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WIND GENERATION. OF:WATER WAVES

17 =i Puds Bryant
Mathematies:Dept, University- of Canterbury, N.Z.

ABSTRACT . | -

Water: waves;are generated by: the  wind through. the direct
action: of the: turbulent pressure’ field on the water surface; and
are amplified by: the. interaction between the wave motion and- the:
turbulent air: flows :The: amplification is'associated with the
presence’ of ' a-non-zero: correlation between the:water: surface dis<
placement and-the: air turbulent velocity components. -The
turbulent velocity: field may: therefore: be: decomposed into:the mean
wind, the mean air wave motion, and the turbulent motion,. the, mean
air wave motion being the part of the field causing the non-zero
correlation with the water wave motion, If the water surface has
the simple form of a rough nearly-sinusoidal wave train;- the mean
air wave motion is also sinusoidal of the same wavelength, with a
phase: and amplitude that vary  with height above the surface.

The structure of the air flow is examined using this
representation; and an estimate is made of the:wave amplification,
The estimate’dis: compared with- observations of theramplification of
a wave ‘train at sea, :4An experiment is proposed to’ test this and
other wave generation theories, X% O, f

1. Problem

The' air-water interaction can be: understood: only when the:
mechanisms are ‘determined relating the turbulent characteristics
of the air motion ‘toithe form of the water wave motion. Waves! are
generated by the direct uncoupled action of’ ‘the turbulent ¢
pressure field on the: water surface;, 'and are amplified by the -
coupled interaction’ between the water wave 'motion and: the
turbulent: velocity field. The* uncoupled: mechanism has been: inves=
tigated by Phillips (1), who found that the:turbulent pressurel
field amplifies certain frequencies preferentially. This
mechanism of ‘generation is always present’ when interaction occurs
between wind and water,' since ‘atmospheric motions are invariably
turbulent, 0Bk oy s -

The important mechanism for water wave amplification by ‘the
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wind is the coupled interaction between the water surface dis-
placement field and the air turbulent velocity field. It only
acts when water wave motion is already present, when it results in
a non-zero correlation being set up between the wave motion and
the turbulent air motion. It has been investigated by Miles (é)
for laminar air flow, but recent measurements by Snyder and Cox
(3) of wave amplification atlsea’do/not' agree with Miles's
deductions. The coupled interaction is investigated below without
making Miles's approximation of laminar-air flow, when it is found
that the wave.amplification predicted does agree with the measure=-
ments of Snyder and Cox.

The analysis is simplified by considering a laboratory
situation, from which deductions can be made about particular
natural situations. The laboratory experiment proposed is based
on the wind-water tunnel, acanventional wind tunnelv partly:filled
with®water, in which the form/ of! the'water surface as well as> the
character of the turbulentiair’ flow can be’ regulated upwind of the
test section. ~The situation examined dis-the amplification along
the wind" tunnel®of'aniinitially sinusoidal water wave  train. -This
choice not'only simplifies:the analysis; but is probably the best
situation for testing experimentally’ the' deductions of:the
analysis. EJon

2. Interaction::

The contribution of the air velocity field: to the non=zero
correlation with the simplified nearly-sinusoidal displacement
field may be’ identified with :a’ mean' motion within: the air flow.

It: is=named;the-mean:air wave  motion,-and: has: the: same wavelength
as the water wave train because:dit is caused: by its: shape and move-
ment. - Its amplitudesand phase vary, din-generaly with height above
the mean water surface. Eroor c q ov

The air velocity field can be expressed as the sum of the
mean wind, the mean air wave motion, and the turbulent fluctua=-
tions.’ [The mean wind is.measured. by averaging the velocity field
at a point fixed in:space.’ The mean:air wave motion:is measured
either; by the: air:velocity = surface displacement:correlation) or
by averaging the: wvelocity field: in a frame of reference moving
with the water wave train. : The two measurements of the mean air
wave motion' give the' samer resulty; because: the dominant- sinusoidal
mode inthe surface displacement field is time independent:<din:the
moving frame of reference, brxs r ; ]

