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SUMMARY

the mixing of temperature and salinity in the world's oceans.

In recent years it has been realized that double-diffusive convection plays an important role-in

In this paper we investigate the convection

which occurs in two mixed layers separated by a sharp fluid interface when there are two different
mechanisms which can cause convection; firstly the diffusive type of double-diffusive convection and

secondly the cabbeling instability,

mixture of two oceanic water masses is more dense than both of the parent water masses.

The term cabbeling describes the convection that can occur when a

Because of the

nonlinearity of the equation of state, vigorous convection is driven in the lower layer while the convect-

ive activity in the upper layer is reduced.

This causes an entrainment of fluid from the upper layer into

the lower layer and so contributes to the rate of change of layer properties in addition to those changes
caused by the symmetrical fluxes of double diffusive convection.

1 INTRODUCTION

The term cabbeling has been used to describe the
convection caused by the nonlinearity of the
equation of state of sea-water. The sinking which
occurs when horizontally adjacent water masses mix
and produce denser water is an important process
in the formation of Antarctic Bottom Water (Foster
and Carmack 1976a) and this process has long been
known as cabbeling. Recently the term cabbeling
has been used by Foster (1972) and Foster and
Carmack (1976b) to describe the convection which
occurs between vertically adjacent water masses
(separated by a horizontal interface) when a
mixture of the water masses is denser than the
lower layer. We point out here that when this
situation occurs with sea-water, the temperature
and salinity are distributed so that double
diffusive convection also operates between the
layers and we show that this double-diffusive
convection profoundly effects the behaviour of the
system. Instead of observing convective motions
only in the lower layer we see active (double-—
diffusive) convection in both layers. The level of
convective activity is observed to be greater in
the lower layer than in the upper layer and this
together with the reduced static stability at the
lower edge of the interface causes the interface to
migrate upwards as the lower layer grows at the
expense of the upper layer. This vertical inter-
face migration occurs not only when the effects of
the nonlinear equation of state are large enough so
that normal cabbeling is possible, but also for
less severe deviations from a linear equation of
state.

2 CONSERVATION OF MASS, SOLUTE AND ENTHALPY

Consider a layer of cool fresh water overlying a
layer of warm salty water. We define the fluxes of
heat P, of salt Fg and of water F, as positive up-
wards. The direct entrainment of upper layer fluid
into the lower layer by energetic turbulent eddies
is parameterized by the entrainment velocity Ug.
The conservation of the masses of the layers and of
the mass of solute in the upper and lower layers
gives

d(puﬂu)/dt S e 2 (1la)
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dip BY/dt=Up ~—F =-F -, (1b)
d(puHuSu)/dt = E - UepuSu ; (2a)
d(leRSE)/dt = =B ¥ UpIEC (2b)

The subscripts u and & refer to the upper and lower
layers respectively, p is the density and S is the
salinity. The layer depths H, and Hg cannot be
measured very accurately (either in the laboratory
or in the ocean) compared with the precision which
is readily achieved in the measurements of
temperatures and salinities, It is convenient to
define the "apparent" fluxes of salt and enthalpy
as being the rate of change of the salinity S or
the specific enthalpy h in a layer, multiplied by
the mass of the layer per unit interface area (pH).
From (1) and (2), the apparent fluxes of salt are

puHudSu/dt HE, - Su[FW+FS] (3a)

H ds,/dt

poH,ds, (3b)

-FS+S£[FW+FS]—UepuAS

where AS is Sp-Sy. It is obvious that -pyHudSy/dt
is not equal to ngldSEIdt even in the absence of
direct entrainment (i.e. Ug=0). but in every
previous study of double-diffusive convection, the
presence of the [Fy+Fg] terms in (3) has gone un-
discovered and the apparent flux of salt has been
put equal to Fg. This neglect can lead to serious
errors for a sugar-salt finger interface (McDougall
(1980) . Due tc lack of space here we cannot
derive the accurate conservation equations for
enthalpy (see McDougall (1980) but we quote the
resultant apparent fluxes of enthalpy

puﬁudhu/dt +Fh+FS(h$—hu)+Fw(hW—hu) (4=)

ngldhgfdt = "Fh_Fs(hs—hﬂ)_Fw(hw-hE)“UepuAh'(4b)

hg is the differential heat of solution of sea-salt,
hy is the partial specific enthalpy of pure water



in a sea-water solution and Ah=hg-hy.

