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Simulation of Ocean Wave Spectra in Laboratories—Some Non-Linear Effects

By ALEX ]J. _SUTHERLAND, Pu.D., M.E.*

Swummary.—Spectral measurements made during a laboratory investiga-
tion of wind waves are presented, The spectra show two features which
have not previously been reported in laboratory studies. Firstly, a second
peak was found at a frequency close to twice the frequency of the main
spectral peak, Some speculations as to the origin of this peak are given.
Secondly, in the range of frequencies usually associated with the equili-
brium range, the spectral density retained a strong dependence upon wind
speed. For each wind speed studied there was no fetch dependence for
frequencies greater than twice the peak frequency. Both features have
been observed in studies of ocean waves. This, coupled with previous work
on the simulation of ocean waves, and the knowledge that the spectrum
develops in a similar manner in the two environments leads to the con-
clusion that ocean conditions can be successfully simulated in laboratory
facilities.

1.—INTRODUCTION

Common to all who work in oceanography is the desire for more de-
tailed information about the physical processes with which they are dealing.
To obtain this information from experiments performed in the ocean is
always difficult and sometimes impossible. Consequently many labora-
tories have developed facilities in which ocean waves may be simulated by
blowing an airstream over a body of water. These facilities are used for a
wide variety of studies the results from which are applied to oceanic prob-
lems. Fortunately for many studies the means of wave generation is un-
important and this extrapolation can be done successfully if the resultant
laboratory waves sufficiently resemble those found in the ocean. The
extent to which the statistical properties of wind-generated waves can be
modelled in a laboratory has been studied in the Stanford facility by Colonell
(Ref. 3). He concluded that the statistical description of wave heights
proposed by Longuet-Higgins (Ref. 7) was reliable for both laboratory
and full-scale sea conditions. This suggested that the waves produced
by wind action in the laboratory can be used in model studies where statis-
tical properties of the waves are important.

Two aspects of spectra measured in the Stanford facility, the equili-
brium range and the presence of a second peak in the spectrum, are dis-
cussed herein. Comparisons with ocean wave spectra aré made and the
results can be used to help evaluate the usefulness of laboratory studies
made using wind-generated waves.

2.—EXPERIMENTAL APPARATUS

The experimental measurements were made in the Stanford Hydraulic
Laboratory’s wind, water-wave facility, the main section of which is a
channel 115 ft. long with a rectangular cross-section 3 ft. in width and
6 ft. 4 in. in height. Fetches of up to 70 ft. can be obtained in the glass-
walled test section which ends in a beach used to absorb wave energy and
to reduce wave reflections. A slightly sloping (approximately 1: 100)
smooth plate, 5 ft. in length, formed an upstream beach and provided a
smooth transition for the airstream on to the water surface. The air is
drawn through the facility by a centrifugal fan the speed of which controls
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the air velocity. With a 3-ft. water depth winds up to 80 ft. /sec. could be
attained with good reproducibility. Under these conditions wave heights
of approximately 0.75 ft. were obtained at a fetch of 60 ft. A schematic
representation of the facility is given in Fig. 1 and further details may be
found in the report by Sutherland (Ref. 17).

Time-average velocity profiles in the airstream were measured using
a Pace differential transducer, Model P90D, to monitor the pressure differ-
ence between a total head and a static pressure tube. The resultant voltage
output was converted to velocity by means of a calibration curve.

Wave height measurements were made with surface penetrating,
capacitance-type wave gauges. Data were first recorded on analog tape
and then converted to digital form on data cards. An IBM 7090 computer
at the Stanford Computation Center was used to compute spectra of water
surface displacement from these data. The methods of Blackman
and Tukey (Ref. 2) were used with time series of 5000 points and
200 degrees of freedom. A smoothing process (Hamming) using con-
secutive weights of 0.23, 0.54 and 0.23 was used on the computed values.
Most calculations were done with a Nyquist frequency fn, of 16 Hz. and
some, at short fetches, with f., = 20 Hz. The 809, confidence band on
each spectrum was estimated to be - 149% and — 12%. The effect of a
sharply peaked spectrum, which is to increase the width of the confidence
band, was offset by repeating runs and averaging. The final results have
an 809 confidence band of approximately -+ 12%. A frequency resolu-
tion of 0.333 Hz. was used throughout.

