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ABSTRACT
Data obtained from the high Reynolds number atmospheric

boundary layer are used to analyze existing mean-flow and tur-
bulence intensity similarity formulations. From the results of
this analysis a new streamwise turbulence intensity formulation
is proposed that is suggested to be applicable across the entire
smooth-wall high Reynolds number turbulent boundary layer.
The new formulation is also shown to be consistent with the
mixed-flow scaling suggested by other studies.

NOMENCLATURE
Reτ Reynolds number based on friction velocity ( Uτδ

ν )

Rθ Reynolds number based on momentum thickness ( U1θ
ν )

u Fluctuating streamwise velocity
U Mean streamwise velocity
U1 Freestream velocity
Uτ Wall friction velocity
w Fluctuating wall-normal velocity
z Wall-normal position
δ Boundary layer thickness
θ Momentum thickness
ν Kinematic viscosity

INTRODUCTION
Turbulent boundary layers play an important role in the de-

sign and development of many engineering applications involv-

ing flowing fluids. For example, they determine the skin friction
on vehicles and have an important influence of the dispersion of
pollutants in the atmosphere. In most physically realistic appli-
cations these boundary layers are at high Reynolds over hydro-
dynamically rough walls. However, much of the existing experi-
mental data is from low to moderate Reynolds number boundary
layers over smooth walls. This makes it difficult to critique ex-
isting similarity formulations from the extrapolation of the avail-
able moderate Reynolds number data. To remedy this experi-
ments were conducted in the atmospheric surface layer above the
salt flats of the Western Utah desert. The data collected are used
to analyze existing mean-flow and turbulence intensity similarity
formulations.

Apart from the log-law versus power-law controversy [1,2],
the existence of mean-flow similarity in smooth- and rough-wall
boundary layers has generally been agreed upon and found to
exist across a broad range of studies. The scaling for turbu-
lence intensity similarity, however, is considerably more con-
tentious. For instance, historically, the wall-normal profile of
the streamwise turbulence intensity, when scaled with inner-flow
variables (Uτ and ν), is thought to be independent of Reynolds
number in the entire wall region (viscous sublayer, buffer layer
and logarithmic layer). This view is supported by Mochizuki
and Nieuwstadt [3] and is also used in many computational tur-
bulence models. Conversely, Marusic, Uddin and Perry [4] pro-
posed a similarity formulation, based on the attached-eddy hy-
pothesis of Townsend [5], that is dependent on Reynolds number.
More recent studies by DeGraaff and Eaton [6] and Metzger and
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Klewicki [7] have shown that a mixed scaling of both U1 and Uτ
yields similarity in the inner-wall region (viscous sublayer and
buffer layer).

The similarity formulation developed in Ref. [4] was com-
pared to experimental data over a large range of moderately high
Reynolds numbers; however, due to lack of experimental data,
it was not verified at high Reynolds numbers. Here the for-
mulation of Ref. [4] is tested at high Reynolds numbers and is
subsequently extended to be applicable across the entire smooth-
wall turbulent boundary layer. A brief discussion of the possible
rough-wall effects is included along with a comparison of labo-
ratory rough-wall turbulent boundary layer data from Krogstad
and Antonia [8]. The extended formulation is also compared
with laboratory data presented in Ref. [6] and is found to be con-
sistent with their suggestion of mixed-flow scaling in the inner
region of the boundary layer.

EXPERIMENTAL SETUP
All high Reynolds number data used for this study were col-

lected in the surface layer of the atmospheric boundary layer. The
experiments were conducted at the SLTEST (Surface Layer Tur-
bulence and Environmental Science Test) facility located on the
western Utah salt flats. A detailed description of the site, as well
as a discussion of its advantages, are found in Ref. [9]. Several
experimental field studies, spanning four years, were conducted
to obtain a data set representative of a canonical high Reynolds
number turbulent boundary layer. For the data shown here, the
surface roughness was estimated at approximately 10 mm, the
effects of which can be seen in the offset of the mean-velocity
profiles (Fig. 1). All measurements were taken in the evening
as the surface layer passed through neutral stability. The stabil-
ity parameter, z�L, where z is the wall-normal position and L is
the Obukhov length, measured from several sonic anemometers,
was positive and less than 0.03 for the highest wall-normal mea-
surement position of 2 m [10,11]. Other studies [12] have shown
that for 0 � z�L � 0�1 the turbulence intensities are independent
of the stability parameter. Therefore, any slight buoyancy effects
that might exist are assumed to be negligible.

