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Abstract — This paper investigates the effect and influence of pressure gradient on the skewness and
flatness in turbulent boundary layers, which are subjected to adverse, zero and favourable pressure gradients.
The large scale features are found to increase the skewness in the near wall-region for adverse pressure
gradients in a manner similar to the effect of changing Reynolds number as documented by Metzger &
Klewicki [1] for zero pressure gradient flows. The skewness is expanded by decomposing the fluctuating
velocities into small and large-scale components,u+ = u+L + u+S , and the individual terms are compared.

The large-scale term,u+3

L /(u2)
3/2

, and the cross product term,3u+Lu
+2

S /(u2)
3/2

, are found to be the major
contributors for the skewness factors and change drastically with pressure gradient. Further, it is found that
the cross product term could replace the amplitude modulation method proposed by Mathiset al (2009) [2]
in turbulence boundary layer flows with pressure gradient.

1. Introduction
Studies of large-scale structures in wall-bounded shear flows have been successfully documented
in recent years in pipe & channel flows and in the zero pressuregradient (ZPG) flow. Hutchins
& Marusic (2007) [3] have shown that the large-scale motionsinfluence the near-wall turbulence
substantially, by mean of superposition and modulation effects. Mathiset al (2009) established
a method to quantify the influence of the large-scale features of the outer region on the near-wall
small-scale features in the form of an amplitude modulation. Furthermore, Marusicet al (2010)
[4] compared a large range of Reynolds number1000 < Reτ < 106 and found these large-scale
features to have a greater influence on the near-wall motionsas the Reynolds numbers increase.
Marusicet al (2010) showed that the large-scale features in the log region become increasingly
important in sustaining and producing turbulence as compared with the small-scale features near
the wall. The role of large-scale motions in turbulent boundary layers with pressure gradients is not
as well documented. This is notwithstanding the recent studies in wall turbulence with pressure
gradient flows by Lee & Sung (2009) [5], Dixit & Ramesh (2010) [6] and Rahgozar & Maciel
(2011) [7], who highlighted the lack of such studies despitetheir strong relevance to engineering
applications.

Nonetheless, there has been a lot of progress in identifyingthe effect of pressure gradients.
Bradshaw (1967) [8] found that the inactive motions or the large-scale structures are more intense
in a strong adverse pressure gradient flow. Lee & Sung (2009) and Rahgozar & Maciel (2011)
found more large-scale features in stronger pressure gradient flows which resemble the large,
streaky structures in ZPG flows (Hutchins and Marusic (2007)[9], Tomkins and Adrian (2003)
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Table 1: Experimental parameters.f andT are the sampling frequency and duration, respectively.

Pressure Symbols x U1 Uτ Reτ Reθ δ ν/Uτ l+

Gradient (m) (m/s) (m/s) (m) (µm)

APG ⋄ 4.0 20.0 0.645 3200 12030 0.077 24.6 30
ZPG � 2.9 20.9 0.739 3000 8920 0.065 20.5 30
FPG # 4.0 18.1 0.710 3100 6450 0.066 21.3 30 cont.

Pressure Symbols f TU1/δ β K
Gradient (kHz) ×103 ×10−7

APG ⋄ 50 26.3 1.74 -1.05
ZPG � 50 30.0 0 0
FPG # 50 21.8 -0.42 0.77

[10]). Monty et al (2011) [11] found that the increased large-scale features are responsible for the
rise in turbulence intensities both in the inner and outer regions. Harunet al (2011) [12] showed
that the increased large-scale features due to mild APG may not cause any change in the near-wall
streak spacing1. These preliminary studies are useful in characterising the flow structures, how-
ever these studies are limited. As suggested by Montyet al (2011) and Harunet al (2011), higher
Reynolds number studies should be performed and analysed toconfirm the results. Furthermore,
higher order statistics analyses highlighting such effects appear to be lacking in the literature. This
paper identifies the influences of the large-scale features based on information from higher or-
der turbulence statistics which are the skewness and flatness factors at relatively high Reynolds
number.

