (4) tion 3, the proof of which requires the following two
lemmas.

wherel is the identity matrix and| - || the Frobenius

norm. From above, it follows that in the limjt — Lemma 1. If matrices A and N commute and N is

o0, the minimum off (X) occurs wherX contains the diagonal with distinct eigenvalues then A is diagonal

minor components o€. This paper is based on the

novel observation that even for finite but sufficiently Proof. If N =diag{/1,...,4,} thenAN — NA=0
large u, the minimum of f(X) still occurs whenX implies theijth element ofA satisfies(/; —4;)A;; =0.
contains the minor components Gf ]

It is remarked that (4) is a generalisation of the
cost function studied if3], the latter corresponding Lemma 2. AssumeA1l-A3 hold. A necessary condi-
to the special case of being a vector. Algorithms for  tion for X to satisfy(7) is that it can be written in the
subspace tracking using this special case of the costform X = Q D where D is diagonal and Q is isometric
function were developed if8,12]. (0To=1).
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Proof. Pre-multiplication of (7) byXT shows that
XT(ul —C)XN=pu(X"X)2. Since the right-hand side
is symmetric,X T (ul — C)X commutes withN and
is diagonal by Lemma 1. ThuexT X)2, and hence
XTX, is diagonal. (Recall: # 0 by Al.) This im-
plies X is of the formX = QD with QT Q = I andD
diagonal. [

Proposition 3 (Critical points). Assumé1-A3 hold.
Let N;; denote the ith diagonal element of Alneces-
sary and sufficient condition fak = [xg, ..., x,] to
be a critical point of(5) is that for all i, either

(1) x; is the null vectoyor
(2) x; is an eigenvector of C with corresponding
eigenvaluel; and ||x; |2 = Ni; — (4 /1) Ni;.

Proof. From Lemma 2, writeX = Q D whereD is di-
agonal and) is isometric. Substituting into (7) yields
CODN = uQD(N — D?). Letg; denote théth col-
umn ofQ. ThenCgq, D;; Ni;=uq; Di;i (Ni; _Dizi)' Thus,
either D;; = 0, in which case; is the null vector, or
Cq; = uN; Y (N;i — D?)q;, implying ¢;, and hence
x;, IS an eigenvector of with associated eigenvalue
N;l(N,»i — Dl.zl.). The proposition now follows
by noting ||x; |12 = O

Proposition 3 shows that the only effect decreasing
u has on the location of the critical points is to cause
the columns of each critical point to shrink towards
and ultimately equal the null vector.

2.4. Local stability analysis of critical points

An immediate consequence of Proposition 3 is that
if X is a critical point of (5) then there exists an or-
thogonal matrixQ and a diagonal matrio such that
X = Q[D 0]" and the columns o are the eigenvec-
tors of C, that is,41 = QTCQ is diagonal. Moreover,
each real valued diagonal elemént can take at most
three values; eitheb;; =0 or D2 = N;; — =24 Ny;.
This representation is used throughout this section.

The following lemma expresses the Hessian of (5)
about any critical point in block diagonal form, with
each block either X 1 or 2x 2. This enables the type
of critical point, such as a local minimum or saddle
point, to be determined by inspection.
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Lemma 4 (Hessia). Assumé1-A3hold. Let X be a
critical point of the cost functiorf (X) defined in(5).
Let the orthogonal matrix Q and diagonal matrix D be
such that1 = QTCQ is diagonal andX = Q[D 0]";
such Q and D always exisThen the second direc-
tional derivativeg (&) = %2 f(X)¢ of £(X) in the di-
rection ¢ at the point X is given by the quadratic form

2(0d) = Zalf% Z Zﬂ,,éf,
i=p+1 j=1
p—l p
+Z Z [Sij il apléij f‘/i]T,

i=1 j=i+1

(8)

where the scalarsy;, f;; € R and matricesI';;) €
RZXZ are

% = Nij Aij — W(Nj; — 3D3), 9)
Bij = NjjAii — u(Njj — D7), (10)
Lij=
[Nj_ini*H(ij*Dz-»*Dizi) uD;;i D jj ]
uUD;; D NiiAjj_#(Nii_Dizi—DJZ-j) .
(11)

Proof. Differentiating (6) yields
PPFX)E=tr{ETCEN + péT (—EN +EXTX

+ XETX + XXT&). (12)

For a given critical pointX, define g(¢) to be this
quadratic form. By Proposition 3, there exists an or-
thogonal matrixQ and a diagonal matri0 such that
A= QTCQ is diagonal and = Q[D 0]". Thus

g(Q8) =tr{ETAEN — uéTE(N — D?)