3.—RESULTS
Four series of experiments were performed, each with a different

mean air velocity. A reference air velocity was defined as the free stream
velocity at a fetch of 19.1 ft. and is shown in Table I. In each series velocity
profiles were measured at six different stations and spectra of water surface
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Fig. 1.—The Stanford Wind, Water-Wave Facility.
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displacement were determined at twelve stations ranging in fetch from
3.9 to 59.0 ft.

3.1 Characteristics of the Air Flow :

The velocity profiles were not truly logarithmic, the lower portion
tending to droop slightly towards the water surface, see Fig. 2.
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Fig. 2.—Air Velocity Profiles; Fetch = 19.1 ft.

All experimental measurements experience a degree of uncertainty near
the water surface. Two effects can be important. A fixed velocity probe
continuously changes streamlines and also the instantaneous velocities may
differ over the crest and the trough (Miles, Ref. 8).  The former causes
values smaller than the actual to be recorded, while the latter causes record-
ing of larger values. Shemdin (Ref. 16) has shown that these effects can
be significant at elevations less than three times the wave amplitude. The
lowest points on the profile were thus disregarded, the shear velocity being
determined from the slope of the best fit straight line through the remaining
data (Fig. 2). The resultant values of the shear velocity increased monoto-
nically with fetch, the average over the length of the facility corresponding
closely with that measured at a fetch of 19.1 ft. and shown in Table I.

TABLE I

Experimental Conditions

Reference Shear Velocity, ft. [sec.
Series Air Velocity, ft. [sec. (Fetch = 19.1 ft.)
I 22.0 1.67
1I 31.0 2.63
III 39.0 3.40
v 50.1 5.45

3.2 The Spectrum of Water Surface Displacement :

Table II lists the main results of the spectral density measurements.
Fig. 3, derived from Series II1, is a typical contour map of spectral density ¢,
as a function of wave frequency f, and fetch. The contours are based on
approximately 15 values of ¢ vs. f at each of the twelve different fetches
(180 points). In drawing the contours a minimum of smoothing was done
in an attempt to retain as much detail as possible. Fig. 3 illustrates the
essential features in the development of the wave spectrum, for by taking
sections at constant fetch the original wave spectra are obtained. The most
obvious features are the reduction in the frequency f,,, as the fetch in-
creases, of the spectral peak and the steepness of the low frequency side
of the spectrum. These are in accord with previous work by Hidy and
Plate (Ref. 5) in the laboratory and Barnett and Wilkerson (Ref. 1) in the
ocean,

At the shorter fetches (0-8 ft.) the wave train contains very little energy
which is spread over a broad band of frequencies. This suggests that
resonance between pressure fluctuations in the air stream and the possible
modes of surface waves is responsible for the initial wave generation.
This resonance occurs over a broad frequency band. Subsequent growth
would seem to be the result of an instability mechanism which amplifies
the high frequency components more rapidly than those of lower fre-

The Institution of Engineers, Australia

E.H.S.—8

quency. The spectrum thus develops a peak which moves to lower fre-
quencies as the fetch increases and the high frequency components become
saturated. A second peak appears at a frequency of approximately 2f,
for fetches greater than about 10 ft. (Fig. 4). It is this second peak that
causes the closed contours of Fig. 3*.
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Fig. 3.—Contour Plot of Spectral Density as a Function of Wave Frequency
and Fetch*. Contour Values are given in ft.* sec. % 108,

t12-sec x 10®

POWER SPECTRAL DENSITY
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Fig. 4 —Power Spectrum from Series II at a Fetch of 23.7 fr. Note the
Logarithmic Scale used for the Ordinate.

