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Instabilities around a Rotating Ellipsoid in a Stratified Rotating Flow
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Abstract

The stability of a vortex in a stratified and rotating fluid is stud-
ied in order to explain the lifetime and structure of oceanic and
atmospheric vortices. The vortex is modeled by a rotating ellip-
soid with varying aspect ratios. The dynamics is studied ex-
perimentally by shadowgraph visualisations and theoretically
by a numerical linear stability analysis using a pseudo-spectral
decomposition. Two instabilities may arise depending on the
Reynolds number, the Froude number and the aspect ratio. The
first instability creates thin layers at the poles of the ellipsoid.
This instability is related to the double-diffusive instability be-
tween density and angular momentum predicted by Mc Intyre
(1970). The second instability creates thick layers at the equator
of the sphere. It seems to be related to a centrifugal instability
modified by the presence of the stratification.

Introduction

Recent geoseismic data have revealed the existence of thin
quasi-horizontal layers in various regions of the ocean, espe-
cially around meso-scale vortices such as Meddies (Papenberg
et al. 2010). These layers are particularly well visible in the
vertical section of salinity presented in figure 1 above the lens
vortex present at the center of the image as an ellipse of 60km
diameter and 1km height. These layers break the vortices by
turbulent diffusion and thus govern the lifetime of these struc-
tures which contain 90% of the oceanic kinetic energy. More-
over, this structure in thin homogeneous layers highly increases
the vertical mixing. This may explain why the oceanic mixing
measured outside of the vortices is 10 times smaller than the
values needed for oceanic global models. This mixing is ex-
tremely important to predict the greenhouse effect and for the
climate forecast since it governs the fluxes of CO2 and of heat
between the ocean and the atmosphere.

However, although the role of these oceanic vortices is essen-
tial in the balance of oceanic kinetic energy, their stability is
still ill understood. Moreover, these recent observations of thin
horizontal layers are not clearly understood despite the pres-
ence of four possible instabilities: a double-diffusive instability
between temperature and salinity, a double diffusive-instability
between rotation and salinity (Mc Intyre 1970, Baker 1971,
Griffiths & Linden 1981), a radiative instability (Riedinger et
al. 2010) and a centrifugal instability.

Figure 1: Seismic image of the internal ocean structure in the
Gulf of Cadiz during the GO experiment (from Papenberg et al.
2010). Note the presence of a newly formed Meddy in the mid-
dle of the domain surrounded by thin quasi-horizontal layers.

The radiative instability has been predicted theoretically since
40 years and has been observed recently experimentally around
a rotating cylinder in a stratified fluid (Riedinger et al. 2011).
It emits internal waves far away from the cylinder, as visible in
figure 2(a). This is in excellent agreement with the numerical
results of a linear stability analysis shown in figure 2(b).

(a)

(b)

Figure 2: Structure of the radiative instability generated by the
rotation of a vertical cylinder in a stratified fluid. (a) Experimen-
tal visualisation by Synthetic Schlieren. (b) Numerical results
of a linear stability analysis. From Riedinger et al. (2011).

In the previous study, the vortex is modeled by a rotating cylin-
der in order to avoid the viscous decay that occurs in a real
vortex. This allows to have a stationary base flow and thus to
properly study weak instabilities. However, the large aspect ra-
tio of the cylinder is very far from the small aspect ratio of real
oceanic vortices (with a height about 100 times smaller than
the diameter). In this study, we will thus use the same idea to
model the lens vortex with a rotating body in a stratified fluid.
But, the bodies will be ellipsoids in order to mimic the oceanic
lens vortex form.

Materials and Methods

The experimental setup is sketched in figure 3. The experiment
is performed in a tank of dimension L ∗ l ∗ h = 240 ∗ 74 ∗ 48
cm3. The fluid is linearly stratified with salted water on a depth
of 45 cm. The stratified medium is obtained using the classical
filling method using two tanks one with pure water, the other
with salted water.



The flow is created by rotating an ellipsoid of radius R equal
to 1.25, 2, 3.25, and 6 centimeters and of height H varying be-
tween 1 and 40 centimeters. The ellipsoid is mounted on a thin
vertical stainless steel cylinder of diameter 6mm, which is suf-
ficiently small to prevent any disturbance of the flow.

For each experiment, the ellipsoid was progressively acceler-
ated during 30000 radians (i.e. 4774 rounds) with an angular
velocity law given by

θ̇ = Ω

(
θ

30000

)1/5
, (1)

then kept at constant angular velocity Ω. Video recording and
measurements were made after having reached a permanent
regime, which was usually obtained after a rotation of 50000
radians.