+uE'[D 01"¢T D 0]"
+ ué[D 01" [D 0]¢)

PP
+HZZ(DI-2,-51-2]-+DiiDjjfijfﬁ) (14)

i=1 j=1

(13)

— W(Njj = DINE,
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p nop
=Z 0 &5 + Z Z ﬂijfizj

i=p+1 j=1
p—1
+Z Z [fl/ 5/1][‘(1])[51/ 6/1] (15)
i=1 j=i+1

whereu;, ,8,»]- andI'(;; are as given in the lemma.[J

Of most interest are the local minima ¢{ X), de-
fined to be the critical points for which the quadratic
form g(&) in Lemma 4 is positive definite. Referring to
(8), the local minima are the critical points for which
% >0, f;; >0andl'i; > 0.

The foIIowmg proposition proves that under A1-A5,
f(X) has a unique minimum, up to the sign of each
column, given by the minor components@arranged
in an order governed bi¥, unlessu is too small, in
which case some of the columns will be zero instead.

Proposition 5 (Local minimg. AssumeA\1-A5 hold.
Define f(X) as in (5). Let ¢ be the permutation of
{1,.... p} such thatNy1ye1) > - > No(pya(p)- Let

M <---< 4, be the eigenvalues of C in ascending
order and letvs, ..., v, be the corresponding unit

norm eigenvectorsThenX = [x1, ..., x,] is a local
minimum of £ (X) if and only if

Xg(i) = £y, i,

|V Neweiy A= ), i< p

i = {0 otherwise (16)
fori=1,...,p.

Proof. Let IT denote the unique permutation matrix
arranging the diagonal elementsi®f N IT in descend-
ing order. Theth diagonal element off ' NIT is thus
No(iyo(- Sincell'IT = I, substitution shows that the
cost function (5) satisfies the symmetfy(X; N) =
f(XII; H"NIT). By observing that théh column of
XI1'is x4(;), it becomes clear from (16) that it suffices

to prove the proposition for the special case when the

diagonal elements dfl are already in descending or-
der.

Henceforth, assumie< j implies N;; > N;;. (Thus
o(i)=i.) Let X be an arbitrary critical point of (X).
Let Q andD be as in Lemma 4 so that=Q'CQ is
diagonal andX = Q[D 0]'. From Proposition 3, for
eachi there are at most two possibilities fB¥’ ; either

i’
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=0 or, providedu > A;;, D4 = N (1 — u=14;).

With this in mind, consides; in (9) fori=1, ..., p.If
D;; =0 then direct substitution shows that> 0 if and
only if A;; > p. Similarly, if D2=N;; (1—p~14;;) then
;> 0ifand only if 4;; < . Next, considep;; in (10)
fori=p+1,...,nandj=1,..., p.If D;;=0then
p;; > 0ifand onlyif A;; > . If D%, =N;;(1—u~*4;))
thenp;; > 0 if and only if A;; > /1” Lastly, consider
Lijy |n (11) for 1<i < j < p. There are four cases.
If D;; = D;; =0 thenI';; >0 if and only if both
Ajj>pandAj;>p. If D;; =0 butD =N;;1-

©=14;;) thenI'i;) > 0 if and only if bothA,~,~ > Ajj
and(N,-,- —N;j)(4;;—p) > 0. However, the last condi-
tion is always false: Because< j implies N;; > N;;
while D?; >0 implies i > A;;, (Nii — Njj)(Aj; —
1) is always negative. D2 = N;; (1 — u~14;;) but
D;; =0 thenI;; >0 if and only if both u> A;;
and/lj] > A;i. The caseD? = N;; (1 — u~14;;) and

D% =N;;(1—u*4;))is sllghtly more involved. Sub-
stitution into (11) yields

Iijy=
|:ij(/1ii—/1jj)+#Di2i

uDjiDj; :|
uDjiDjj

Nii (Ajj—Ai)+uD%;
17)

A 2 x 2 matrix is positive definite if and only if its
trace and determinant are both positive. The trace and
determinant ofl";;, are

tr{lij} = (Nij — ”)(/1” Aii)
—i—uD —i—uD”, (18)
[Fijl = (Aj; — Aii)(NiiijAu — NiiNj;jAjj
+.uNiiD ,UN]JD ) (19)
=(Nii — Njj)(Ajj — Aii)) (Nii (. — Aii)
+ Njj(p— Ajj)). (20)

