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Abstract

This study presents simulations of bubble dispersion in a free
shear flow and cylinder wakes. The numerical method of a
transient solver for two-dimensional incompressible flow with
a subgrid-scale (SGS) turbulence model applied with the La-
grangian particle dynamics (LPD) method is proposed. The
method is validated for the case of a free shear flow. The com-
puted instantaneous bubble distribution and time averagedbub-
ble concentrations agree well with both experimental and nu-
merical data available in the open literature. The simulation
of bubble dispersion over a cylinder is performed at Reynolds
number of 9560. Bubble entrainment into the vortices in the
cylinder wake is analysed. The results demonstrated the pro-
posed method is able to reproduce the relevant physics of bub-
bly flows at high Reynolds numbers.

Introduction

Prediction of bubble distribution in ship wakes is an important
naval research area. Bubbles trapped in the large vortical struc-
tures in the ship wake can form clusters that are able to per-
sist for large distances, which increases the ship’s detectability,
an important consideration in the defence environment. Com-
plete analysis of the problem requires complex modelling of
the physics for both liquid and gas phases. With recent de-
velopments in computational capability, understanding the be-
haviour of bubbly flows by numerical simulation is becoming
more common.

Two types of models are prevalent in the numerical simula-
tion of dispersed bubbly flows, Eulerian-Lagrangian (particle
tracking) and Eulerian-Eulerian (two-fluid) formulations. In the
Eulerian-Lagrangian model, liquid is treated as a continuous
phase that is solved using Navier-Stokes and continuity equa-
tions, and individual bubbles are tracked as dispersed phase. In
the Eulerian-Eulerian model, each phase is treated as a contin-
uous phase that is intermingled and interacting with the other
phase based on the concept of volume or time averaging with
different velocities and volume fractions. Both approaches have
been used to model various flow applications, such as bubbly
mixing layer [3], bubble columns ([8], [15]), and bubbly wake
flows ([9], [12]). Considering relatively small amounts of bub-
bles (low void fractions) in the ship wakes, the method of La-
grangian particle tracking is most suitable for computing bubble
distributions. It has advantages over the two-fluid method in the
case of dilute suspensions or when large concentration variabil-
ity of the discrete phase is present ([4], [5]). This situation is
true for bubbly wake flows, such as those in ship wakes, where
bubbles may experience preferential concentration and cluster-
ing effects in the near wake region but are rather dilute in the
far wake [12]. Thus, the Eulerian-Lagrangian models are more
suited for fundamental investigations of bubbly flow [10].

Simulations of bubbly turbulent flows require accurate repre-
sentation of the fluctuating flow field that governs bubble dy-
namics. Direct numerical simulations (DNS) or large eddy sim-
ulations (LES) are often used to attain this accuracy [12]. DNS
can provide detailed information of the flow field without the
use of a turbulence model, but it is limited to low Reynolds
number flows due to its high computational expenses. LES
solves large scale turbulent eddy motions with a subgrid-scale
(SGS) model that mimics the small scale motions. Thus, LES
can handle high Reynolds number flows at a much reduced cost.
A joint method of DNS combined with the Lagrangian particle
dynamics (LPD) method was applied to simulate bubble disper-
sion over a cylinder and a hydrofoil at low Reynolds numbers in
the previous work [16]. The simulations demonstrated that the
interaction between the large scale eddies and the bubbles was
successfully modelled and the bubble stream forms the charac-
teristic “S” shape in the wake region that compares well with
the corresponding experimental results [14]. However, no bub-
ble entrainment into the vortex cores was observed in the nu-
merical data as the vortices formed from the cylinder and the
hydrofoil were not strong enough at low Reynolds numbers. In
order to simulate bubbly flow at higher Reynolds numbers, a
transient solver for two-dimensional incompressible flow with
a SGS model is applied with the Lagrangian particle dynamics
method. This is proposed as an intermediate step towards the
LES of bubble dispersion in high Reynolds number wake flows.

In this paper, the proposed method is validated for the case of
bubble dispersion in a free shear flow, which has been previ-
ously studied by Rightley and Lasheras [11] and Smirnovet al.
[12]. It is confirmed that the simulated distributions of bubbles
agree well with the measurements. Bubble entrainment in the
flow over a cylinder at a high Reynolds number is also investi-
gated.

Numerical Method for Incompressible Flow

Incompressible Navier-Stokes Equations

The analytical techniques applied in this numerical study are
associated with time-integration of the incompressible Navier-
Stokes and continuity equations
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whereui is the velocity components in the flow field,p, ρ and
ν are respectively the fluid pressure, density and kinematic vis-
cosity.



