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Abstract

Proper orthogonal decomposition (POD) is applied to a rotating
channel turbulence database generated by direct numerical sim-
ulation (DNS) to investigate the effect of spanwise rotation on
the coherent structures in wall-bounded flows. The POD analy-
sis reveals the appearance of elongated counter-rotating vortical
structures at both low and moderate rotation numbers. Increas-
ing the rotation rate results in a higher number of these elon-
gated vortices, while reduces their size.

Introduction

Background rotation has been a fascinating problem for engi-
neers and physicists since it appears in a broad variety of nat-
ural and engineering applications (e.g. rotor-machinery, plan-
etary rotation, etc.). To obtain a better understanding of the
extent of influence of rotation on dynamics of wall-bounded
flows, this study focuses on turbulent channel flow with span-
wise rotation. For spanwise rotating channel, early experiments
of Johnston et al. [7] and direct numerical simulations (DNS)
of Kristoffersen & Andersson [10] reveal that the flow behaves
differently on the upper half and lower half of the channel. The
Coriolis force due to the spanwise rotation points towards the
bottom wall (pressure side), resulting in an increase in the fluid
mixing on that side. On the other hand, turbulence on the up-
per half of the channel (suction side) is suppressed since there
the Coriolis force acts in the similar way as the buoyancy force
due to stable density stratification. As a result, the symmetric
nature of a profile of the mean flow and turbulent stresses is
destroyed by the spanwise rotation. Additionally, the mean ve-
locity profile exhibits a linear segment around the core of the
channel with a slope of about twice the angular velocity of the
system rotation.

At low to moderate rotation numbers, streamwise vortices, usu-
ally referred to as roll cells or Taylor–Görtler vortices, have
been observed to be present on the pressure side [7, 10, 4, 16].
The roll-cell structures are usually illustrated by the mean sec-
ondary flow averaged in the streamwise direction and over time.
Previous DNS studies [10, 4] found that these roll cells are not
steady (might disappear after a long time average) and seem to
vanish at high rotation rates. To quantify whether the roll-cell
structures can be presented by proper orthogonal decomposition
(POD) is the main objective of the present work.

POD, also known as the Karhunen–Loève decomposition, ob-
jectively extracts the coherent structures that are best correlated,
in an average sense, to the turbulent velocity field. The resulting
structures are also optimal in the sense that the POD representa-
tion converges more rapidly (in an energy mean) than any other
linear representation leading to a compact description of turbu-
lence process [5]. It has been demonstrated that POD extracts
the dynamical coherent structures of non-rotating channel tur-
bulence on both smooth [1, 11, 2, 15] and rough walls [12, 3].

Case Roτ Rob Reb

Ro0 0.0 0.000 2767.0
Ro2 2.5 0.151 2979.7
Ro10 10.0 0.568 3166.6

Table 1. DNS run parameters. The quantities Rob and Reb are respec-
tively the rotation and Reynolds numbers based on Ub.

Numerical Approach

The turbulent channel flow under the effect of spanwise back-
ground rotation with constant angular velocity ΩΩΩ = (0,0,Ω) is
governed by the continuity and incompressible Navier–Stokes
equations formulated in a rotating frame of reference. The gov-
erning equations in a Cartesian coordinate system, xxx = (x,y, z),
can be written as

∇∇∇ ···uuu = 0 , (1)

∂uuu
∂t

+(uuu ···∇∇∇)uuu =− 1
ρ

∇∇∇Peff +ν∇2uuu−2ΩΩΩ×uuu , (2)

where uuu = (u,v,w) is the velocity vector in the streamwise (x),
wall-normal (y) and spanwise (z) directions, and t denotes the
time. The last term of equation (2) represents the effect of the
Coriolis force, while the centrifugal force is absorbed in the ef-
fective pressure Peff. The fluid density ρ and the kinematic vis-
cosity ν are kept constant during the calculations.

Our DNS solver is an adapted version of that used by Jutti-
judata et al. [8]. The code is based on the standard pseudo-
spectral scheme for channel flow simulation of Kim et al. [9].
In brief, the second-order equation for the wall-normal vortic-
ity and the fourth-order equation for the wall-normal veloc-
ity are solved using Fourier series in the periodic x- and z-
directions, while Chebyshev polynomial expansion is employed
in the wall-normal direction. A standard 3/2-rule is applied in
the homogeneous directions to avoid aliasing errors. For tem-
poral integration, a semi implicit scheme as described in Spalart
et al. [14] is employed (a third-order Runge–Kutta scheme for
the nonlinear terms and a second-order Crank–Nicolson method
for the linear terms). The flow is driven by a constant volume
flow rate throughout the simulations.