The term N;; (u — A“) + Njj(n — Aj;) is always
positive becaus®? > 0 and DZJ >0 imply u> Aj;
andu > A;;. S|m|larly, — Nj; >0 becausé < ;.
ThereforelI';)| > O if and only ifA;; > A;;. Further-
more, A;; > A;; implies t{I';;,} > 0. Thus, if D% =
N;ii(1 — ,u_l/l,'i) and Djz-j = ij(l — ,u_l/ljj) then
F(ij) >0 if and only If/ljj > Aj;.
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To prove one direction, assumxis a local mini-
mum and defin®, D and A as above. (Observe that
theith column ofQ is an eigenvector of with asso-
ciated eigenvaluet;;.) First, assume no diagonal ele-
ment ofD is zero, so thaD? = N;; (1 — u~14;;) > 0.
This necessitated;; < ufori=1, ..., p. The condi-
tion I';;) > 0 then forcest;; < A;; for 1<i < j <p.
Finally, the conditionﬁij >0 forces 4;; > A, for
i=p+1, ..., n Thatis,X must be given by (16) in
this case. (Recalb(i) =i by assumption.) Now, as-
sume instead that a diagonal elemenbds zero. Let
k be the smallest integer such thag, =0. Then, since
Dizl»:N,','(l—,u_l/l,',') >0fori=1,....k—1,4;; <u
fori=1,...,k — 1. Since Dy, = 0, the condition
F(ij) >0 impIiesDjj =0 forj=k+ 1,...,p. It also
impliesA;; > pfori=k, ..., p. Finally, the condition
/)’ij >0 impliesA;; >pufori=p+1,...,n. Again,

X must be given by (16), completing the proof in one
direction.

To prove the other direction, definé as in (16).
(Recallo(i)=i by assumption.) It follows from Propo-
sition 3 thatX is a critical point. LetQ = [v1, ..., v,]
and D = diag{y;.....7,}, so that4 = QTCQ =
diag{/1, ..., A,} is diagonal an&k = Q[D 0]". It fol-
lows thato; > 0 because eithet; > u in which case
Dj; =v; =0 and thusy; > 0, or 4; < u in which case
D? =y?=N;;(1—pu~14;;) and thusy; > 0. (Note that
A6 excludes the case=p.) Similarly, it can be shown
thatf3;; > 0 andl'(;;, > 0, proving that (16) is a local
minimum. O

Propositions 3 and 5 show that to find the
minor components ofC it is necessary and suf-
ficient to choosep>/,, since then the essen-
tially unique local minimum of (5) corresponds
to the minor components ofC. Interestingly, if
u is also chosen to be less that),,; then all
the critical points associated with the principal

eigenvectors, which are nevertheless unstable, are

eliminated.
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critical point of f(X) defined in(5). Assumé that
no column of X is the null vectofrhen eachy; is an
eigenvector of Clet A; denote its associated eigen-
value The np eigenvalues of the Hessian 6fX)
about the critical point X are

{2N;i(u—7:),i=1,..., p}
U{Nii(/lj—i,-),i:1,...,p,j=p+1,...,n}
U{(Nij; = Njjp(4j — ), 1<i < j<p}
U{N;i(u—24) + Njj(n—4;), 1<i < j<p}.

(21)

Proof. That eachx; is an eigenvector follows from
Proposition 3. Lemma 4 implies that the eigenvalues
of the Hessian are simply;, f3;; and the eigenvalues
of I (with A;;=2;). From Proposition 3, iD;; # 0
then it must satisfyD2 = N;; (1— p~1/;). Substituting
D? into o andp;; yieldso; =2N;; (u— ;) andp;; =
Njj(4;—4;). (Note thai andj have been interchanged
in the term corresponding {8 in (21).) Substitution
of D;; into I'(;;) and taking its trace and determinant
yields (18) and (20), whetd;; =/; andA ;;=/;. Since
puDf + pD% = Nii(u—2) + Njj(u— 2, it follows
from (18) and (20) that the eigenvalues bf;;, are
(Nii = Njj)(4j — Zi) andNij (u — 4i) + Njj (= 2j).
This completes the proof.[]

2.5. Compact sub-level sets

The following lemma establishes that (5) is lower
bounded. Thus, its essentially unique local minimum
(16) is also its global minimum. The lemma also
proves the technical condition that (5) has compact
sub-level sets.

