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Abstract Two-point correlations of the fluctuating streamwise velocity are examined in
the atmospheric surface layer over the salt flats of Utah’s western desert, and correspond-
ing structure inclination angles are obtained for neutral, stable and unstable conditions. The
neutral surface-layer results supplement evidence for the invariance of the inclination angle
given in Marusic and Heuer (Phys Rev Lett 99:114504, 2007). In an extension of those results
it is found that the inclination angle changes drastically under different stability conditions
in the surface layer, varying systematically with the Monin–Obukhov stability parameter in
the unstable regime. The variation is parametrized and subsequently can be used to improve
existing near-wall models in the large-eddy simulation of the atmospheric surface layer.

Keywords Inclination angles · Large-scale coherence · Turbulent boundary layer ·
Unstable surface layer

1 Introduction

Over the past few decades, large-eddy simulation (LES) has provided commendable success
in advancing the computation of atmospheric surface-layer (ASL) flows. LES methods for
such flows are temporally dynamic and spatially efficient, and with advances in computational
resources are becoming state-of-the art (e.g. Porté-Agel et al. 2000; Brasseur and Wei 2010).
Large-eddy simulation of the high Reynolds number ASL requires near-wall modelling and
estimates of sub-filter scale stresses (Porté-Agel et al. 2001; Sullivan et al. 2003; Bou-Zeid
et al. 2005). Furthermore, the prescribed surface boundary conditions are critical for the
performance of LES. In simulations, the first grid point in the LES model is far away from
the surface in terms of the viscous scaled wall length and is typically in the logarithmic layer
well above the viscous sublayer. However, the near-wall region is responsible for the high-
est levels of turbulent kinetic energy (TKE) production. This characteristic of wall-bounded
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42 K. Chauhan et al.

flows requires replacing the common no-slip boundary condition with a condition on the wall
shear stress. Schumann (1975) proposed one of the first models to directly relate the shear
stress at the wall to the velocity at a certain height z above from the wall,

τi3(x, y, t) = 〈τ 〉
〈ũ(z)〉 ũi (x, y, z, t), (i = 1, 2). (1)

Here, the angular brackets 〈 〉 indicate an averaging operation over the homogenous hor-
izontal plane and (˜) denotes the spatial filtering operation. Thereby, 〈ũ(z)〉 is the mean
horizontal velocity at height z and ũi (x, y, z, t) is the instantaneous (filtered over the grid
size) velocity in the i-direction. The mean shear stress 〈τ 〉 is typically calculated from the
average velocity 〈ũ(z)〉 based on the law of the wall in the case of the neutral surface layer, or
a drag rule based on Monin–Obukhov similarity (Moeng 1984). Grötzbach (1987) success-
fully used a similar approach to model the wall heat flux and Eq. 1 is commonly referred as
the Schumann–Grötzbach (SG) model. In an alternate approach that is also commonly used
in LES, the total surface shear stress is estimated by applying the Monin–Obukhov similarity
for the mean flow to the total instantaneous velocity in the homogenous plane (Moeng 1984;
Schmidt and Schumann 1989; Albertson and Parlange 1999). An alternative form of Eq. 1
is the shifted Schumann–Grötzbach (shifted SG) model (Piomelli et al. 1989) wherein the
instantaneous filtered velocity at a shifted streamwise location is utilized as,

τi3(x, y, t) = 〈τ 〉
〈ũ(z)〉 ũi (x + Δx, y, z, t), (i = 1, 2), (2)

where Δx is a streamwise displacement. The shifted SG model provides an improvement
over the standard SG model (e.g. Piomelli et al. 1989; Porté-Agel et al. 2000; Piomelli and
Balaras 2002) and has been extensively evaluated (Marusic et al. 2001; Venugopal et al.
2003; Chamorro and Porté-Agel 2010). Another model proposed by Marusic et al. (2001)
is derived from wind-tunnel experiments that compared directly the measured surface shear
stress to the modelled stress. The Marusic et al. (2001) model is based on the streamwise
velocity and given as,

τi3(x, y, t)= 〈τ 〉
〈ũ(z)〉 ũi (x, y, z, t) − αUτ

[
ũi (x + Δx, y, z, t) − 〈ũi (z)〉

]
, (i = 1, 2), (3)

where α = 0.1 is a characteristic constant and Uτ is the mean friction velocity. The model of
Marusic et al. (2001) was formulated to correctly estimate the energy levels for the fluctuating
wall shear stress such that the resulting spectra at different positions from the wall collapse
onto a single curve. Experimental studies (e.g. Carper and Porté-Agel 2004; Marusic and
Heuer 2007; Li and Bou-Zeid 2011) are helpful in undertaking an a priori evaluation of the
wall models, wherein the agreement of the prediction from a particular model with the mea-
surements forms the basis of its validity. On the other hand, in an a posteriori study the wall
models are implemented in LES and the results are evaluated for agreement with standard
boundary-layer theory (e.g. Stoll and Porté-Agel 2006, 2008). In all of the models mentioned
above the streamwise shift Δx plays a vital role in accurately estimating the instantaneous
surface shear stress.