The: turbulent: velocity intensities are perturbed periodically
by; the water wave train, and so also are all; other mean velocity
products. The intensity perturbations may be measured by! the
triple correlation between the two appropriate air velocity com-
ponents' and the' water: surface. displacement, or; directly: by
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averaging the wvelocity products in the frame of reference moving
with the water wave train. They are negligible in a laminar air
flow, ‘and it is their presence in a turbulent air flow that causes
the important dynamic differences between wave amplification by
laminar and turbulent flows.

The ‘air pressure field can be expressed similarly as the sum
of the mean pressure, the mean air wave pressure, and the
turbulent preéssure fluctuations. ' The turbulent pressure intensity
is also-perturbed periocdically by ‘the water wave train, as are all
mean products of the pressure with itself and with the velocity
components.,

The .axes of reference are chosen with the x-axis in the
direction of wave propagation, the z-axis vertically upwards with
origin in the mean free surface, and the y-axis completing the
orthogonal set. In the proposed experiment, the mean wind.and wawe
propagation.directions are the same, and the mean velocity
products are independent of the transverse y~coordinate, so this
situation is adopted in 'the analysis,, It may be generalised '
without difficulty to naturally-occurring situations in which the
mean wind and wave propagation directions are different. The
water surface displacement. is. taken locally ito be a roughened
form of the sinusoidal wave train

n =4d sink(x= ct)",

where a is the amplitude, k the wave number, and ¢ the phase
velocity.

.- The/air velocity, u(x,y,z,t); equal to (uyv,w) in the
(x,7,2) directions respectively, is.divided into the three parts

ur="0T+7dy #°4L.

U(x,2) is the mean wind (U,0,W), where W 4s ‘mich less than U and
is the small mean vertical wind due to the variation in boundary
layer thickness. The mean air wave components of velocity,
u,(x,z,t), equalito (w, ,0,w), are periodic in x and t. They are
independent of t if measured in the frame. of reference moving with
velocity c¢. The air turbulent velocity fluctuations, us(x,y,z,t),
equal to (U21V2,W2)1.have Zero mean in both. the fixed and moving
frames: of/ reference.  The air pressure is divided into the three
parts il

i P=P+P1+Pgl
with similar interpretations.

This method of analysis of the air motion is illustrated in
figure 1, which shows the distortion by the water wave motion of a
free mode in the turbulent air flow. It is to be noted that the
free mode is an interpretation of the contribution of the .
turbulent "air flow to the cross-correlation'in'a,givén_freQueﬁcy
band between points in the flow separatedin space and time, and
cannot be isolated as a physical entity. It should be drawn with
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(d) Combined effect

-
-

Figure 1., Distortion by the wa
in the turbulent air flow.

ter wave mqtidnjof.a’free‘modark‘
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an envelope of similar form to the cross-correlation itself, but
for ease of illustration is drawn as a sinusoidal wave train of
finite length,

The two dominant types of distortion are shown separately in
figures 1(b) and 1(¢), and together in figure 1(d). 'The periodic
distortion of the mean streamlines observed in a Irame of reference
moving with the water wave train is shown in figure 1(b), and is
equivalent algebraically to addition of the mean air wave motion
to the free mode. The periodic distortion of the intensity of the
free mode, again observed in a frame of reference moving with the
water wave train, is drawn in figure 1(c). It shows how +the
intensity perturbation measured in the moving frame varies period-
ically with the position of measurement. Figure 1(d) is a sketch
of the real situation,; with both types of distortion occurring
together, '

3« Eguations

The equations of motion for the turbulent air flow can be
averaged in both the fixed and moving frames of reference, - The
fixed frame means are the usual equations for the mean motion in a
turbulent. shear flow, discussed for example by Townsend_(&).