2. Experimental set up
2.1. Facility

The experiments were performed in an open-return blower wind tunnel. Detailed descriptions of
the wind tunnel set-up are given in Montyet al (2011) and Harun (2012) [13]. Figure 1 shows the
coefficient of pressure,Cp, plotted against streamwise position. The ZPG section spans for 3 m
and the APG or FPG section starts fromx = 3 m onwards (x is used for the streamwise direction
andz is used for the wall-normal direction). The ceiling heightsfor the pressure gradient section is
adjustable. The pressure gradient was carefully adjusted so that theCp was set to be within±0.01
throughout the inlet velocities tested.

Oil Film Interferometry (OFI) was used to determine the skinfriction coefficient,Cf . More
details concerning the OFI method, background and calibration can be found in Harun (2012) and
Chauhanet al (2010) [14]. It has been shown in Montyet al (2011) thatCf only agrees (with
Cf obtained from the Clauser chart method) for the ZPG cases, however for stronger APG flows,

1The change in streak spacing observed in Lee & Sung (2009) could be due to the amplitude modulation of the
large-scale features in the outer region. Two-point correlations pick up the larger envelope of the fluctuations in the
outer region, and it was the larger envelope which causes theanalysis to yield wider streak spacing (Harunet al, 2011).
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Figure 1: Pressure coefficient,Cp, for adverse pressure gradient (⋄), and favourable pressure gra-
dient (#). Solid lines indicate a linear-fit ofCp and the vertical dashed-dotted line indicates the
measurement location for data presented in this paper.

substantial deviation i.e. approximately 10% difference inCf could be observed forβ & 2.0 (when
compared withCf obtained from the Clauser chart method). All friction velocities used for the
analysis are calculated from the coefficient of frictions obtained from the OFI method.

2.2. Experimental parameters
All of the measurements were performed using single hot-wire anemometry. The hot-wire probes
were all operated in constant temperature mode using an AA Lab Systems AN-1003 anemometer
with overheat ratio of 1.8 and the system had a frequency response of at least 50 kHz. A Dantec
probe support (55H20) was used. Wollaston wires of diameterφ = 2.5µm were soldered to the
prong tips and etched to give a platinum filament of the desired length,l. The dimensionless wire
length was maintained constant (l+ = lUτ/ν ≈ 30).

In Table 1,Uτ is the friction velocity. Superscript ‘+’ is used to denote viscous scaling e.g.
z+ = zUτ/ν andU+ = U/Uτ . The friction Reynolds number,Reτ , is given byδUτ/ν, whereδ
is the boundary layer thickness determined from a modified Coles law of the wall/wake fit to the
mean velocity profile (Joneset al (2001) [15]).

The adverse pressure gradient considered in this study is mild and the adverse pressure gradient
parameter is represented by the Clauser (1954) [16] parameter

β =
δ∗

τo

dP

dx
, (1)

whereδ∗ is the displacement thickness andτo is the wall shear stress,P is the static pressure and
x is the streamwise distance. The favourable pressure gradient is also mild and is represented by
the acceleration parameter

K =
ν

U2
1

dU1

dx
, (2)
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Table 2: Uncertainty estimates.

Source Uncertainty
Pressure transducer ±0.15%
Temperature ±0.1%
Atmospheric pressure ±0.1%
Friction velocity,Uτ ±1%
Pitot probe uncertainty during calibration±0.5%
Wire size,l ±0.04 mm
Initial wall normal position ±0.025 mm
Inner scaled mean velocity,U+ ± ≈ 2%

Inner scaled mean velocity,u2
+

± ≈ 4%

whereU1 is the local free-stream velocity. For the APG case,β ≈ 1.74 and for the FPG case
K ≈ 0.77× 107. All experimental parameters are shown in Table 1.