By cutting the contour diagram parallel to the fetch axis growth curves
(spectral density as a function of fetch) for any frequency component can
be derived. It is interesting that the power contained in the higher fre-
quency components reaches a maximum and then decreases before attaining
an eventual equilibrium value. This * overshoot effect >, which is contrary
to the accepted shape of a growth curve, is discussed more fully by Suther-
land (Ref. 17) and by Barnett and Wilkerson (Ref. 1) who observed the
same effect in the open ocean. Those components of frequency less than
the f,, at the maximum fetch were gaining energy throughout the length of
the facility. Furthermore, even at the highest wind speed, Series IV,
the power contained at the peak frequency did not reach a maximum in the
available fetch. Thus all wave conditions studied were of the fetch-
limited type.

*See p. 248—Fd.
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TABLE II
Results of Spectral Density Measurements

Frequency | Power
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Colonell (Ref. 3) has presented a more extensive discussion of the overall
trends in the development of the wave spectrum. They will not be dis-
cussed further here. Two topics, the presence of the second peak in the
spectrum and the equilibrium range proposed by Phillips (Ref. 10) are
discussed below.

3.3 The Second Spectral Peak:

The measured spectra, with only those from the shortest fetches being
exceptions, showed a local maximum at a frequency close to twice the peak
frequency. The second maximum is a definite feature in that it spans four
or five frequency bands and the points defining the peak do so in an ordered
way. Itis only a remote possibility that they might have resulted by chance
from the inherent statistical variations. The possibility that they may be
a characteristic of the Stanford facility is lessened by reference to spectra
measured in the ocean. Kinsman (Ref. 6) and Moskowitz (Ref. 9) have
both measured spectra that show a local maximum at twice the peak fre-
quency. Neither Hidy and Plate (Ref. 5) nor Colonell (Ref. 3) reported
secondary peaks. A possible reason is that the confidence bands used were
s0 large as to preclude proper definition of the second peak. In Colonell
(Ref. 3) the 809 confidence band was + 37% and — 23%.

The magnitude of the second peak can be defined as the difference in
spectral density between the peak and the trough immediately preceding it.
With this definition, the magnitude of the second peak increases as the fetch,
and hence the energy at the peak frequency, increases. The increase is
such that the magnitude of the second peak remains an essentially constant
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percentage of the peak enmergy. This percentage increases with wind
velocity from approximately 0.4% in Series I to 1.0% in Series IV. The
width of the second peak is always close to that of the main peak, decreasing
with increasing fetch.

One concludes that the two peaks are closely related, indeed the fre-
quency ratio suggests a basic wave and a first harmonic. Furthermore the
time scale of the process by which the second peak develops must be comp-
arable with that of the wave generative mechanism.

At present one can only speculate as to the causes of the secondary peak.
As the waves grow finite amplitude effects must become important. There
seem to be two main possibilities, non-linear interactions among the wave
components (wave-wave interactions) and non-linear interactions between
the waves and the air stream (wave-atmospheric turbulence interactions).
Both of these mechanisms have the required property of being able to trans-
fer energy across the spectrum and thus generate harmonics of the dominant
frequency, fn. Several authors have discussed the former type, the one
most applicable here being Tick (Ref. 18), while Hasselman (Ref. 4) has
proposed interactions of the second type.

To investigate wave-wave interactions, Tick (Ref. 18) proposed a
non-linear random model of long crested gravity waves that satisfied the
equations of motion to second order. He assumed the spectrum to be
composed of two parts: a first order part derived from linearised equations
and a Gaussian water surface, and a second order correction. The theory
predicted the existence of small secondary maxima at frequencies slightly
greater than twice the frequency of the primary peak. The size of the
secondary peak should, according to the theory, increase as the peak fre-
quency decreases. This is borne out by the present experiments.