The idea behind using a streamwise shift Δx arises from the fact that inclined vorti-
cal features in the near-wall region of wall-bounded flows are significantly responsible
for energy transfer and crucial to forward-scatter and backscatter in sub-filter-scale dis-
sipation in large-eddy simulations (Carper and Porté-Agel 2004). Events such as ejec-
tions and sweeps and the recently documented ‘superstructures’ (Hutchins and Marusic
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2007; Marusic et al. 2010) result in a strong correlation between the local velocity fluctua-
tions and the fluctuating surface shear stress. Such coherent structures have been observed
experimentally in both instantaneous flow fields and using conditional averaging and two-
point correlations (Brown and Thomas 1977; Head and Bandyopadhyay 1981; Adrian
et al. 2000). The presence of these coherent motions has also been reported in the atmo-
spheric surface layer (Hommema and Adrian 2003; Carper and Porté-Agel 2004; Morris
et al. 2007; Hutchins et al. 2012). The presence of such inclined instantaneous motions,
occurring frequently at a multitude of scales, results in two-point correlation maps that
are elliptical in shape with the principal axis inclined at a shallow angle away from the
wall. This angle is often referred to as the structure inclination angle. The peak of cor-
relation occurs at a streamwise shift Δx∗ (Eq. 2) that in the neutral surface layer typ-
ically corresponds to an inclination angle of approximately 14◦ (Carper and Porté-Agel
2004; Marusic and Heuer 2007). Marusic and Heuer (2007) demonstrated the invari-
ance of the inclination angle in wall-bounded flows with zero buoyancy (neutral condi-
tions) over a wide range of Reynolds number through laboratory and field experiments.
However, the study by Marusic and Heuer (2007) does not document the temporal lag
or shift between velocity and shear stress in non-neutral conditions. In this paper we
study the change in the inclination angle (directly related to the streamwise shift Δx∗)
for varying stability conditions, where stability is characterized by the Monin–Obukhov
parameter.

The lead–lag is also an important characteristic of the amplitude modulation of small-
scale turbulence near the surface by the large-scale motions away from the wall (Mathis et al.
2009). As such, the structure inclination angle is also an important parameter in the predictive
model of Marusic et al. (2010) and Marusic et al. (2011) where the statistics of streamwise
shear stress and velocity fluctuations near the surface can be predicted from measurements
in the logarithmic region of a neutral surface layer. Although this angle is associated with the
presence of inclined structures, the physical mechanism that effectively sets its value between
12◦ and 14◦ in neutral conditions is unknown. In the neutral surface layer or in laboratory
flows without buoyant conditions, the inclination angle found from temporal measurements
utilizing Taylor’s hypothesis (e.g. Kovasznay et al. 1970; Boppe and Neu 1995; Carper and
Porté-Agel 2004; Hutchins et al. 2012) is in agreement with that inferred from direct spatial
measurements (e.g. Christensen 2001; Ganapathisubramani et al. 2005; Morris et al. 2007).
Variation in the inclination angle under non-neutral conditions has previously been observed;
e.g. Phong-Anant et al. (1980) observed ‘ramps’ in the temperature profiles that were inclined
between 21◦ and 47◦; Hommema and Adrian (2003) visualized large-scale ramp-like struc-
tures with downstream inclination of 3◦–35◦; and Carper and Porté-Agel (2004) found an
increased inclination angle between 15◦ and 35◦ under unstable conditions from temporal
velocity measurements. The previous results of varying inclination angle in the non-neutral
surface layer however are quite sparse and lack characterization with a suitable flow parame-
ter. We address this aspect here by examining the structure inclination angle and its variation
with changes in the surface heat flux; i.e. stable, unstable and neutral conditions from a larger
database of field experiment data (spanning almost nine days of continuous acquisition).