2.3. Uncertainty estimates
Table 2 documents estimates of the experimental uncertainties. The method used in the uncertainty
analysis is similar to the one in Kline and McClintock (1953)[17]. The hotwire uncertainties
are consistent with findings from the well-calibrated hotwire study by Brunn (1995) [18]. The
estimated errors are also consistent with recent experiments by Hultmarket al (2005) [19] and Ng
et al (2011) [20].

The errors for friction velocity obtained from the OFI method is±1%. The accumulated errors
for the mean velocityU+ is ±2% arising from errors in skin friction, pressure transducer,temper-
ature, atmospheric pressure and Pitot tube calibration. Hutchinset al (2009) [21] report that when
spatial resolution is held constant by maintaining a constant inner-scaled wire length, the near-wall
peak in turbulence intensityu2

+

|m grows with the Reynolds number in ZPG flows. Later Chinet

al (2009) [22] proposed that measurements made withl+ ≈ 22 result in 10% attenuation inu2
+

|m.
Turbulence intensitiesu2

+

are not shown here, however the errors in turbulence intensities due to
spatial resolution arising froml+ ≈ 30 is expected to be large in the near-wall region. The spatial
resolutions in the skewness and flatness are expected to occur however these errors are consistent
for constantl+.

3. Results
This paper focuses only on the factors that contribute to theskewness and flatness of the streamwise
fluctuating velocity. The skewness,Su, and flatness,Fu, factors are defined as:

Su =
u3

(u2)
3/2

, Fu =
u4

(u2)
2
. (3)

The third moment of a turbulent statistic, such asu3 scaled by(u2)
3/2

, describes the skewness,Su,
or asymmetry of the probability distribution ofu. A symmetric pdf, such as a Gaussian function,
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hasSu = 0. A positive value ofSu implies that large positive values ofu are more frequent than
large negative values. The fourth moment, or flatness,Fu, of theu distribution is given byu4

scaled with(u2)
2

, and is a measure of the frequency of occurrence of events farfrom u = 0. If
these are relatively frequent,Fu will take greater values than the Gaussian value of 3.

Figure 2(a) show the skewness of streamwise velocity fluctuations for adverse, zero and favourable
pressure gradients atReτ ≈ 3000. A large difference between the three pressure gradient cases
can be observed. The entire skewness profile is lifted up for the APG case and shifted down for the
FPG case. For FPG, the skewness is negative, starting atz/δ = 0.008 and remaining negative for
the entire boundary layer. Skewness for APG remains positive from the near-wall region towards
the wake region (z/δ ≈ 0.3), while skewness for the ZPG case is between the APG and FPG cases.
The increased skewness coefficients in APG has been reportedin Skåre & Krogstad (1994) [23]
and Nagano & Houra (2002) [24] . The decrease of skewness coefficients in stronger FPG has also
been reported, for example in Warnack & Fernholz (1998) [25].

Thus there is a difference in the skewness caused by the pressure gradient. It is important to
note that here both non-dimensionalised sensor length,l+, and friction Reynolds number have
been matched between the cases. This is important asl+ does cause differences in the near-wall
region. Johannson & Alfredson (1983) [26] showed that skewness varied with sensor length i.e.
Su ≈ −0.2 for l+ = 14; however this changed toSu ≈ 0 for l+ = 32 in the near-wall region
(20. z+ . 30) atReh ≈ 50000 in turbulent channel flow experiments (Reh is Reynolds number
based on channel height). Johannson & Alfredson (1983) compared two flows at relatively high
but different Reynolds number,Reh ≈ 50000 andReh ≈ 129000, at constantl+ = 33 − 34, and
showed that there was a slight difference inSu. Therefore, the Reynolds number also does cause
a difference inSu. The current data was acquired at a constant Reynolds numberand constantl+,
thus neither Reynolds number norl+ effects apply and the focus is solely on the differences due to
pressure gradient.