The equations for the mean air wave motion.can be obtained by
subtracting the mean of the equations of ‘the air motion in a fixed
frame jof reference from the mean of the equations of the air
motion in a frame of reference moving with the water wave train.
The notation f denotes ‘the mean of f with respect o time in the
fixed frame, while f' denotes the mean of f with respect to time
in the moving frame, The difference f'’~ T is periodic in'x with
zero mean, The equations for the mean air wave motion are found
to_be o ) i

_sy2ut TN R Wi (OY g e i hc) )
(U“’)'a'x' +owmiag v szl =) T"__az(ue"é"“awa) =0s) iy
and ;
aw 9 (——, — 3 19p
(U-c)a‘- + 5;(“2‘"5'“2"2) + E":(;E' -;g) =h a—z’ -

If the perturbations in the turbulent velocity products could
be expressed in terms of the mean air wave motion, these equations
could be solved exactly for the flow. This is not possible since
the required relationships must be determined experimentally, so
all deductions made from these equations are qualitative only.

Similar manipulation of the continuity equation gives

du, . dw, 3
ox "oz -0

The streamlines of the perturbed mean air motion are sketched
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Figure 2. .The streamlines of - the perturbéd meanuaigrmqtion a;nsiﬁz
; . ‘moving wit j e train. & arrows o

by an observer moving with the wa?er wave t _ S

wgtef surface indicate the direction of the perturbed mean air

ressure on the water surface. The region with ?he }oop stiuiZuiﬁe
Es the critical! layer, where the mean wind velocity is equa

phase velocity of the water wave train.
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in figure 2. The critical layer, the region where U(z) ~c is
zero, is shown with a loop structure, a property that can be
demonstrated by a kinematic argument.  The -phase 'of the mean air
wave ‘motion increases with increasing height. = This-causes-the
streamlines ‘to be closer together ahead of “the ‘erests and -further
apart behind the crests than if the phase were constant, andis
associated with a pressure deficit ahead of the crests and a
Pressure “excess behind the ‘crests ‘as-is ‘indicated by sthe “two
arrows “in “the “figure. -This component -of pressure ‘ciuses wave
amplification. g J

It ‘has been ‘proposed by Hasselmann (5)“that:thedspectral
energy ‘density F(kir,t) of‘argeneral ‘surface displacement 'field
satisfies the ‘equation o1eas !

oF/at + Eﬁ(g);gradF = alksr,t) + Blk;r,t)F - 4unic®F 4 N,

where ¢, is the group velocity corresponding to the wave number k.
The fi?gt two terms on the right hand side are a linear expansion
of the rate of working by the turbulent air flow, the first term
arising throﬁgh uncoupled mechanisms and the second. through linear
coupled ‘mechanisms of energy transfer. .The third term describes
the rate of loss of energy by dissipation under turbulent action,
and the fourth covers all energy loss or transfer by non-linear
processes, ok ;

The mean air wave pressure, p,, is the perturbation to the
mean pressure observed in  the frame of reference moving with the
water wave train., It causes a coupled energy transfer to the water
surface and so contributes to the B-term in Hasselmann's equation.
Solution for p; from the equations of motion above, and sub-
stitution in Hasselmann's equation, shows that

- 7 Bé Epaggkzc/pwg [
where Oa,0y are the densities of air and water, Eg‘is measured

near the water surface, k is the wave number and ¢ the phase
velocity of the water wave train,

Snyder and Cox. (3). measured. the amplification of an ocean
wave train of wavelength 17m propagating in deep water. Their
data show that S is given by iy i

" : BiE2x10T 0% ‘
where U, the wind speed at a height of 10m, is measured in m/sec.
The estimate for B from above is S

) . ﬁ% 1.5)(10 uz. : ‘ i [
Theory and observation are in order of magnitude agreement 'if the
missing measurement is

w2 £ 0,1,

This figure lies within the range of measurements of this ratio in
natural conditions, (for example, by Cramer (6)).
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5. Discussion

i i t is encouraging;
The “agreement -between 'theory and experimen . L
but a propgz test ‘must await a controlled labora?ory experiment din
which the wind ‘structure ‘and -the wave -amplification are measured
together.