Instantaneous streamwise and wall-normal velocity compo-
nents were obtained using a wall-normal array of hot wires. The
array consisted of two single hot wires and six X-wires held on a
stand and positioned from 0.06 to 2.0 m above the surface of the
salt flats. The X-wires were calibrated in a designated calibration
facility against a Pitot-static probe connected to a 10-Torr MKS
pressure transducer. They were calibrated at nine angles for each
of seven velocities ranging from�32o and 1-11 m/s respectively.
The hot wires were calibrated at the same time as the X-wires at
the zero angle position for each of the seven velocities. For the
X-wires, a polar look-up table calibration method was then used
to determine the two instantaneous velocity components from
the two instantaneous voltage signatures. A fourth-order poly-

nomial curve fit was used for the hot wires. The wires were cal-
ibrated before and after each experimental run. The calibrations
were interpolated, as a function of temperature, to account for
the temperature change in the field between calibration and data
acquisition (� 6 oC). All wire filaments were 5µm copper-coated
tungsten wires with a 1 mm sensing length. The Kolmogorov
length scale is estimated to be approximately 0.5 mm so the con-
ventional wires used are able to resolve most of the length scales
in the flow down to the dissipation scale. This is why hot wires
are used instead of sonic anemometers that typically have a 10-
cm measuring path. Ten wires were operated with an AA Labs
ten-channel anemometer and four were operated with a TSI IFA-
100 four-channel anemometer. All wires were run at an overheat
ratio of 1.7. All sensor signals were conditioned with a Tek-
tronix VX4780 signal conditioner and digitized with a Tektronix
VX4244 16-bit resolution digitizer. During data collection all
wires were simultaneously sampled at a rate of 10 kHz for 30
min.

RESULTS AND DISCUSSION
The two data sets used to analyze the similarity formulations

correspond to Reynolds numbers based on the friction velocity
(Reτ � Uτδ�ν) of approximately 3.1E6 and 3.8E6. The friction
velocity was calculated from the Reynolds shear stress at the first
X-wire measuring position above the wall (Uτ �

��uw). This
method of determining the friction velocity agrees well with di-
rect drag-balance measurements also available at the site during
the near-neutral stability [13], which was when all the measure-
ments were taken. The boundary thickness for both data sets
was estimated as 200 m based on similar days mini-sodar mean-
velocity profiles and wind direction measurements throughout
the entire atmospheric surface layer. Any possible effects of this
boundary layer thickness estimation will be noted in subsequent
discussions.

Mean-flow similarity
The mean-flow measurements, plotted with inner-flow scal-

ing (z� � zUτ�ν�U� �U�Uτ), can be seen in Fig. 1. Here it is
easy to see the shift in the classic smooth-wall logarithmic ve-
locity profile due to the roughness. It has been well established
that the mean-velocity profile for rough-wall turbulent boundary
layers follows a logarithmic overlap law of the wall form,

U� �
1
κ

ln��z� ε����A�∆U�� (1)

where A is the classic log law intercept (5.0), κ is the classic log
law slope (0.41), ε is the offset in the origin (zero velocity) of the
profile due to the roughness and ∆U � is the shift in the velocity
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Figure 1. MEAN-VELOCITY MEASUREMENTS. SOLID SYMBOLS

ARE DATA FROM THE ATMOSPHERIC SURFACE LAYER. SOLID

LINES ARE SMOOTH- (κ � 0�41 and A � 5�0) AND ROUGH-WALL

LOG LAWS. DASHED LINE IS THE LAW OF THE WALL.

profile due to roughness,

∆U� �
1
κ

ln�k�s ��C� (2)

Here ks is the equivalent sand grain roughness height [14]. Com-
bining Eqns. 1 and 2 yields:

U� �
1
κ

ln�
z� ε
ks

��D� (3)

where D � 8�5 for k�s � 70 [14]. Fitting Eqn. 3 to the mean-
velocity profile using a least-squares regression, yields ks and ε.
It is found that ks � 10 mm and ε � 0.8 mm and -7 mm for the
Reτ � 3.1E6 and 3.8E6 respectively. There is a difference in ε
because the stand that the wires were mounted on was reposi-
tioned before each run, and therefore, the mean-velocity profile
origin with respect to the positions of the wires was changed. The
rough-wall logarithmic law of the wall functions corresponding
to both Reynolds numbers can be seen in Fig. 1.

Turbulence intensity similarity
The streamwise turbulence intensities from the atmospheric

surface layer with inner-flow and outer-flow scaling are shown
in Fig. 2 (solid symbols). Similarly, the wall-normal turbulence
intensities and the Reynolds shear stresses are shown in Figs. 3
and 4 respectively. In all cases the data from Ref. [6] (open sym-
bols) are also shown for comparison. The Reynolds shear stress
behaves as expected for a high Reynolds number flow showing
an extended range of approximately constant shear stress.