To investigate the effect of the spanwise rotation on the coherent
structures, the rotation number Roτ = 2Ωh/uτ is varied from 0
to 10, as listed in table 1. Since the spanwise rotation results
in an asymmetric mean streamwise velocity profile and divides
the channel into an unstable (pressure) and stable (suction) side,
the friction velocities at the top and bottom walls are different.
In this work, the friction velocity uτ is defined from that at the
suction (us

τ) and the pressure (up
τ ) side as

uτ =

√(
up

τ
)2

/2+(us
τ)

2 /2 . (3)



Ro0 Ro2 Ro10
Rep

τ Res
τ Rep

τ Res
τ Rep

τ Res
τ

Present 177.8 177.6 213.7 138.1 218.9 130.6
Yang & Wu [16] – – 214.1 139.1 218.7 130.5

Table 2. Comparision of the computed friction Reynolds numbers on
the pressure Rep

τ and suction Res
τ side.
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Figure 1. The profiles of the mean streamwise velocity:
Case Ro0; Case Ro2; Case Ro10. The dashed line
represents the slope 2Ω.

For all cases considered here, the friction Reynolds number is
approximately the same at Reτ = uτh/ν≈ 180. The correspond-
ing Reynolds and rotation numbers based on the bulk mean ve-
locity Ub for each case are also given in table 1. All the simula-
tions are conducted in the domain of size 4πh× 2h× 2πh with
the resolution of 128× 129× 128. It should be noted that the
spatial resolution used in the present work is the same as that of
the DNS of rotating channel of Yang & Wu [16].

Results

In this section, we present results from the DNS of rotating
channel flow. First, flow statistics are provided. Then, the effect
of the spanwise rotation on the vortical structures is analysed
via the aid of POD.

Mean and Turbulent Statistics

After the flow reached its statistically steady state, the simula-
tions were continued further for 40h/uτ to obtain the flow statis-
tics and to generate the database for POD. In the following anal-
ysis, 400 velocity fields separated from each other by 0.1h/uτ
were used. To obtain the flow statistics, the velocity field is av-
eraged in both periodic directions and over time. The computed
friction Reynolds numbers on the pressure and suction sides are
compared with those of Yang & Wu [16], as given in table 2. It
is found that the relative difference for all cases is less than 1%.

The mean streamwise velocity profiles normalised by uτ at var-
ious rotation numbers are shown in figure 1. For Roτ > 0, it
can be seen that the mean velocity profile does not yield a sym-
metric nature as that of the non-rotating channel (Case Ro0).
The mean velocity profile of the channel turbulence with span-
wise rotation (i.e. Cases Ro2 and Ro10) exhibits a linear region
with d〈u〉/dy � 2Ω. This linear region tends to be longer with
increasing rotation number.

Figure 2 shows the effect of the spanwise rotation on the turbu-
lent statistics scaled with uτ. As the rotation number increases,
the turbulent stresses on the pressure side increase. Addition-
ally, the peak value of the turbulent stresses shifts towards the

−1 −0.5 0 0.5 1
0

0.5

1.0

1.5

2.0

2.5

3.0

−1 −0.5 0 0.5 1
0

0.5

1.0

1.5

2.0

2.5

3.0

−1 −0.5 0 0.5 1
0

0.5

1.0

1.5

2.0

2.5

3.0

−1 −0.5 0 0.5 1
−1.5

−1.0

−0.5

0

0.5

1.0

1.5

y/hy/h

y/hy/h

〈u
′ u

′ 〉1/
2

〈v
′ v
′ 〉1/

2

〈w
′ w

′ 〉1/
2

−
〈u

′ v
′ 〉

(a) (b)

(c) (d)

Figure 2. The profiles of the turbulent intensities in (a) streamwise,
(b) wall-normal and (c) spanwise directions, and (d) the Reynolds shear
stress: Case Ro0; Case Ro2; Case Ro10. The
turbulent intensities and the Reynolds shear stress are normalised by uτ.

bottom wall. On the other hand, the amplitude of the turbulent
intensities and the Reynolds shear stress decreases with an in-
crease in Roτ on the suction side. These findings verify that
turbulence is enhanced on the lower half of the channel while
stabilised on the upper half.

Coherent Structures

The coherent structures are identified by the Q-criterion of Hunt
et al. [6]. As Q can be interpreted as the second invariant of
the gradient tensor of any vector field, we then apply the Q-
criterion to different velocity fields to investigate the flow struc-
tures. Three cases will be explored: (i) instantaneous veloc-
ity field; (ii) time-averaged velocity field; and (iii) the velocity
field of the first POD mode. Figure 3(a) displays the vortical
structures of the instantaneous velocity field visualised by the
Q-criterion. For the rotating cases, the Coriolis force axially
stretches the legs of the hairpin-like vortices that can be seen
from Case Ro0 (the left column of figure 3a). This leads to clus-
ters of elongated streamwise vortices. These elongated vortical
structures tend to be thinner as the rotation number increases.

The instantaneous velocity field is then time averaged over a
period of 40h/uτ and the Q-criterion is used to explore the vor-
tical structures of the mean flow (figure 3b). As expected, the
mean velocity field of the non-rotating channel (Case Ro0) does
not exhibit any organised coherent structures. On the other
hand, elongated counter-rotating vortices are found in the ro-
tating channel cases (i.e. Cases Ro2 and Ro10). These elon-
gated streamwise vortices are relevant to the roll-cell structures
observed in the previous studies [7, 10, 4]. At Roτ = 2.5, the
coherent structures appear in the form of two pairs of counter-
rotating vortices. This is consistent with the finding of Kristof-
fersen & Andersson [10] who also observed vortex pairs that
rotate in the opposite direction. These streamwise vortices shift
towards the pressure side. At higher rotation rate (Case Ro10),
the vortical structures are less organised in spite of possessing
more counter-rotating vortex pairs.