Experimentally it is difficult to determine accurately the frequencies
corresponding to the spectral peaks. With a resolution of only 1/3 Hz.
the accuracy probably is limited to 4 0.1 Hz. The ratio of the two fre-
quencies is, to within these limits, equal to 2.0 (see Table II). However,
the average of all the values would be slightly less than 2.0. A more
definitive study of this point would require a finer frequency resolution in
the spectrum. With this reservation, experimental confirmation for Tick’s
theory is provided by these results. It is the consistency with which the
second peak occurs that is significant. It is of less importance that Tick
predicts the frequency of the second peak to be slightly greater than twice
the peak frequency and that the measurements indicate values which might
be slightly less.

In general wave-wave interactions are considered to be too weak to
account for the observed energy transfer across the spectrum. See, for
example, Pierson (Ref. 14). In addition the time scale of these interactions
is much larger than those associated with wave generation processes (Phil-
lips, Ref. 13, p. 108). It is known, however, that the wave-wave inter-
actions become stronger as the forward face of the spectrum becomes steeper.
Since the smoothing processes used in spectral computationstend to decrease
the slope of this face it is possible that these interactions have been under-
estimated. Further calculations supplemented by appropriate experiments
are needed before more definite conclusions can be drawn.

Non-linear aspects of the wave-atmospheric turbulence interactions
have not yet been calculated but a possible mechanism may be envisaged
as follows. At small wave amplitudes, interaction between the air stream
and the water surface is linear. It has two main effects, the mean flow
perturbations and perturbations on the turbulence patterns. For a sinusoi-
dal water surface these perturbations would be sinusoidal. As the wave
amplitude increases the interactions become non-linear. Firstly in the
mean flow an asymmetry develops between the flow over the wave crests
and that over the troughs. For example, the velocity profile over the crest
has been shown to differ from that over the trough (Shemdin, Ref. 16),
the former having a greater curvature near the water surface than the latter.
Consequently the turbulence intensities become larger over the crests.
Hence any distortion, produced by non-linear interaction with the water
surface, of the linearly perturbed turbulence patterns is accentuated. The
perturbation profile will most probably assume greater crests and lesser
troughs or, alternatively, may become asymmetric with one face being
steeper than the other. Both possibilities are equivalent mathematically
to the addition of higher harmonics to a base frequency, the phase difference
determining the final shape. These harmonics can in turn act on the water
surface and excite wave components of the same frequency. In a wave
spectrum all components will tend to develop higher harmonics with the
first harmonic being dominant. When the spectrum is sharply peaked
the dominant harmonic will be that corresponding to the peak frequency
and will appear at frequency 2f, , viz., the second peak. Confirmation or
rejection of such a mechanism must await theoretical calculations.

3.4 The Equilibrium Range:

Phillips (Ref. 10) has proposed the existence in the spectrum of an
equilibrium range for the high frequency components. The range is
bounded above by a frequency which is small compared with those for which
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surface tension is an important restoring force (approximately 13 Hz.).
The form of the spectrum in this range is derived by dimensional analysis
under the assumption that a balance has been attained between the energy
gained from the wind and that lost by wave breaking. The only important
parameter is the gravitational acceleration g, which governs the conditions
for the attachment or breaking of wave crests. Hence the equilibrium
portion of the spectrum is given by
$(f)~ Beg*f>

where B isa constant, the value of which must be determined by experiment.

Clearly this range cannot extend to frequencies below that of the spectral
peak because the wave components of frequency less than f,, are still growing.
A more restrictive lower limit has been placed on the equilibrium range by
Pierson (Ref. 14). He shows, from non-linear considerations based on
Tick’s (Ref. 18) model, that only frequencies greater than 2f,, can form the
equilibrium range. In the present case this lower limit corresponds to the
frequency of the second spectral peak. For some of the spectra measured
by the writer the upper and lower bounds on the equilibrium range prac-
tically coincide, e.g., Series I at a fetch of 19.1 ft. where 2f,, = 9.6 Hz.
(see Table II).