The corresponding streamwise and wall-normal similarity
formulations developed from the attached-eddy hypothesis of
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Figure 2. STREAMWISE TURBULENCE INTENSITIES. SOLID SYM-

BOLS ARE ATMOSPHERIC DATA. OPEN SYMBOLS ARE LABORA-

TORY DATA [6]. SOLID AND DOT-DASHED LINES ARE CORRE-

SPONDING SIMILARITY FORMULATIONS. DOTTED LINES ARE THE

SIMILARITY FORMULATION IF THE BOUNDARY LAYER THICKNESS
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Townsend [5] are also shown in Figs. 2 and 3. Extending previ-
ous streamwise similarity formulations [15, 16], Ref. [4] devel-
oped a formulation, applicable in the entire turbulent wall and
outer region of the flow,

u�2 � B1�A1 ln�
z
δ
��Vg�z

��
z
δ
��Wg�

z
δ
�� (4)

Here B1 is a large scale characteristic constant, A1 is a universal
constant, and Vg and Wg are viscous and wake deviations from
the logarithmic portion. Details of the development of this for-
mulation can be found in Ref. [4]. Similarly, the wall-normal
turbulence intensities are suggested [16] to be described by:

w�2 � A3�B3
z
δ
�Vg�z

��
z
δ
�� (5)

where B3 is a characteristic constant, A3 is a universal constant,
and Vg is the same as in Eqn. 4. The similarity formulations ap-
pear to describe the data well. This suggests therefore, an agree-
ment with Townsend’s [5] Reynolds-number-similarity hypoth-
esis. That is, at sufficiently high Reynolds numbers, the turbu-
lence intensities (energy containing motions) are independent of
roughness (or viscosity) when scaled with outer-flow variables,
insofar as the roughness (or viscosity) may affect the boundary
conditions (Uτ).

Recently, however, work has been done with rough-wall
turbulent boundary layers [8] that suggests the contrary. Fig-
ure 5 shows the streamwise and wall-normal turbulence intensi-
ties reproduced from that study with outer-flow scaling for the
smooth- and rough-wall boundary layers studied in Ref. [8]. The
pluses are the smooth-wall case, and the crosses are the rough-
wall case. For comparison the corresponding similarity formula-
tions (dashed lines) and data from Ref. [6] at a similar Reynolds
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Figure 3. WALL-NORMAL TURBULENCE INTENSITIES. SYMBOLS

AS IN FIG. 2.
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Figure 4. REYNOLDS SHEAR STRESS. SYMBOLS AS IN FIG. 2.

number are also shown here. The Reynolds number and pres-
sure gradients of the smooth- and rough-wall boundary layers
are comparable yet while the streamwise turbulence intensities
are similar, the wall-normal turbulence intensities for the rough
wall show a distinct increase over most of the layer. From the
results of that study Ref. [8] conclude that this effect is because
of the surface roughness and suggest this is contrary to what one
might expect from Townsend’s Reynolds-number-similarity hy-
pothesis. However, as previously mentioned, the results from
the atmosphere at exceptionally high Reynolds numbers appear
to agree with the similarity formulations and Townsend’s simi-
larity hypothesis. A possible explanation for this discrepancy is
that the Reynolds numbers in the laboratory are not large enough
to obtain similarity in the turbulence intensities over the rough-
ness. For instance, while the roughness height scaled with inner
variables is similar in both the atmospheric and laboratory stud-
ies (k�s � 240 and k�s � 380 respectively) the roughness height
scaled with the boundary layer thickness is significantly different
(ks�δ� 0�008% and ks�δ� 7% respectively). This seems phys-
ically reasonable; at a constant Reynolds number, the larger the
roughness elements the further into the layer the effects of the
roughness will be felt. Further experimental work is needed to
determine the effects of roughness in terms of outer-flow scaling.
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Figure 5. ROUGH-WALL TURBULENCE INTENSITY COMPARISON.

SYMBOLS AS IN FIG. 2. PLUSES AND CROSSES ARE LABORA-

TORY (MODERATE REYNOLDS NUMBER) SMOOTH- AND ROUGH-

WALL DATA RESPECTIVELY [8]. DASHED LINES ARE CORRESPOND-

ING SIMILARITY FORMULATIONS, EQNS. 4 AND 5.