In ZPG flows, Metzger & Klewicki (2001) demonstrated that it is the large-scale features that
contribute to the rise of the skewness in the near-wall region. Montyet al (2011) showed that the
large-scale features are energised with pressure gradients both in the near-wall and outer regions.
Therefore the rise of the skewness in the near-wall region observed in Figure 2(a) is related to the
increased large-scale features resulting from the APG. To confirm this, a high-pass filter was used
to remove the large-scale features. The high-pass filter wasthe same as in Mathiset al (2009),
where the cut-off for the filter was set atλxc = δ to ensure a sufficient separation of scales (Mathis
et al, 2009, Montyet al, 2011).

Figure 2(b) show the skewness of the high-pass filtered data. It can be observed that the skew-
ness profiles for all three cases are shifted down for the region z+ < 100, which is similar to
the observations in the study by Metzger & Klewicki (2001). Therefore it can be concluded that
the APG flow contains more large-scale features or interactions involving large-scale features. The
most distinguishing features of the high-pass filtered signal are located in the outer region. The dif-
ference in the outer region, atz/δ = 0.3, is very large (Su ≈ −0.15 for APG andSu ≈ −0.35 for
FPG). Interestingly, the filtered data show a closer resemblance to a Gaussian distribution (Su ≈ 0)
for all three cases.

Figure 2(c) shows the flatness for all pressure gradient cases atReτ ≈ 3000. Noticeable differ-
ences can be observed between the cases, especially in the near-wall region (z+ . 50) and much
further out in the outer region, (z/δ & 0.1). In the near-wall region, the FPG case has the lowest
value ofFu. The location at which the minimum ofFu occurs is approximately the same which
is atz+ ≈ 15, similar to results by Warnack & Fernholz (1998). However, Warnack & Fernholz
(1998) showed that the flatness for the FPG and ZPG cases are similar in the viscous region, which
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Figure 2: (a) SkewnessSu, (b) skewness for the high-pass filtered signalSu−SS, subscriptSS
stands for small-scale,(c) flatness,Fu, and(d) flatness for the high-pass filtered signalFu−SS for
adverse, zero and favourable pressure gradients atReτ ≈ 3000. The skewness and flatness of the
velocity fluctuations are denoted by open symbol (⋄) APG, (�) ZPG and (#) FPG. The high-pass
filtered data are denoted by the closed symbols.

is not the case here. A difference of close to 5% can be seen between the FPG and ZPG cases and a
difference of more than 8% can be observed between the FPG andAPG cases. In the outer region,
Fu coefficients for the ZPG and APG cases behave almost similarly. However, it should be noted
thatFu coefficients for the APG case dip further than that for the ZPGcase towardsz/δ ≈ 0.1
to create another local minimum atz/δ ≈ 0.2. Therefore in the outer region, the APG has the
smallest local minimum ofFu coefficients. It should be noted that the local minimum for the FPG
case occurs much closer towards the wall. For the APG case, this result is in agreement with
Nagano and Houra (2002.) Increased flatness with increasingFPG was also reported by Warnack
& Fernholz (1998).

When the large-scale events are removed from the velocity fluctuations,Fu profiles for all cases
are shifted up as shown in Figure 2(d). The shifts are greater in the outer region than in the viscous
region. The results reflect that the large-scales reside in the outer region.

Metzger & Klewicki (2001) explained that a high-pass filter procedure systematically eliminates
any additive effect of large-scale, low-frequency motionson measured statistics. In the near-wall
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Figure 3: SkewnessSu for APG atReτ ≈ 3000. The skewness factors are expanded following
u+ = u+

L + u+

S . The expanded terms are shown in (5).

region, this additive effect is prominent. However, in the outer region, small-scales co-exist among
and within large-scales. A high-pass filter has a far-reaching effect when the large-scale compo-
nents are removed. Therefore it is helpful to analyse the small and large-scale components and
their contributions to these statistics. Following Schlatter & Örlü (2010) [27], Mathiset al (2011a)
[28] expandedSu using a decomposed signal such thatu+ = u+

L + u+

S , where subscriptsL andS
denote the large- and small-scale components, therefore

Su =
u+3

(

u+2

)3/2
=

u+3

L + 3u+2

L u+

S + 3u+

Lu
+2

S + u+3

S
(

u+2

)3/2
, (4)

which can be simplified as

Su = u+3

L + 3u+2

L u+

S + 3u+

Lu
+2

S + u+3

S , (5)

whereab = ab/
(

u+2

)3/2

.