Figure 3: Experimental setup

The flow has been analysed by Shadowgraph visualisations. For
this purpose, a small light source located far from the tank emits
nearly parallel luminous rays which are focused after the tank
by a large lens (with diameter 30cm) into a camera. The de-
viations by inhomogeneous density gradients inside the tank
(which are proportional to the gradients of refractive index) cre-
ate dark or bright regions on the image, thus revealing the pres-
ence and the structure of instabilities in the flow.

Theoretically, we consider the axisymmetric flow around an el-
lipsoid of radius R and height H, rotating at angular velocity Ω

in a viscous fluid of kinematic viscosity ν, stably stratified along
the cylinder axis. The density stratification is assumed to be lin-
ear with a constant Brunt-Väisälä frequency N =

√
−g∂zρ/ρ0.

The flow is defined by four parameters, the aspect ratio H/R, the
Reynolds number Re = ΩR2/ν, the Froude number F = Ω/N
and the Schmidt number S = ν/κ where κ is the diffusivity of
the density. In the experiments, the Schmidt number cannot
be varied and is equal to 700. There is an additional parameter
quantifying the non-Boussinesq effects, which can be defined as
the ratio of the radius of the ellipsoid to the stratification length
R∂zρ/ρ0. This parameter is small in the experiments since it
ranges from 0.004 to 0.02.

The base flow can be obtained theoretically for a sphere in the
Boussinesq approximation, such that we mainly focus in this
paper on the case of a sphere. Infinitesimal disturbances of the
velocity, pressure and density fields are considered in the form
of normal modes around the base flow

[u(r,z),v(r,z),w(r,z), p(r,z),ρ(r,z)]exp(imθ+ st) , (2)

where u, v and w are the radial, azimuthal and axial velocities,
k and m the axial and azimuthal wavenumbers and s the com-
plex growth rate. The mode is unstable if the real part of s is

positive and oscillatory if the imaginary part of s is non zero.
The linearized equations for the perturbation are solved numer-
ically. The numerical code is a 2D Chebychev spectral collo-
cation code. It is similar to the code used by Riedinger et al.
(2011) for a cylinder and adapted to 2D for a sphere.

Experimental Results

When the angular velocity of the ellipsoid is increased above
a threshold, the shadowgraph visualisations reveal the presence
of two different instabilities. They are clearly visible in figure 4
for the case of sphere at F = 0.45 and Re = 700. The first insta-
bility is located at the equator with a wavelength not very well
defined. It is not clear if the azimuthal wavenumber is equal to
0 or to 1. It creates horizontal layers which extend far from the
sphere. The second instability is located at the poles and has a
smaller wavelength. The layers are thinner and well organised
and extend less far than the first instability. It can be noted that
they are slightly tilted close to the sphere. The mode is clearly
axisymmetric.

Figure 4: Shadowgraph view of the instabilities occurring
around a sphere rotating in a linearly stratified fluid. F=0.45.
Re=700.

These two instabilities develop in different regions of the flow.
However, they can also be obtained separately for different pa-
rameters. Indeed, figure 5 shows the flow at a smaller veloc-
ity but for a large sphere of radius R = 6cm. This creates a
smaller Froude number, which favors the instability at the equa-
tor. The layering instability at the poles has disappeared. On
the opposite, figure 6 shows the flow for a smaller sphere of ra-
dius R = 1.25cm at a larger angular velocity leading to a larger
Froude number F=0.6. The instability at the poles is still present
but the instability at the equator has disappeared.

Finally, it can be mentioned that the layering instability at the
pole is favored by a small aspect ratio of the ellipsoid. In con-
trast, the instability at the equator is favored by a large aspect
ratio. Indeed, when the aspect ratio increases, the instability at
the equator becomes more and more organised and the layers
extend less and less far from the ellipsoid. For large aspect ra-
tios, the azimuthal wavenumber becomes equal to 1, as was the
case for the radiative instability. At very large aspect ratios, the
instability is clearly due to the radiative instability.