The flux of heat across a diffusive interface is
larger than the flux of salt (in density units) and
so we choose the asymmetric apparent flux of
enthalpy divided by the mean apparent flux of
enthalpy as the most appropriate nondimensional
measure (called the entrainment parameter E) of the
interface migration. We have-then

. egHydh /deép B dh /dt

) R,Hﬂ.dhf./dt—pu]{udhu/ dt

jud puHu(_ ‘—lh

: o, dhy (5)
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We take the "expansion coefficients'" for temperat—
1 9p

ure T and salinity S to be defined by a = - o T

- 1l3p
and B = 5 as -

(Bm) into the upper and lower layers is then given

The mean apparent flux of buoyancy

by
p0
2 By = Hydo o/ de-Hydoy/dt
(6)
=[u£ H E“_l_a_’q’ H ﬂ
Cupu U dt cg"z 9 dt

T+ [Bgp RHRdSE/dt—BupuHudSu/dt]

where C is the specific heat and we have assumed
that the specific enthalpy of sea-water is a
function only of temperature. The most semsible
choice for the buoyancy flux ratio Rf is the ratio
of the two bracketed terms in (6) which leads to
equation (7) (see bottom of page).

3 DIMENSIONAL ANALYSTIS AND THE SIMPLIFLCATIONS
FOR SEA-WATER

A given flux of heat across an interface gives rise
to different buoyancy fluxes in the upper and lower
layers because the expansion coefficient due to
temperature, o, is different in the two layers.

This difference in the buoyancy fluxes drives
different levels of convective activity in the two
layers which in turn may cause preferential entrain-
ment of fluid from one layer into the other. The
extent of this asymmetric entrainment depends on

og = ou

the parameter 2
p o +oyg

We need to also define a parameter which represents
the static gravitational stability of a horizontal
fluid interface with respect to mixing of the upper
and lower fluids. Figure 1 shows some density
versus mixture ratio curves for mixtures of two sea-
water masses at atmospheric pressure. The straight
line on figure 1 is the result with a linear
equation of state. We choose the maximum value of
the difference in density (8pmax) between the actual
equation of' state and a linear equation of state as
the most relevant physical parameter describing the
importance of the nonlinearity of the equation of
state. The appropriate nondimensional parameter is

S pmax

then defined as & = 4 i and we refer to & as

the cabbeling parameter. Cabbeling is conventional-
ly thought to be possible only when the density of a
mixture is denser than pgy , that is, when the curves
in figure 1l have a maximum, Later in this section
we show that this occurs for 6 >1-0.

Dimensional arguments for double-diffusive convect—
ion with a linear equation of state show that the
buoyancy flux ratio Rf is a function of the stabil-
ity ratio Ry , the Prandtl number V/kyp and the ratio
of the molecular diffusivities 1T = KS/KT (see Turner
(1973) chapter 8). When the equation of state is
nonlinear we have two extra nondimensional
parameters: %i"i—%n which represents the difference
u
between the convective activity in the two layers
and 8 which represents the stability of the inter-
face due to the mixing of the two water masses.
That is, we have

5 K ag-o ~
Re f(Rp, Vier, s/er, EE;&% 376D

o -0 3
Both €&$€% and § are caused by the nonlinearity of
u

the equation of state and so for a given equation of
state these two parameters are related. The equat-
ion of state of sea-water can be approximated by an
expression quadratic in the temperature. By
expressing the temperature and salinity of a fluid
mixture as a function of the mixture ratio and using
the quadratic equation of state, it is straight-
forward to show that the conditions under which
cabbeling is normally assumed to occur correspond to

... 0L
§>1.0 and that §, — :_a and R, are related by
= a
Pl e gy o (8
ai+au (Rp—l)

where is the stability ratio which is familiar

from normal double—diffusive convection. For the

present purposes R, can be taken as B AS/omy.
Cm

where By, op and Cp are evaluated at Ty = %(T+Tg)
and Sy = %(S+Sp) .