2 Experimental Set-up

The results presented are from data acquired by Marusic and Heuer (2007) and Marusic and
Hutchins (2008) at the Surface Layer Turbulence and Environmental Science Test (SLTEST)
facility in the salt flats of western Utah. The experiments were conducted at the SLTEST
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Fig. 1 North view of the sonic anemometers arranged in the spanwise and tower array at the SLTEST site.
Note that s1 = t2. Reproduced from Hutchins et al. (2012)

site over a duration of nine days from 26 May to 3 June 2005. Continuous measurements
of all three components of velocity and of temperature were acquired by a spanwise and
wall-normal array of 18 sonic anemometers (Campbell Scientific CSAT3) in an ‘L’ shaped
configuration. The schematic of the set-up as viewed from the north direction is shown in
Fig. 1. The spanwise array covered an overall distance of 27 m with 10 anemometers placed
3 m apart and at a height of zs =2.14 m. The height of the spanwise array and the average
measurement from the 10 sonics is used to determine the Monin–Obukhov similarity param-
eter. The wall-normal array consisted of nine probes placed logarithmically from zt =1.42 to
25.69 m. The sonic anemometers in the spanwise array are denoted with the prefix ‘s’ and the
prefix ‘t’ is assigned to the tower array. The two-point correlation results presented here are
derived from the tower array only. Not all of the data are suitable for analysis after pre-pro-
cessing to correct for wind direction, de-trending and the application of data selection criteria,
details of which are provided in Hutchins et al. (2012). After applying the pre-processing,
only 63 h of data are subsequently analyzed.

3 Results

In the study of Marusic and Heuer (2007), the structure inclination angle was obtained by
cross-correlation of wall shear-stress velocity fluctuations uτ with streamwise velocity fluctu-
ations u in the logarithmic region. For the current data, the wall shear stress was not measured
and hence the cross-correlation is computed between the sonic anemometer closest to the
surface (t1) and the rest of the tower anemometers. As shown in Marusic and Heuer (2007),
this procedure gives slightly smaller values of correlation but the calculated angle is not sig-
nificantly altered if Δz is large (Δz is relative height from t1). The cross-correlation of the u
signal from t1 with the u signal from the rest of the tower sonics is plotted in Fig. 2 for 1 hr
of neutral surface-layer data. The abscissa on Fig. 2 is shown in length units by converting
the temporal lead/lag using Taylor’s hypothesis (Δx = UΔt , U is the convection velocity
taken as the local mean). The cross-correlation is defined as,
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Fig. 2 Cross-correlation, Ruu at different heights with u t1 as the reference signal. Bullet indicates peak Ruu
between t1 and t2 − t8. Inset shows Δz versus Δx∗ for the eight Ruu profiles and its linear trend

Ruu(Δx,Δz) = 〈 u(x, y, z) u(x + Δx, y, z + Δz) 〉
σu(x,y,z)σu(x+Δx,y,z+Δz)

. (4)

It is seen in Fig. 2 that the signal from t1 (z =1.42 m) is highly correlated with the signal
from t2 (z =2.14 m) with a peak correlation magnitude of approximately 0.7. Further from
the wall, the peak correlation magnitude decreases, shown by the sequence of lines in Fig. 2
(peak Ruu ≈ 0.1 between t1 and t9). A shift in the peak location away from Δx = 0 is
also observed with decreasing magnitude. This shift (denoted by Δx∗) becomes larger as Δz
increases and the variation of Δx∗ with Δz is found to be linear (see inset in Fig. 2). The
average structure inclination angle γ is calculated as,

γ = arctan(〈 Δz/Δx∗ 〉). (5)

The data in Fig. 2 represent the neutral surface layer, which has been extensively examined
in Hutchins et al. (2012) to report its similarity with canonical laboratory flow. We now
look at the structure inclination angle γ under flow conditions that are non-neutral; i.e. vary-
ing stability. For comparison, the stability parameter adopted here is the Monin–Obukhov
parameter zs/L , where L is defined as,

L = − θ u∗3

κg (wθ)0
. (6)

Here, L is the Obukhov length scale determined from the average of 10 sonic anemometers in
the spanwise array, κ = 0.41 is the von Kármán constant, g is the gravitational acceleration,
u∗ = (−uw)1/2 is the friction velocity, (wθ)0 is the kinematic surface heat flux, and θ is the
mean temperature.1 The stability parameter is obtained at the reference location zs =2.14 m
where the horizontal sonic anemometers were placed. For the present set of data the stabil-
ity parameter z/L varied between −5 (unstable) to 0.1 (stable), although most hourly flow
conditions had positive surface heat flux. To compare γ for different stability conditions,
Ruu is represented in the form of a two-dimensional correlation map in the x − z plane
in Fig. 3a, c along with a schematic that illustrates the qualitative differences for different
stability regimes.