Figure 5: Instability occurring at the equator of the rotating
sphere. F=0.3. Re=1700

Figure 6: Layering instability emitted at the poles of the rotating
sphere. F=0.6. Re=140

Numerical Results

Figure 7(a) presents the most unstable mode obtained at F=0.3
and Re=1700, where the experiments showed only an instabil-
ity at the equator (see figure 5). This mode is axisymmetric,
which is reminiscent of a centrifugal instability. Indeed, the
centrifugal instability that occurs in the absence of stratification
is presented in figure 7(b) for F=10. Both modes are very sim-
ilar, but it seems that the stratification has changed the Taylor
vortices into thinner and wider vortices, looking like the hori-
zontal layers of the shadowgraph visualisations. Moreover, the
stationary centrifugal instability is now oscillatory since it has a
frequency equal to 0.25Ω.

Figure 8(a) presents the most unstable mode obtained at F=2.25,
Re=1700 and S=8. This mode is axisymmetric and creates thin
layers around the pole. This mode is very similar to the layering
instability presented in figure 6 at F=0.6. It is observed here
at a larger Froude number because the numerical code cannot
reach the experimental value of F=0.6 since the wavelength is
too small to be resolved by the code.

Numerically, this mode is only unstable when the Schmidt num-
ber is much larger than 1. This indicates that this instability
is due to the double-diffusive instability between the density
and the angular momentum predicted theoretically by Mc Intyre
(1970) using a local theory. It was also impossible to increase
the Schmidt number to the experimental value of 700 because it
would create wavelengths too small to be resolved numerically.

(a)
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Figure 7: Instabilities occurring at the equator of the rotating
sphere for Re=1700 and S=700. In (a), the Froude number is
similar to the experimental case F = 0.3. In (b), the stratifi-
cation is weak (F = 10) such that the mode is due to the cen-
trifugal instability whose local growth rate is represented by the
contours.

Figure 8: Layering instability occurring at the poles of the ro-
tating sphere for Re=231, F=2.25 and S=8.



Conclusions

This paper presents a comparison between experimental results
and numerical results from a linear stability analysis on the flow
around a rotating ellipsoid in a stratified flow. Several instabil-
ities have been observed both experimentally and numerically.
A first instability occurs at large Froude numbers and contains
thin horizontal layers at the poles of the sphere. This instabil-
ity only appears when the Schmidt number is very large, and is
thus a double-diffusive instability between the density and the
angular momentum, as found theoretically by Mc Intyre (1970).
A second instability occurs at smaller Froude numbers and con-
tains thick layers at the equator of the sphere. This instability
seems to be similar to a centrifugal instability modified by the
presence of the stratification.

This study shows that the effect of the stratification and of the
Schmidt number play a major role in the stability of the lens
vortices. This is why a complete map of the instabilities for all
Froude, Reynolds and Schmidt number will be useful in order to
guide oceanographers to model the lifetime and mixing proper-
ties of oceanic vortices. However, the effect of a background
rotation may also modify greatly these instabilities. Indeed,
the Rayleigh criterion is of course very dependent on the back-
ground rotation. This is why the map of instabilities should also
be extended to take into account the Rossby number. Finally, all
these results may be extended to the case of a turbulent diffusiv-
ity which is much more efficient in oceans than the molecular
diffusivities. This diffusivity is highly anisotropic in oceans,
which could be modeled numerically. To conclude, these vis-
cously dependent instabilities are far from being completely un-
derstood and need more theoretical and numerical work to be
modeled properly.

Acknowledgements

The support of the french government grant ANR 11 BS56 012
01 is gratefully acknowledged.

References

[1] Papenberg, C., Klaeschen, D., Krahmann, G. and Hobbs,
R. W., Ocean temperature and salinity inverted from com-
bined hydrographic and seismic data, Geophys. Res. Lett.,
37, 2010, 130–146.

[2] Riedinger, X., Le Dizès, S. and Meunier, P., Viscous stabil-
ity properties of a Lamb-Oseen vortex in a stratified fluid,
J. Fluid Mech., 645, 2010, 255–278.

[3] Riedinger, X., Le Dizès, S. and Meunier, P., Radiative in-
stability of the flow around a rotating cylinder in a stratified
fluid, J. Fluid Mech., 672, 2011, 130–146

[4] McIntyre, M. E., Diffusive destabilization of the baroclinic
circular vortex. Geophys. Fluid Dyn., 1, 1970, 19-57

[5] Baker, D. J. Density gradients in a rotating stratified fluid:
experimental evidence for a new instability, Science 172,
1971, 1029-1031

[6] Griffiths, R. W. and Linden, P. F., The stability of vortices
in a rotating, stratified fluid, J. Fluid Mech.,105, 1981, 283–
316