Lemma 7. Assumé\1 holds The cost functiorf5) is
lower bounded andfor any constant € R, its sub-
level set{X : f(X)<c}is compact

Proof. Function (5) can be written as

The eigenvalues of the Hessian about a critical point ¢y — i tr{uN? + 2XTCXN — 2uXTXN

influence the asymptotic convergence rate of an opti-

misation algorithm to that critical point and are thus
of interest.

Proposition 6 (Eigenvalues of
Al1-A3 hold. Let X = [xq,..

Hessian Assume
L xpleR™P be a

+uX"XXTX)} (22)

11t is straightforward to modify the proof so as to find the
eigenvalues of the Hessian if one or more columnX @fre zero.
Indeed, if eitherD;; =0 or D;; =0 then I';;) reduces to a
diagonal matrix.
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fromwhichitis clear thaf (X) is a fourth degree poly-
nomial in the elements of. For largeX, the dominant
term is (u/4) tr{XTXXT X} which is lower bounded

765

Theorem 10(Minor component floyv Let n and p be
arbitrary integers withn > p > 1. For any real valued
u> 0, define?, to be the set of all symmetric matrices

by zero and has compact sub-level sets. The lemmain R"*" whose eigenvalues are distinct, are not equal

now follows. O

3. The minor component flow

Proposition 5 established that the essentially unique
local minimum of the cost function (5) corresponds to
the minor components dE. It is therefore natural to
consider the corresponding gradient flow, which the
following lemma shows is precisely (2). For an intro-
duction to gradient flows, sq&].

Lemma 8 (Gradient flow. Define f(X) as in (5).
Then(2) is the negative gradient flow

X = —gradf(X), (23)

where the gradient is with respect to the Euclidean
inner product(A, B) =tr{BT A} on matrix space

Proof. It follows from (6) that

DF(X)E=(CXN — uX (N — XTX), &). (24)

Thus gradf(X) = CXN — uX (N — X' X), proving
the lemma. O

The main result of this paper is that (2) is a minor
component flow. In order to state this rigorously, the
definition of a minor component flow is first given.

Definition 9 (Minor component floy The flow X =
f(X,C) onR"*? is a minor component flow for ma-
trices C belonging to the clasg c R"*" if the fol-
lowing hold:

(1) For any initial conditionXg and anyC €%, a
solution X (¢) of the flow X = f(X, C) satisfying
X (0) = Xg exists and is unique for atl>0.

(2) The limit X o = lim,_, o X (t) always exists.

(3) If Xo is a generic initial condition, then the
columns ofX , are orthogonal to each other and
each one is an eigenvector associated with one of
the p smallest eigenvalues @, counting multi-
plicities.

to i, and at least p of them are less thanThen for
any diagonal matrixv € RP*? with distinct positive
eigenvaluesthe flow(2) is a minor component flow
forCe%,.

The proof of Theorem 10 relies on the following
standard result.

Lemma 11. Consider the negative gradient floW=
—gradf(X) and let Xg be an arbitrary initial con-
dition. If f(X) is a smoothlower bounded function
with compact sub-level sethen there exists a unique
trajectory X (¢) defined and bounded for all>0 and
satisfyingX (0)=Xo. Moreover if the critical points of
f(X) are isolatedand if the Hessian of (X) at every
critical point is non-singularthenX .o =lim;_, oo X (¢)
exists and is a critical point of (X), and if X is cho-
sen generically theiX , is a local minimum off (X).

Proof of Theorem 10. Lemma 8 established that (2)
is the negative gradient flow of the cost function
f(X) defined in (5). Lemma 7 proved(X) is lower
bounded and has compact sub-level sets. Being a
fourth degree polynomial in the elementsXf f(X)

is smooth. IfC €%, u>0 andN is diagonal with
distinct positive eigenvalues, then A1-A5 hold. Thus,
Proposition 3 implies that the critical points ¢ X)

are isolated. Inspection of (21) reveals that the eigen-
values of the Hessian about any critical point are all
non-zero because A3-A5 hold. Proposition 5 shows
that the only local minima are those corresponding
to the minor components @. Therefore, Lemma 11
implies that all three requirements in Definition 9 are
satisfied. [J

4. Numerical examples and convergence rates

The results of this section are informal, the inten-
tion being merely to give a feel for how, N andC
influence the convergence rate of the proposed minor
component flow (2).