The skewness and each term of the decomposed skewness factors for all pressure gradient cases
atReτ ≈ 3000 are shown in Figures 3(a), (b) and(c) for APG, ZPG and FPG flow respectively.
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For all cases, it can be observed that the small-scalesu+3

S contribute the most in the near-wall

region up toz+ ≈ 30. It can also be observed thatu+3

S contribution toSu is similar for all cases.
Therefore, pressure gradients do not cause the asymmetry ofthe probability distribution ofu to

change. Beyondz+ ≈ 30, the small-scalesu+3

S for the APG case do not significantly contribute to
the skewness untilz/δ ≈ 0.3, where its contribution decreases rapidly. However, as thepressure
gradient changes from APG to ZPG and FPG, there is a trend of negative contribution to the
skewness in the region30 . z+ . 0.3δ+.

The cross-term3u+

Lu
+2

S seems to be the biggest contributor to the skewness for the entire bound-

ary layer for all cases. The shape ofSu mostly adopts the trend in3u+

Lu
+2

S . The other cross-term

3u+2

L u+

S is the least significant term. For most of the region in the boundary layer,3u+2

L u+

S has
almost no contribution to the skewness.

The large-scale termu+3

L contribution to the skewness is increased from FPG to APG forthe

region30 . z+ . 0.3δ+. For the entire boundary layer,u+3

L negatively contribute to the skewness,

however in the ZPG and APG cases,u+3

L contributes positively to the skewness. From the terms

3u+

Lu
+2

S andu+3

L , it can be concluded that pressure gradient causes the skewness to increase by
increasing the contribution from the large-scale and cross-term.

Looking at each case separately, for the APG case, the small-scale termu+3

S , and cross-term

3u+

Lu
+2

S , appear to account for the majority of theSu up to z+ ≈ 30. The large-scale termu+3

L

becomes increasingly significant in region30 . z+ . δ+. In the outer region, the rapidly van-

ishing values of cross-term3u+

Lu
+2

S and large-scale termu+3

L are the majority contributor to the

negative values inSu. For the ZPG case, the small-scale termu+3

S , and cross-term3u+

Lu
+2

S are
the significant contributors toSu similar to the findings by Mathiset al (2011a). However, much

smaller contribution from3u+

Lu
+2

S is observed in the ZPG case when compared with the APG case.

Mathiset al (2011a) noticed that the3u+

Lu
+2

S term is the most sensitive term to the increasing

Reynolds number. The latter showed that if the3u+

Lu
+2

S term was omitted, the reconstructed skew-

ness without the3u+

Lu
+2

S term was invariant over one order of magnitude in the Reynolds number.
A modified skewness is given bỹSu,

S̃u = u+3

L + 3u+2

L u+

S + u+3

S . (6)

Figure 4 shows the reconstruction of the skewness without the cross product term ,̃Su. For the
ZPG case,̃Su in the log region 40. z+ . 0.15Reτ approaches 0, which is similar to the results
by Mathiset al (2011a). However, for the APG case,S̃u coefficients are larger. The additional

contribution can be observed in Figure 3(a) to come from the termu+3

S for the regionz+ . 30

and from the termu+3

L in the log region 40. z+ . 0.15Reτ . The larger contribution fromu+3

S

in the near-wall region andu+3

L in the outer region causẽSu to take the shape of a plateau.̃Su

coefficient for the FPG case is much smaller than the ZPG and APG cases. The deviations iñSu

across the pressure gradients cases suggest that the pressure gradient effects are not totally similar
as in the effects of increasing Reynolds number. The pressure gradient effect seems to energise
the large-scales (as in Reynolds number effects in ZPG), furthermore, there are also other effects
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(such as increasedu+3

S in the near-wall region andu+3

L in the log region discussed above) which
need further studies.