(B +B (-1
dsl § AP DRH dSﬂ
R ==
L [g&+a_“ Pty . _d—Tu)]
Cl CU DRH£ de

]

F (B tB ) + Upp 848 = [FW+FSJ(BLSE+BuSu)

o
%

F (2 4y B+ B Lh e Jain )] 4B, E(h b, ) + <S(h -h )]
h'C "Cy epuﬁzﬁ s[CZ s"2''Cc Vs u wie, W o h C, v u

208



0 1 T T T 1

0-4 0-6 08 0

mixture ratio

Figure 1 The density of mixtures of two sea-water
masses in varying proportioms. Spmax_is illustrat-—
ed for the § = 1:0 curve. The curve § =0 is a
straight line and it represents a linear equation
of state.

o=

Now because and § are related, the dimension-

u£+uu
al analysis leads us to expect Rf = f(Rp,G) for a
given set of molecular properties v, Kp and k_.
Other nondimensional properties such as E are also

expected to be functions of Ry and .6 only.

4 EXPERIMENTAL RESULTS

The experiments were conducted in a perspex tank
with a rectangular cross-section 575mm x 100mm and
the depths of both the upper and lower layers were

by bringing the upper and lower layers into contact
and so starting the experiment. This polypropylene
sheet was sealed above, below and at both sides by
O-ring material to form a perfect fluid seal.
Copper resistance wire wound on 6mm O.D. perspex
rods provided a good method of measuring the
average temperatures along the whole length of the
mixed layers. The salinities of the mixed layers
were measured by periodically withdrawing samples
from each layer.

We conducted a series of seven experiments with
diffusive heat-salt interfaces and table I shows
the details of the starting conditions of these
experiments. The most striking feature of these
experiments was the upward migration of the inter-
face and this was especially obvious in the
experiments with large initial cabbeling parameter
§. The fluid motions in the tank were observed on
a shadowgraph and one layer was dyed with food
colouring. Colour photographs and a movie provided
visual evidence of the interface movement during
the experiment.

Figure 2(a) is a shadowgraph photograph taken 42
seconds after the start of the experiment on

3 September 1979. Fluid samples taken at this time
showed that the stability ratio was 123, the
cabbeling parameter was 4+73 and the density_3
difference between the layers Ap was 0°87x10 “g/ml.
The thick black horizontal line across the centre
of the photograph is where the polypropylene sheet
is located and it marks the initial position of the
fluid interface. Figure 2(b) shows a later stage
of the same experiment, almost 15 minutes after the
start of the experiment. The stability ratio Ry
had increased to 1-81, the cabbeling parameter §
had decreased to 0:76 and the density difference
had increased to 1-92x10'3gm/m1. Visual observ-
ations of the shadowgraph during the experiments
showed that the amount of convective activity was
greater in the lower layer than in the upper layer.
The reason for the greater convective activity in
the lower layer is readily seen from the following
simple argument. For given fluxes of heat Fp and
salt Fg across a diffusive intgrface, the buoyancy

flux in tue lower layer is g-(—E-Fh - B,Fg) and the
Po Cy %

e o
inicielly 225, The iank vis conetructed oo AL yoyuncy riux in the upper Laver 4o £ (2 By R
initially separated the two fluid layers could be
slid out through the front face of the tank, there-
TABLE I
DETAILS OF THE INITIAL CONDITIONS OF THE EXPERIMENTS
Date Initial Inigial Initial Initial Initial Initial Initial Ap
5 : % b ) @b (107 gu/n1)
22 Aug. 79 1:.22 3.64 235 29,27 15.50 2372 kal5
3 Sep. 79 1,12 8.76 2.22 29.78 0.05 6.47 0.54
18 Sep. 79 1.24 2,19 2.09 9:595 22.83 24,05 0.19
25 Sep. 79 1.28 2572 5.11 13.36 0.05 1.10 0.18
15 Oct. 79 1.33 0.84 18.57 31.58 0.03 6.02 RN
L '0ct. 79 1.22 1.47 16.87 31.60 0.04 6.04 0.81
25 QOct. 79 1.26 1,31 15.50 30.39 0.04 6.01 0.95
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(a)

(b)

Figure 2 = Two shadowgraphs of a cabbeling diffusive
heat sea-salt interface. Figure (a) is 42 seconds
after the start of the experiment and figure (b) is
15 minutes after the start.