Extended smooth-wall streamwise similarity formula-
tion

While the existing streamwise similarity formulation (Eqn.
4) appears to describe the data ranging from laboratory to at-
mospheric Reynolds numbers well, it is only applicable in the
log- and outer-region of the flow. Therefore, a new extended
similarity formulation in the streamwise direction for flow over
a smooth wall is suggested. The following is described in more
detail in Ref. [17]. The extended formulation is based on a blend-
ing of inner and outer scaling regions that physically represents
the outer part of the flow imposing a boundary condition on the
inner part of the flow. This forces the inner region to account
for the increased level of turbulence, with increasing Reynolds
number, in the outer part of the flow. The outer part of the flow
(z� � 150) is described by the existing similarity formulation
(Eqn. 4), which is assumed valid for both smooth- and rough-
wall boundary layers. The turbulence intensity in the inner part
of the flow (z� � 30) is described by

u�2 � f1�z
�� fT �z

��ReT �� (6)

where

f1�z
�� �

0�16�z��2

�1�a1�z��
2�

1�2
�1��a2z��2a3�

1�2
(7)

is an empirical curve fit of high spatially resolved laboratory data
at a moderate Reynolds number, which is valid only for smooth
walls. The function f1 was chosen to have the correct near-wall
behavior; f1 � �0�4z��2 as z� � 0. The constants a1 � 0�008,
a2 � 0�115, and a3 � 1�6. Here fT is a scaling function that
is linear in ln�z�� with a slope proportional to the difference in
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Reynolds numbers from the original empirical curve fit. For
z� � 1,

fT �z
��Reτ� � 1��α�1�

ln�z��
ln��z��re f �

� (8)

where α is the value of fT at �z��re f , and it is obtained by cal-
culating the ratio of Eqn. 4 (neglecting the viscous and wake
deviations) at the desired and reference Reynolds numbers:

α�
B1�A1 ln��z��re f �Reτ�

B1�A1 ln��z��re f ��Reτ�re f �
� (9)

Note that, by definition, z��Reτ � z�δ. For z� � 1, fT � 1. For
simplicity, the inner region and the outer region are blended with
a cubic curve fit. Therefore, the entire smooth-wall boundary
layer is described by

u�2 �

������
�����

f1�z�� fT �z��Reτ� for z� � 30

f2�z��Reτ� for z� � 150

cubic blend for 30 � z� � 150

(10)

where f2 is the original formulation (Eqn. 4). Note, here we
tentatively take the limits of the inner and outer regions as z� �
30 and 150 respectively. The exact values of these limits are of
secondary importance.

A graphical representation of this procedure can be seen in
Fig. 6. The short dashed lines are the existing Ref. [4] similar-
ity formulations at the reference ( f2�z���Reτ�re f �) and desired
( f2�z��Reτ�) Reynolds numbers. The reference Reynolds num-
ber data set (left triangles) was used to calculate the empirical
curve fit of Eqn. 7. The empirical curve fit, f 1, is multiplied by
the scaling function, fT , to obtain the formulation for the desired
Reynolds number in the lower part of the layer (z� � 30). This is
then blended with the outer formulation at the desired Reynolds
number ( f2�z��Reτ�).

The extended formulations, as well as laboratory [6] and at-
mospheric data, are shown in Fig. 7. Here the formulations for
the high Reynolds number atmospheric data are shown as lighter
lines because they are not valid in the inner part of the layer due
to roughness. However, the extended formulation fits the labo-
ratory data well and suggests that the peak in the turbulence in-
tensity, when scaled with inner-flow variables, increases with in-
creasing Reynolds number. The peak in the turbulence intensity,
with inner flow scaling, of the extended formulation as a function
of Reynolds number is shown in Fig. 8. The results from the ex-
tended similarity formulation agree well with the empirical curve
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Figure 6. SCHEMATIC OF EXTENDED FORMULATION.
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fit of high Reynolds number data given by Ref. [7]. Their data
was also acquired in the atmosphere, but under smooth-wall con-
ditions.

The extended formulation is also consistent with the mixed
scaling suggested in Ref. [6]. Figure 9 shows the formulation,
and data, over a range of Reynolds numbers plotted with mixed-
flow scaling (U1 and Uτ). The formulation and data appear to
collapse in the inner region of the flow at high Reynolds numbers.
This can also be seen by considering the limit of the inner portion
of the extended formulation (Eqn. 10) as Re τ� ∞.

CONCLUSION
High Reynolds number atmospheric surface layer data have

been used to verify mean-flow and turbulence intensity similarity
formulations. The streamwise and wall-normal turbulence inten-
sity formulations, based on the attached-eddy hypothesis devel-
oped by Refs. [4,16], describe the data well. The effect of the sur-
face roughness (k�s � 240, ks�δ� 8	10�5) is found not to affect
the turbulence intensities in the outer region of the flow, suggest-
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ing that at sufficiently high Reynolds numbers Townsend’s [5]
Reynolds-number-similarity hypothesis is valid. The existing
formulation of Ref. [4] is extended to be applicable across the en-
tire boundary layer. The extended formulation is found to agree
with the empirical mixed-flow scaling proposed in Ref. [6].
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