It is assumed for this section only that

e C =diag{/,..., 4y}, Wwheredy <--- < 4,
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101 '— 1st'column'of>< 101 — 1st column of X
- 2nd column of X - 2nd column of X
ok~~~ — 3rd column of X — 3rd column of X
10° R 1
-1 100 -‘ B
10 =
g 5
QS .2 8
5 10 5
‘S £ 10t
5 107 £
utJ w
10 102
10°°
107 10°
0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
Time Time
Fig. 1. Graph of the evolution of the erroi(¢), ..., 03(t), Fig. 2. Graph of the evolution of the erro (1), ..., 03(),
defined in (25), of the flow (2) witu=6, C =diag{ }1,2, 5,8, 11 defined in (25), of the flow (2) witt=6, C =diag }1, 2, 3,8, 11
and N =diag{ }3, 2, 1. Initial point was chosen randomly. and N =diad{ }3, 2, 1. Initial point was chosen randomly.
o N=diag{N11, ..., Npp}, whereNyy >--- > N, 10
This causes no loss of generality because replaXing 10°F
with U XIT leaves the form of (2) unchangedUfis >
an orthogonal matrix anfl a permutation matrix. 8 101}
Under these assumptions, Theorem 10 (see also 8
Proposition 5) shows that the essentially unique stable 5 02
equilibrium point of (2) isX = [ 0]'. Let v; denote i

theith column of this stable equilibrium point, so that

if X(¢) is the value oiX in the flow (2) at timet then 10°%F
it can be assumed that, by appropriate choice of the
initial condition X (0), theith columnx;(¢) of X (¢) 10 -
0 056 1 15 2 25 3 35 4 45 5

converges tw;. The distance; (¢) is from its limit v; ‘
can be measured by the angle between them, given by Time
x; () - v Fig. 3. Same as in Fi@ except a different initial point was chosen

! ! (25) randomly.

[EAGINEATS

where- denotes vector dot product. i

The eigenvalues of the linearised flow about the Define the_ Iarges_t error to be mak (). Its_ rate
stable equilibrium point are precisely the eigenvalues _Of decrease is dominated _by the smallest eigenvalue
of the Hessian about the equilibrium point, and are " the set (21). Clearly, sincé/; > -.-> Ny, and
given in (21). Since the Hessian is positive definite 71 <" </p, the smallest eigenvalue in (21) must
about the stable equilibgjm poirtl; (r) converges to belong to the set
zero asymptotically like 7 whereA is related to the
eigenvalues of the Hessian and dependsiogeneral. (2Npp (= 2p), Npp (fl”*l ~ )
Figs. 1-3bear testament to this; the log of the error ~ (N11— N22)(A2 = 21), ...,

decreases linearly with time. (Np-1,p—1— Npp)(4p — Ap-1)}-

0; (t) = arccos

(26)
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10!

100§

1071

1072f

Error in worst column (radians)

1078 - -
0 25 3
Time

05 1 15 2 5

Fig. 4. Graph demonstrating the relative insensitivity of the flow
to changes in the parameter Here, C =diag{ }1, 2, 3, 8, 11 and
N =diad{ }3, 2, 1.

Usually, such as ift> (4, + 4,41)/2, the minimum

of (26) does not depend qn Thus, it can be expected
that the largest error decreases at a rate relatively in-
sensitive tou. Fig. 4 supports this argument. When
choosingu though, recall from Proposition 3 that one
mild advantage of choosing to lie between/, and
/p+1 is that the number of unstable critical points is
reduced.

DoublingN causes all the eigenvalues in (21) to be
doubled. Therefore, the asymptotic convergence rate
increases by a factor of two (that is, the rate’e
becomes &24).

Observe from (26) that ifl; is close to4;_1 then
Ni_1i-1 — N;; must be large if the error is to con-
verge to zero at a reasonable rate. If the eigenvalue
distribution of C is unknown, as is usually the case,
then a sensible choice fofis one such that the differ-
encesN;_1,;—1 — N;; are equal for all; for instance,

N =diag{p, p — 1, ..., 1} is suitable.

Lastly, the possibility of replacin@ with C + /I
to improve the convergence rate is ruled outdf
is replaced byC + Al and u is replaced byu + 4
then eigenvalues (21), and in particular (26), are un-
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also derives a novel principal component flow based
on (2).

For convenience, the Oja—Brockett flow is restated
here but with different variable names,

Z=AZN —ZNZ'AZ, ZeR"YP, (27)

where A € R™" and N € R”*? are positive definite
symmetric matrices with distinct eigenvalues. The
columns of Z converge to the eigenvectors associ-
ated with thep largest eigenvalues @&k in an order
determined byN; see[32] for a proof.