The ‘mechanism-of -amplification-on a‘genera} surface -displace=
ment field-is the-same-in essence:as that descrl?ed above for.the
simplified laboratory situation. -The mean velocity énd the
turbulent intensities are perturbed by the water m9t10n, each
perturbation-being apparent as a non=zero correlatl?n betyeen the
water motion-and the apprbpriate parameter of the air motion.
These perturbations lead to a pressure c?mpo?ent on the ?aFer b2
surface in phase with the wave slope, which in turn amplifies e
water wave motion,

The uncoupled action of ‘the turbulent pressure fielq on the
water surface is to generate waves preferentially in a s}ngle s
frequency band at'each forward angle to the wind, (Phillips(1)).
The combined effect of the two mechanisms, uncoupled and qoupled,
is therefore to amplify preférentially the frgqnen?y'?and )
propagatihg in the direction of the mean wind. This is the T o
probable explanation for the rapid growth of a nearly-sinusoi a
wave motion in the direction of the mean wind, when $u§t§ of ‘wind
last for more than a few moments on a water §urfa?e 1n1t1a%1¥ at
rest. The coupling with the turbulent velocity field amplifies
exponentially the.frequency band chosen by the turbulent pressure
field.
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ON CONVECTION IN A POROUS MEDIUL
By
A, McNabb

Applied Mathematies Division; DueSeI.Re, ilellington, N.Zs

Abstract, S crreard
Boundary layer eguations..are derived for convective flow .of
fluid over a hot plate on the bed of a semi infinite porous medium,
An estimate for the heat convected  amay as a function of the. 'l
temperature of the hot, plate. is used to evaluate the rate of
cooling of g lava lake under a irgter saturated porous medium,

1. Introductions” °Gedthermal astivity at Waivakei originates
in a bed of porous water saturated;volcanic debris. about two and

& half kilometers deep. This activity appears to be fed by a jet
of hot water with'a cross’sectionsl apea of two" 5o “three square
kilometers and central temperatures up to two hundred and fifty
degree -‘ceﬁtﬁ'.'gr’g:da":;" cbﬂﬁracteﬁ{f_'iﬁm‘ ‘the 'basement’ of " the system, "

f

generated on the surface ofiaﬁ361d5mégma*lakéJcoﬁliﬁé*by g
conduction of heat through a solid crust. We Amagine water
flowing in a boundary layer elong ‘the bottom and being heated as
it passes over the hot crust.' The bulk of the fluid above, is at
a constant temperature and motionless and hence sustaining a
hydrostatic pressure distribution,. Since.the heated fluid in, the
boundary layer is diminished in density the pressurs on the
bottom is lower than hydrostatic’ by a’margin’that*ihcreases with
the thickness of this hot layer,:. This: produces: a. pressure 3
gradient along the bottom driving fluid in the direction of °
thickening of . this; layer: towards,a stagnation point. where it _ .
leaves the lakecand nises toward the surface, ned¥ Fre i

In this"paper fwe' exaiing tﬁe*@égsiﬁiiity;fna%ﬁihia”56t~ig*t

e consider.first.a simpiifieg_pnoblem,iqyg;yipg steady,,
convection in an infinite homogeneous porous medium, in the half
plane =z > o, (y measures height above the plane horizontal
impermeable floor of the region), . The)convection;current is.
generated by a hot plate of radius a in the plane of the floor
at a constant tempereture which is greater than the
temperature ‘T, .of the medium sufficiently far from the plate,
This problem avoids any interaction between the fluid flow over
the hot plate and that induced by the jet impinging on an upper
boundary or free surface,