The concept of an equilibrium range of frequencies requires that all
spectra from all conditions of wind speed and fetch should be identical in
that frequency range. Fig. 5 has been prepared to investigate this. Each
plot presents data from only one series. To minimise confusion only six
spectra from each series have been plotted and a minimum number of data
points are shown. In the ranges 2-4 Hz. for Series II and 1.7-3.5 Hz.
for Series III there is no tendency towards overlapping. Instead there is
a definite ordering of the spectra, those from the longer fetches being
towards the left and those from shorter fetches at the right. The slopes
of all the spectra in this region are approximately — 9. The definite
ordering and the steep slope are both contradictory to the concept of an
equilibrium range. This is as predicted by Pierson (Ref. 14).
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) At approximately 4 Hz. the secondary peaks start occurring and there
is some overlapping of the spectra. For frequencies greater than 7 Haz.
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in Series IT and 6 Hz. in Series III there does appear to be a region where
the curves genuinely collapse and an average spectrum can be defined.
Fig. 6 is an expanded plot of this region with data from all series. The
points are differentiated by their series number, ie., according to their
corresponding air velocity. Data from the spectra measured at the five
longest fetches in each series are used, only points at frequencies greater
than that of the second peak being plotted. Within each group the points
define a straight line for frequencies less than about 10 Hz. These lines
which are indicated in Fig. 6 have a mean slope of — 4.25. This compares
well with values measured in the ocean by Kinsman (Ref. 6). A line of slope
— 5 could easily be drawn through all the data from top to bottom and thus
in effect average over all the spectra. This cannot be done legitimately
because there is a definite separation of the points into groups, each with
its own wind velocity. In such cases, an average line through all points
has no significance.
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The present data do not show a true equilibrium range. However,
within each series an equilibrium range with respect to fetch does exist for
those frequencies greater than 2f,, . Phillips (Ref. 10) predicted that before
the establishment of equilibrium the properties of the wave field would be
influenced by both the shear velocity and gravity. The effect of the shear
velocity in the present experiments is seen in the magnitude of the spectral
densities associated with frequencies greater than 2f,,. Only in Series IV
and occasionally in Series ITI were any whitecaps noticed. Therefore a
mechanism other than whitecapping must have limited the growth of fre-
quency components in this range. Again non-linear interactions between
wave components and possibly between the waves and the air turbulence
seem most likely to be responsible. The equilibrium spectral density for
each frequency greater than 2f,, is an increasing function of wind speed
(or shear velocity). Presumably this is true until white caps appear at
which time a true equilibrium range may exist.

At frequencies greater than 10 Hz. the data on Fig. 6 deviate from the
lines discussed above. This is where surface tension may be important
and the — 7/3 slope which, according to Phillips (Ref. 11) was proposed
by Hicks, might be expected. There are insufficient experimental points
to define any line in this region.

4.—COMPARISON WITH OCEAN WAVE SPECTRA

Colonell (Ref. 3) has shown that the wave spectrum produced in a
laboratory facility corresponds statistically with that found in the ocean.
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That spectra in the two environments develop along similar lines has also
been well documented (Barnett and Wilkerson, Ref. 1; Hidy and Plate,
Ref, 5). An initially broad spectrum which develops a sharp peak with a
very steep forward face is typical of both situations. The chief difference
between spectra from the laboratory and spectra from the ocean is the
magnitude of the peak frequency; approximately 2 Hz. in the former and
usually much less than 1 Hz. in the latter. This is a reflection on the fetch-
limited nature of laboratory work.

Evidence for the occurrence of the second spectral peak in ocean data
is more difficult to obtain. Definition of such a peak with magnitude
considerably less than that of the major peak requires greater resolution
and higher accuracy than is usually attained in ocean work. However,
Moskowitz (Ref. 9) did measure some spectra, in fully developed seas, that
had a second peak near twice the peak frequency. The peaks occurred only
in results obtained at wind speeds of 35 and 40 knots. They could not
be discetned in results from lower wind speeds.