1 The difference between air temperature θ and virtual temperature θv due to moisture is small and can be
ignored for the ASL mean temperature over land (Kaimal and Finnigan 1994).
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(a)

(b)

(c)

Fig. 3 Ruu correlation map in the x–z plane constructed from the tower array. Solid line indicates the incli-
nation of Ruu . a Neutral, b unstable, and c stable. Contour levels are from Ruu = −0.15 to 0.95 in increments
of 0.05. Solid red lines indicate positive contour levels and dashed blue line indicate negative levels. Note that
data for cases a, b and c were acquired on different days

The correlation map for the neutral surface layer (zs/L ≈ 0) is shown in Fig. 3a. The
location of sonic anemometers is indicated for the reader’s reference and the condition point
is at t1 (shown in red). It is clear that the streamwise/spanwise Ruu map has a large associ-
ated wall-normal extent; i.e. positive Ruu extends beyond the top of the tower. The region
of positive correlation is high and extremely long in the streamwise direction (extending
beyond the limits shown). The positive contours have a clear inclination in the streamwise
direction, as previously documented in laboratory flows (e.g. Kovasznay et al. 1970; Brown
and Thomas 1977; Christensen and Adrian 2001) and also in the atmospheric surface layer
(Carper and Porté-Agel 2004; Marusic and Heuer 2007). The structure inclination angle for
the neutral surface layer in Fig. 3a is 13.7◦ indicated by the solid line. Marusic and Heuer
(2007) reported γ = 14.7◦ from Ruτ u (correlation of uτ and u) and γ = 11.8◦ for Ruu for
the neutral surface layer at the same facility. Within the experimental scatter, our values for
the neutral surface layer agree well with the recent experiments of Marusic and Heuer (2007)
and those reported in earlier studies (γ = 18◦ from Brown and Thomas (1977), γ = 15◦
from Boppe et al. (1999), and γ = 16◦ from Carper and Porté-Agel (2004)).

Figure 3b shows the Ruu map for an hour of unstable surface-layer data where zs/L ≈
−0.1 is encountered. Again, there is a large region of positive correlation that extends beyond

123

Author's personal copy



Structure Inclination Angles in the Convective ASL 47

the measurement array in the wall-normal direction and is significantly elongated in the
streamwise direction. Similar to the neutral case, the Ruu map has a distinct inclination,
however the angle of inclination is clearly higher than for the neutral case 3a. For this hour of
data the structure inclination angle is 34.3◦, which is more than twice that of the neutral case.
The increase in inclination angle up to 34◦ with decreasing stability has also been reported
previously by Carper and Porté-Agel (2004). It appears that the unstable surface layer has a
larger spatial extent of meaningful correlation and hence the underlying coherence occurs at
a larger physical scale.

A plausible explanation for the increased inclination angle in unstable surface layers
provided by Hommema and Adrian (2003) is the superposition of shear-driven coherent
flow features and buoyancy driven motions. During the day, when dθ/dz < 0, the total
production of turbulence is augmented by the additional contribution by positive buoyancy
along with the shear-driven production of turbulence. The spatial extent of the two-point
correlation represents the signature of large-scale features/motions that exist in the bound-
ary layer (Ganapathisubramani et al. 2003; Hutchins and Marusic 2007). These motions are
streamwise aligned and are present in a region that is very close to the wall and extends
up to the outer part of the logarithmic layer. Buoyancy in the atmospheric surface layer
essentially represents a force that acts normal to the preferred orientation of these structures.
Wall-normal motions induced or augmented by buoyancy can become of the same order of
magnitude as these large structures, and consequently alter their orientation. Thus, buoyancy
can be interpreted to have a ‘lifting’ effect resulting in the increased inclination angle of
the structures (Carper and Porté-Agel 2004). Similar spatial changes in the structure of Ruu

in the streamwise/spanwise plane were observed by Chauhan et al. (2010), where the iso-
contours are elongated and become wider as the heat flux wθ increases. Under near-neutral
conditions the effects of buoyancy diminish and the heat flux decreases to near zero resulting
in predominantly shear-driven turbulence throughout the surface layer.