Subgrid scale model of eddy viscosity type

As DNS requires large amounts of gridpoints to resolved the
flow field at high Reynolds numbers, it will be computationally
cheaper to resolve the large scale of motions at the grid level
and model the subgrid scale motions. Thus, equation (1) and (2)
are spatially filtered with a grid filter (∆). Mathematically, it is
equivalent to break the velocity field into a resolved component
(denoted by an overbar) and a subgrid component (denoted by
a prime).

ui = ui +u′i , p = p+ p′ (3)

Substituting equations in (3) into equation (1) and (2) yields the
filtered Navier-Stokes equations
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whereτS
i j = uiu j −uiu j is the SGS stress tensor that arises from

the non-linear advection terms and it represents the unresolved
small scale structures

SGS models of the eddy viscosity type are based on the hypoth-
esis that the deviatoric part of the SGS stress tensor is locally
aligned with the filtered deviatoric part of the rate of strain ten-
sor, while the normal stresses are assumed to be isotropic and
are thus representable through a SGS kinetic energy [6]
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wherek is the SGS kinetic energy,I is the unit tensor,νT is the
SGS viscosity,(τS

i j )D is the deviatoric part of the SGS stress ten-
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k and νT can be derived from ak−
5
3 spectra assuming grid

Reynolds number approaches infinity, and hence

k = cI ∆2|Si j |
2, νT = cD∆2|Si j | (7)

where the constantscI andcD can be solved with the dynamic
model suggested by Germanoet al. [7]. To keep the summary
here brief, the reader is referred elsewhere [6] for a detailed
description of the method.

Bubble Tracking Formulation

Bubbles in the flow experience the combined effects of the car-
rying fluid flow and the buoyancy force. Thus, a precise force
balance acting on the bubbles is required. These forces include
added mass, buoyancy, drag, lift and Bassett. The Bassett force
term involves a time integral of the interactions of a bubblewith
its own wake and its contribution was concluded to be less than
6% of the buoyancy force [13]. As a consequence, this force is
neglected in this study.

The bubble trajectories are obtained using the equations ofmo-
tion from [8] and [13]

dUb

dt
= Aa +Ab +Ad +Al (8)

whereUb is the bubble velocity andAa, Ab, Ad andAl are the
accelerations due to added mass, buoyancy, drag and lift.

Added mass: It is also known as virtual mass, which is the iner-
tia added to a bubble as it is accelerating or decelerating inthe
fluid. The acceleration due to added mass is

Aa = Ca
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whereU f is the fluid velocity and the coefficient of added mass
(Ca) is found to be 3.0 assuming the bubble is spherical [13].

Buoyancy: The acceleration due to buoyancy is

Ab = −Cbg (10)

whereg is the gravity and the coefficient of buoyancy (Cb) is
found to be 2.0 [13].

Drag: Acceleration due to drag is

Ad = −
Urel

τb
(11)

whereUrel is the relative velocity between the bubble and fluid,
τb is the relaxation time of the bubble responding to changes in
the local flow velocity. In the case of bubbles with very small
diameter (db), the bubbles respond as rigid spherical particles.
Thus, particle relaxation time based on the bubble Reynolds
number (Reb = |Urel|db/ν f ) is
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whereν f is the fluid kinematic viscosity,ρb andρ f are the den-
sity of bubble and fluid respectively.Cd is the coefficient of
drag, which can be taken from the standard drag curve [2]
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Lift: Acceleration due to lift is

Al = −Cl (Urel ×ω) (14)

where the coefficient of lift,Cl , was derived to be 0.53 [1] and
ω is the vorticity.



Computational Details

A Free Shear Flow

The schematic of the computational domain for a free shear flow
is shown in figure 1. The width of the domain isl = 120 mm
and the inlet is divided into an upper (low speed) region and
an lower (high speed) region. The outlet is located 3.6l down-
stream. Cells counts are 1080×360 in the streamwise and ver-
tical directions. The high and low speed freestream velocities
of 0.28 m/s and 0.07 m/s are applied at the lower and upper inlet
boundary respectively. Columns of bubbles are injected into the
high speed side of the free shear layer during the simulation.
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Figure 1: Free shear flow domain.

Flow over a cylinder

Figure 2 shows the computational domain of flow over a cylin-
der. The numerical parameters are chosen based on the experi-
mental setup by [14]. The cylinder is modelled as a circle with a
radius,d = 27 mm and a flow domain is created around it. The
semi-circular inlet and flat outlet are located at 2.5d upstream
and 6d downstream respectively. The width of the domain is 5d.
Cell counts are 150×810 in the radial direction (Nr ) and wake
direction (Nw). A freestream velocityu, which is based on the
Reynolds number (Re= ud/ν), is applied at the inlet, top and
bottom boundaries.
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Figure 2: Flow over a cylinder domain.