Theorem 12. Under the linear coordinate transfor-
mation
X — /l‘l/ZAl/ZZNl/Z, (28)

which is only defined if both A and N are positive def-
inite symmetric matricedhe Oja—Brockett flow27)

becomes
X=(A—ADXN+2X(N — X'X), (29)

which is the minor component flq&) with C=4A1— A
andpu=A.

Proof. DefineX as in (28). Then

X = A"V2AY2z N2 (30)
=AXN —2XX'X (31)
=(A—J)XN + )X (N — X"X), (32)

where (31) is obtained by substituting (27) into (30).

O

Since the Oja—Brockett flow (27) requirésand
N to be positive definite and symmetric, transforma-
tion (28) from the Oja—Brockett flow to the minor
component flow (2) is always valid. However, as is
now shown, the reverse transformation from (2) to
(27) is not always possible, meaning that the minor
component flow (2) is a strict generalisation of the

changed. Therefore, the asymptotic convergence rateOja—Brockett flow. The reverse @f = Al — A and

is insensitive to shifts irC.

5. Connection with principal component flows

This section shows that the Oja—Brockett flow (1)
is a special case of the minor component flow (2). It

u=A4is A=ul — C andA = p. SinceA must be pos-
itive definite for (28) to be defined (and for (27) to be
stable), the reverse transformation is only valig iis
larger than the largest eigenvalue@f

Since (2) is a generalisation of (27), it is natural to
consider using (2) witl =47 — A to find the principal
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components ofA. Since there is no requirement for
C to be positive definite in (2), the choice adfis
relatively unimportant. Indeed, the informal analysis
in Section 4 suggestsdoes not affect the asymptotic
convergence rate.

6. Conclusion

The novel minor component flow (2) was derived

J.H. Manton et al. / Systems & Control Letters 54 (2005) 759—-769

is diagonal, as required if the columns Xfare to
correspond to eigenvectors Gf For example, ifX is
any two-by-two matrix with singular valueg’s and
JI=s, thenX™X(I —X"X)=( — XXNHXX =
s(L—us)1.

The above observation can be used to construct ex-
amples of undesired critical points as follows. ILét
andV be arbitrary orthogonal two-by-two matrices and
setS = diag{+/s, +/1 — s} for some constans. Sub-
stituteX =USVT into CXN =X (I — X" X) to yield

and analysed. It was shown to be a generalisation of S(UTCU)S=s(1—s5)(VTN~1V). Even thouglC and

the Oja—Brockett principal component flow (1). The

N are assumed to be diagonal, note thdtCU and

derivation of (2) was based on the observation that the VI N1V are arbitrary positive definite matrices. In

penalty term in the cost function (4) has a benign effect
on the critical points. Section 2 performed a local sta-
bility analysis about all critical points of a mild mod-
ification of this penalised cost function, showing that
the only local minima are those corresponding to the
minor components df. Section 3 derived the flow (2)
as a gradient flow minimising this modified cost func-
tion. Moreover, pointwise convergence of this flow to
the minor components & was proved. The effect of
changingu, N and C on the convergence rate of the
flow was investigated in Section 4. Section 5 eluci-

dated the connection between (2) and the Oja—Brockett

flow. It also stated that replacing by —C in (2) re-
sults in a satisfactory principal component flow.
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Appendix A. The orthonormal penalty function

The reason the cost function (4), whose penalty
term forcesX to be orthonormal, is not used is due
to the possibility of critical points unrelated to the
eigenvectors o€, as is now shown.

From Section 2, the critical points of (4) wiflh=
1 are the solutions o€ XN = X(I — X' X). Thus
XTCXN =X"X(I — X"X) and CXNXT = (I —
XX"XxXT both hold. AssumeC andN are both di-
agonal with distinct elements. It follows that both
XTX(I-XTX)and(I—XXT)XX T are diagonal. Un-
fortunately, this is not enough to conclude tiatx

particular, ifV andN are chosen at random, withpos-
itive definite to satisfy A3, a solution &f(UTCU)S =
s(1—s5)(VTN~1V) is found simply by taking the sin-
gular value decomposition ¢f (VT N~1v)s~1 and
reading off suitable values f&t andC. In this way, di-
agonal matrice€ andN can be found such that there
exists a critical poinX whose columns are not related
to the eigenvectors dt.
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