Here pg is a reference density, g is the gravitat-
ional acceleration and C is the specific heat. We
have neglected here any effects of the flux of water
F, and the entrainment velocity Ugz on the buoyancy
fluxes. The upper layer is cooler than the lower
layer and so-%ﬁ is less than-%% while B, and By are
very nearly equal. This means that the buoyancy
flux in the lower layer is greater than in the upper
layer and we expect this larger buoyancy flux to
drive more energetic convective turbulence in the
lower layer.

Figure 3 shows the experimental .data for the non-
dimensional entrainment parameter E plotted against
the stability ratio R, for several values of the
cabbeling parameter §. These data were calculated
from the middle line of (5) by plotting hy against
hg , drawing a smooth curve through the data points
and then measuring the derivative dhy/dhg of this
curve. The estimated accuracy of each of these
values of E is about *15% and the values are
known to 20.03. There is no clear dependence of the
data in figure 3 on & but there is a strong depend-
ence on Rj. The four line segments are from a model
which we do not discuss here.

210

20
15
10

PIODU?

025

4B a— T T T 1
2:0 30
Rp
Figure 3 The nondimensional interface migration
parameter E as a function of R, and 5. Symbols
arE'_D,tSZOA §=1-5; ® , 8=1-0; @@, §=0-5;
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Figure 4 The buoyaney flux ratio Rf as a function

of and §. The key to the different symbols is
in the caption of figure 3.

The flux ratio Rf was calculated from the upper
line of (7) and ficure 4 shows our experimental
data for a cabbeling diffusive interface. Again
there is a strong dependence on Ry but no clear
pattern with 8. The dashed line on figure 4 is the
accepted wisdom of the way Rf depends on R, when
the equation of state can be taken as linear
(Turner (1965)), however there has been some
suggestion in the literature (Crapper (1975)) that
the flux ratio Ry may not rise above 0:15 until

is less than 1.6, at least for small temperature
and salinity differences between the layers.

The noEdimensional asymmetric apparent buoyancy
flux (Ba) is given by

Hu dpu

H dp /dt + H dp./dt Lo e dp)
o ulbulth 2 ) )

H,dp,/dt - Hydoy/dt H do

LR S

L [}

and this equation shows how Ba may be evaluated by
finding the slope of the p, versus p; curve. A
value of Ba of 1+0 means that the upper layer
density remains steady as_the lower layer demsity
increases and a value of Ba greater than 1.0 means
that the upper layer density actually increases
with time, Figure 5 shows the experimental data of
Ba. The main trend of this data can be explained
as being solely due to the different values of ay
and ag. The five line segments on figure 5 for
§=0.25 to 2+0 are from a model of Ba which assumes
that E = 0, Us = 0 so that only the variation of o
with temperature makes Ba non-zero and the good
agreement between the data and these lines shows
that this dependence of Ba on o is indeed dominant.
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Figure 5 The nondimensional asymmetric apparent

buoyancy flux Ba plotted against R, for the five
values of & from 0-25 to 2:0.

5 CONCLUSIONS

We have elucidated the relative importance of
cabbeling and double-diffusive convection. :
Cabbeling is normally thought to be possible only
when the density of a mixture of two water masses
is denser than both of the original water masses.
This condition corresponds to the cabbeling
parameter (8) being greater than umity. Our
experimental results for the nondimensional inter-
face migration (E) show that the entrainment across
an interface increases monotonically as the non-
linearity of the equation of state increases and ne
sudden change in behaviour occurs at & = 1.0.

These results have been explained in terms of the
increased double-diffusive convective activity in
the lower layer and the smaller static gravitation-
al stability at the lower edge of the interface:
both of these effects being due to the nonlinear
equation of state. Our results can now be used to
determine the interface movement and total

downward fluxes of properties in the deep Weddell
Sea T and S profiles of Foster and Carmack (1976b)
and Middleton and Foster (1980) where a series of
interfaces with Ry 1.08 and § * 1.0 have been
observed.
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