In Fig. 3c the correlation map for an hour of stable surface-layer data with zs/L = 0.1
is plotted. Note that the absolute value of zs/L (denoted as |zs/L|) is the same in Fig. 3b,
c. The characteristics of Ruu for the stable case are distinctively different to the unstable
case. Near the surface the region of positive correlation still appears to be long although the
magnitude of correlation is smaller at a particular Δx indicating that coherent structures are
shortened in x . Consistent with the smaller surface-layer depth at night, it is noticeable that
the wall-normal extent of the positive correlation is now significantly smaller compared to
the neutral and unstable cases. A large region of negative correlation exists, occupying more
than 3/4 the wall-normal height of the tower. These features indicate that under stable condi-
tions the underlying coherent structure is clearly very different. The almost parallel contour
lines also indicate that the Ruu map lacks the physical signature of vortical features that are
common to Fig. 3a, b. Although locally Ruu seems to be inclined very close to the surface
implying such vortical features might be present at a smaller scale close to the surface. As
the temperature decreases at sunset, the effects of buoyancy diminish and it is common for
the heat flux to become negative at nighttime. This leads to negative buoyancy and a positive
thermal gradient (dθ/dz > 0), in which turbulent motions are suppressed by gravity. It is rea-
soned that under stable conditions density stratification near the surface leads to a ‘layered’
flow. The cold and denser air near the surface restricts transport or momentum transfer that
is typically associated with wall-turbulence mechanisms. Subsequently the shear-induced
turbulence is only dominant within a limited wall-normal extent beyond which the shear
production diminishes.

Figure 4 plots the change in inclination angle γ obtained from the Ruu maps versus the
stability parameter zs/L for all the hourly data. As expected, the inclination angle increases
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Fig. 4 Variation of structure inclination angle γ with the stability parameter zs/L . Solid line represents Eq. 7.
The neutral surface-layer data are categorized as |zs/L| < 0.01 and shown by black square. Red bullet indi-
cates unstable surface-layer data and blue diamond indicates stable surface-layer data. The statistics for each
data point are obtained from 1 h of data. Asterisks from Ruτ u of Marusic and Heuer (2007); open square from
Ruu of Marusic and Heuer (2007) (z/L at z = 2.93 m); inverted black triangle from Carper and Porté-Agel
(2004) (z/L at z = 4.9 m). Dash-dotted lines indicate ±5◦ deviation from Eq. 7

with decreasing stability (increasing −zs/L). The variation of γ with |zs/L| is systematic
and follows a log-linear increase in the unstable regime. For the few hourly cases of stable
conditions that existed in these measurements the inclination angles are reduced (typically
below 10◦) and lack an overall trend (these are shown by the diamond symbols on Fig. 4).
Given that the region of positive correlation near the surface is quite small and only four sonic
anemometers were measuring below 6 m (see Fig. 3c), the γ for the stable regime should
be considered as a qualitative indicator. For comparison the inclination angles calculated by
Marusic and Heuer (2007) and Carper and Porté-Agel (2004) from field experiments are also
included in the figure. The stability parameter in the study of Carper and Porté-Agel (2004)
was obtained at z = 4.9 m, which is a plausible reason for their data to appear shifted in
comparison to the trend in the present study. It should be noted that this atmospheric surface-
layer data are not well-converged and the scatter in Fig. 4 would be smaller in a controlled
laboratory experiment. A parametric equation is fitted to the log-linear trend of unstable data
to model the variation of γ with zs/L and is given as,

γ = γ0 + 7.3 ln(1 − 70 zs/L), (7)

where zs = 2.14 m and γ0 = 12◦ is the inclination angle in the neutral surface layer. The
functional form of Eq. 7 approaches the invariant value of inclination angle when zs/L
approaches zero, while it depicts the logarithmic behaviour of γ at high −zs/L . In our study,
the Monin–Obukhov parameter is estimated from the 10 sonic anemometers at zs = 2.14 m
to obtain a reliable average estimate of z/L . We find that the trend of γ versus z/L is not
significantly altered and the scatter is within ±5◦ of Eq. 7 if a different reference height of
z = 1.42 or z = 3 m is used instead of zs = 2.14 m on the abscissa of Fig. 4. Therefore, the
variation of the average inclination angle could also be characterized by z/L from a different
height that provides a good measure of stability near the surface. It should be noted that
Eq. 7 would not be applicable in the unstable ASL with very large −zs/L where the flow
approaches free convection. In such cases the inclination angle would no longer be a physical
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characteristic of the underlying motions (e.g. thermal plumes). Equation 7 agrees well with
the current data and also with the values previously reported (Carper and Porté-Agel 2004;
Marusic and Heuer 2007).

In summary, a systematic variation of the structure inclination angle with the Monin–
Obukhov similarity parameter is documented in this study. Large-scale coherent motions
such as the hairpin vortex packets are typically present across the entire surface layer and
contribute significantly to Ruu . Further, Hommema and Adrian (2003) postulated that the
structure inclination angle in unstable surface layers results from the superposition of hairpin
vortex packets and a buoyant upward motion due to thermal stratification. With such a per-
spective we can infer that the deviation of the inclination angle from the invariant value of the
neutral surface layer is solely caused by the thermal effects and hence should be characterized
by the stability parameter.
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