The increasedu+3

S andu+3

L in APG suggest that both small- and large-scale components are
more active in APG. This is in agreement with Montyet al (2011) who observed increased con-
tributions from both components in APG, resulting in largerturbulence intensities throughout the
boundary layer.

Mathis et al (2011b) [29] and Schlatter &̈Orlü (2010) both linked their calculated amplitude
modulation coefficients with the skewness coefficients and found an intimate relationship between
the two statistics. Mathiset al (2011b) further presented that, with a correct multiplier,AM

coefficients resemble the cross-term3u+

Lu
+2

S over a wide range of Reynolds numbers 2800<

Reτ < 19000. Figure 5(a) displays the cross product term3u+

Lu
+2

S (open symbols) andAM
(closed symbols) for APG, ZPG and FPG atReτ ≈ 3000.

From Figure 5, it should be noted that the cross product term3u+

Lu
+2

S is larger for APG than
for ZPG and FPG. This is related to the more energised large-scales in the near-wall region as
the boundary layer is exposed to APG (Krogstad & Skåre, 1995, [30] Lee & Sung, 2009, and
Monty et al, 2011). In the near-wall region, there is a high degree of modulation decreasing
toward zero in the log-region and becoming negative in the wake region. In ZPG flow, as the
Reynolds number increases, the large-scales become energetic and consequently increase theAM
coefficients (Mathiset al, 2009). Likewise, APG strengthened the large-scales and the opposite
effects occur due to APG. The zero-crossing or highly modulated region for the FPG case is smaller
than the ZPG case and followed by the APG case.

It is interesting to observe that the zero crossing for the cross product term andAM occur
at the same location for a particular pressure gradient case. This suggests that there could be a
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relationship between the two statistics. The zero-crossing or highly modulated region for the FPG
case is smaller (closer to the wall) than the ZPG case and followed by the APG case. A multiplier of

2 for the cross product term3u+

Lu
+2

S appears to collapse both statistics within acceptable deviations

as shown in Figure 5. As proposed by Mathiset al (2011a) the cross product term3u+

Lu
+2

S could
be an alternative or complimentary to the amplitude modulation and its robustness is proven over
a wide range of Reynolds number. Here, we confirm the robustness for boundary layers with
pressure gradients.

4. Conclusions
A set of experiments have been carried out to analyse the effect of pressure gradients on the skew-
ness and flatness of the streamwise fluctuations velocity. Inconclusion:

1. The removal of the large-scales from the velocity fluctuations causes the skewness coeffi-
cients to decrease and in contrast such removal causes the flatness coefficient to increase.
These results reflect the pressure gradient effect, which increases the skewness coefficients
and decreases the flatness coefficient (in the near-wall region) in APG.

2. The large-scale term,u+3

L /(u2)
3/2

, and the cross product term,3u+

Lu
+2

S /(u2)
3/2

, are the ma-
jor contributors to the skewness coefficients. These terms change rapidly with pressure gra-
dients. The effects here shows that the large-scales and thelarge-scales interaction with the
small-scales play major roles when pressure gradient changes.

3. The small-scale termu+3

S contribution toSu do not seem to be affected by the changing
pressure gradient term. This could be an indication that thefeatures in the near-wall region
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are not directly affected by pressure gradient. Rather the large-scales in the outer region
influences and their interactions with the small-scales arethe ones responsible for the change
in Su.

4. The cross product term,u+

Lu
+2

S /(u2)
3/2

could be used as an alternative to quantify the level
of amplitude modulation proposed by Mathiset al (2009).
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