Kiisman (Ref. 6) has also observed secondary peaks and done a full
investigation of them. He sought evidence of non-linear interactions in
the high frequency side of the spectrum making particular reference to
Tick’s (Ref. 18) model and to a model proposed by Phillips (Ref, 12).
Kinsman states, with reference to Tick’s model, “. .. of the 24 spectra,
23 show a palpable excess of energy in the vicinity of 2f,, although in only
two instances is a relative maximum achieved . He then points out that
the “. .. persistance of the phenomenon necessitates taking it seriously .
Greater confirmation is given to Phillips’ theory which applies only to a
single frequency component f, and predicts relative maxima at frequencies
V27 V3F 2f, (A/2)°f and 3f. Since Kinsman’s spectra were Very
sharply peaked Phillips’ theory may well have been applicable, In the
writer’s spectra no peaks could be found at these frequencies, possibly
because the spectral peaks were not sufficiently sharp.

Pierson and Marks (Ref. 15) measured pressure fluctuations on the
ocean floor (depth 32.5 ft.) and from these deduced the spectrum of water
surface displacement. Their results, shown in graphical form, exhibit a
very marked peak at 2f,, . With the definition of Section 3.3 the magnitude
of the peak is approximately 169 of that of the main peak. These authors,
whose interest lay more in wave forecasting and wave refraction, did not
comment on the second peak.

Ocean data from numerous investigators have been used to support the
concept of an equilibrium range. Phillips (Ref. 13, p. 113) shows data,
from seven investigations, which cluster about a line with a slope of — 5
as is required for the equilibrium range. Only three spectral peaks are
shown and on these curves the data do not overlap until frequencies close
to 2f, are reached. Phillips (Ref. 13) comments *“... at frequencies
appreciably above that of each spectral peak, the spectra are all clustered
about a single line, regardless of wind speed or fetch . This, like the writer’s
laboratory data, supports Pierson’s (Ref. 14) work, Four of the series of
points shown by Phillips are mean values, some over sixteen spectra, and
it is not clear whether or not any trends with respect to either wind speed
or fetch existed within these series. For example Kinsman’s data, as
shown, fall close to the line. Kinsman too found this evidence for the equi-
librium range from his mean values. After further investigation, however,
he concluded that the averages were “ statistical artifacts ”’ showing an
equilibrium range in the average spectrum when the individual spectra did
not show one. The same can be said, with respect to wind speed, about
the writer’s results.

One must conclude that the approach to, and establishment of an
equilibrium range is not yet understood. It is certainly more complex
than at present envisaged.

5.—CONCLUDING REMARKS

Measured spectra of water surface displacement obtained from a
laboratory investigation of the growth of wind waves have been discussed
herein. The spectra showed the same trends as those found by previous
investigators and helped to confirm that the spectrum develops in the same
manner under both ocean and laboratory conditions.

Two topics, the appearance of a second peak in the spectrum, at twice
the frequency of the main peak, and the presence of an equilibrium range
with respect to fetch only, were discussed in detail. Previous work in
laboratories has not revealed these features, although they have both been
observed previously in ocean wave spectra. In general, any reference to
them has been only of a cursory nature but their presence becomes more
significant in view of the findings of this study. Certainly when one is
formulating models to explain the physics of wind-wave generation they
should not be overlooked. However the extra energy contained in those

frequency components defining the second peak is probably insufficient
to vitiate most engineering calculations based on spectra without such a
peak.

In conjunction with Colonell’s (Ref. 3) work this study has shown that
wave spectra produced in laboratory facilities do have the same properties
as those produced in the ocean. Results obtained from laboratory studies
can thus be used with confidence for the solution of problems occurring
in the ocean.
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