In order to extract the most energetic coherent structures from
a given ensemble of the given flow fields, the method of snap-
shots is employed (see detail implementation in Sirovich [13]).
Specifically, let uuu(xxx, t) be a given flow field and the ensemble
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Figure 3. Isosurfaces of the second invariant of the gradient tensor of (a) instantaneous velocity field, (b) time-averaged velocity field and (c) velocity
field of the first POD mode: (left) Case Ro0; (middle) Case Ro2; (right) Case Ro10. The second invariant of the gradient tensor is coloured by the
streamwise vorticity of each velocity field (i.e. instantaneous, time-averaged, or first POD mode) and plotted between the bottom wall and the layer with
the largest streamwise velocity.

{uuu(xxx, tn)}N
n=1 be a collection of such flow field at observation

time tn for n = 1, . . . ,N, i.e. the flow ‘snapshots’. By decompos-
ing the flow field into mean velocity 〈uuu〉 and velocity fluctuation
uuu′(xxx, t), i.e. uuu(xxx, t) = 〈uuu〉+ uuu′(xxx, t), the eigenmode Φm may be
defined as

Φm =
N

∑
n=1

wm
n uuu′n, m = 1, . . . ,N . (4)

Here uuu′n = uuu′(xxx, tn) is the velocity fluctuation at time tn and wm
n is

the components of the eigenvector WWW m derived from the eigen-
value problem

CWWW = λWWW , (5)

where C is the correlation matrix defined by

Cmn =
1
N

∫
Ω

uuu′m ···uuu′n dΩ . (6)

The eigenvalue corresponding to each eigenvector from equa-
tion (5) represents the energy content in that eigenvector and
eigenmode. The spanwise reflection symmetry in the velocity
ensemble is further forced to improve the convergence rate of
the statistics and to ensure the spanwise reflection symmetry in
the resulting eigenfunctions. In total, the symmetry produces
800 realisations in each ensemble for POD analysis. The Q-

criterion is again applied to the velocity field of the first POD
mode to investigate the coherent structures, as shown in fig-
ure 3(c). It can be seen that POD gives more consistent view
of the vortical structures even for Case Ro10. At this rotation
number, the coherent structures extracted from the first POD
mode are fairly organised. They consist of four pairs of counter-
rotating vortices that shift towards the bottom wall. The diame-
ter of each elongated vortex is smaller than that of Case Ro2.

Normalised energy and cumulative energy distributions among
POD modes for different rotation numbers are shown in fig-
ure 4. In order to show the amount of energy residing in differ-
ent modes and its distribution among the modes, the left axes
of the plots indicating normalised energy are not scaled. Fig-
ure 4 clearly shows that not only the first POD mode of the
flow of Case Ro2 contains more energy than flows at the other
two rotation numbers, the POD set of this case converges much
faster than the other two flows. Evidently, the flow of Case
Ro2 is most organised and can be described by coherent struc-
tures. This is consistent well with the well-organised structures
revealed by the Q-criterion at this particular rotation number
displayed in the middle column of figure 3(c). Even though the
coherent structures of the flow at higher rotation number (Case
Ro10) are not well organised as those of Case Ro2, they are still
more organised than those of the non-rotating case.



0 10 20 30 40
0

0.005

0.010

0 10 20 30 40
0

0.1

0.2

0.3

0 10 20 30 40
0

0.1

0.2

0.3

0 10 20 30 40
0

0.05

0.10

0 10 20 30 40
0

0.1

0.2

0.3

0 10 20 30 40
0

0.1

0.2

0.3

0 10 20 30 40
0

0.01

0.02

0 10 20 30 40
0

0.1

0.2

0.3

0 10 20 30 40
0

0.1

0.2

0.3

ModeModeMode

N
or

m
al

is
ed

E
ne

rg
y

N
orm

alised
C

um
ulative

E
nergy

(a) (b) (c)

Figure 4. Normalised energy (circles – left axis) and cumulative energy (squares – right axis) of different POD modes. (a) Case Ro0. (b) Case Ro2.
(c) Case Ro10.

Conclusions

The influence of spanwise rotation on the formation of coher-
ent structures in turbulent channel flow has been examined by
means of DNS, aided by POD analysis. As the rotation number
increases, turbulence on the lower half of the channel is more
amplified with the shift in the peak of the turbulent stresses to-
wards the bottom wall. Conversely, the Coriolis force due to
the spanwise rotation decreases the turbulent intensities on the
channel upper half. The POD analysis indicates that organised
structures with large scales exist at rotation numbers of 2.5 and
10. These coherent structures appear in the form of pairs of
elongated counter-rotating vortices. In general, POD provides
more consistent view of coherent structures of rotating chan-
nel turbulence than a time-averaged procedure. In future work,
POD will be used to mathematically describe the elongated vor-
tical structures and study their dynamics.
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