Results

Validation on Bubble Dispersion in a Free Shear Flow

The validation of the joint transient solver with a turbulence
SGS model and LGP method approach is performed for the
case of bubble dispersion in a free shear flow. Rightley and
Lasheras [11] investigated the interaction of a dilute dispersed
cloud of microbubbles with a planar free shear layer experimen-
tally. Smirnovet al. [12] performed the numerical study of the
same flow with both the large eddy simulation (LES) and the
LES with a random flow generation (RFG) technique.

In the simulation of bubble dispersion in a free shear flow, a col-
umn of 100 bubbles of 40µm in diameter were injected from the
high speed inlet with a time interval of 25 ms for a duration of
15 s. Figure 3 shows a comparison of instantaneous visualisa-
tion of bubble distribution from experiment [11] and computed
data. Both figures are captured at different time instance, but

Figure 3: Instantaneous visualisation of bubble distribution:
left: experimental bubble distribution [11], right: computed
bubble distribution.

similar bubble dynamic features are well shown in both of the
figures. Bubbles can be seen enter into the low speed layer from
the high speed layer due to the entrainment into the coherent
vortex structures in the mixing region.
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Figure 4: Comparison of normalised mean bubble concentra-
tions: � - LES [12], ♦ - LES/RFG [12],△ - experiment [11]
and© - 2D transient solver with a SGS model.

Comparisons of the time averaged bubble concentration against
both the experimental and numerical data at different down-
stream locations of the free shear flow are shown in figure 4.
The local bubble concentration (C) is normalised with the max-
imum bubble concentration (Cmax) in the flow field. It can be
seen that the data from current method agrees reasonably well
with [11] and [12] except that the bubble concentrations in the
region between -20 mm to 0 mm vertically at the locations of
x/λ = 0.31 and 0.63 (whereλ is the billow-to-billow distance
≈ 0.8 m) are slightly underpredicted.

Bubble Dispersion over a Cylinder

Experimental work of bubble behaviour in the wake of a cir-
cular cylinder was conducted by [14]. In the experiments, the
flow is generated by a water pump and the water flow rate can
be adjusted by a pump controller to achieve different Reynolds



numbers. Air bubbles of 2 mm in diameter are injected through
a nozzle at the bottom of the water tunnel with a cylinder of 27
mm in diamter mounted on the cylinder holder.

Figure 5: Bubble dispersion in the cylinder wake atRe= 9560:
left: experimental bubble distribution, right: computed bubble
distribution with the vorticity magnitude contour.

Figure 6: Bubbles escape from the weakened vortices with the
vorticity magnitude contour.

The numerical investigation on the bubble behaviour in the
cylinder wake at Reynolds number of 9560 is performed. The
simulation setup corresponds to the experiment by Tho and Vas-
sallo [14]. Both experimental and numerical results of bubble
distribution in the cylinder wake are shown in figure 5. From
the experimental results, the bubble stream enters into thewake
region forming the characteristic “S” shape and bubbles arethen
pushed downwards into the wake region while they turn in the
direction of the freestream near the upper boundary of the wake,
which forms distinct bubble packets behind the cylinder. Sim-
ilar results are observed in the numerical data. It can be seen
that two bubble packets are formed when bubbles are entrained
into the two vortices developed from the cylinder. As shown in
figure 6, bubbles are found to escape from the vortices while
they are propagating downstream as the strength of the vortices
weakens.

Conclusions

Numerical simulations of bubble dispersions for a free shear
flow and cylinder wakes are obtained using the approach of
a transient solver with a SGS turbulence model and the LPG
method. The motivation for this study is that the approach of
DNS with LPG method is limited to low Reynolds number flows
due to the high computational expenses.

As a validation case, simulation of bubble dispersion in a free
shear flow is performed. The evolution of the bubble cloud is
evidently dominated by the influence of the large scale coherent
structure developed in the mixing region. The spatial develop-
ment of normalised averaged bubble concentration agrees well
with both experimental and numerical data. Simulation of bub-
ble dispersion over a cylinder at Reynolds number of 9560 is
also performed. The characteristic “S” shape formed by a bub-
ble stream in the cylinder wake is captured in the numerical
data. It is further found that the bubble escape mechanism is
due to the combined effects of the weakening of vortex strength
and buoyancy force.

The results of this study show that the approach of a transient
solver with a SGS turbulence model with the LPG method can
be successfully implemented in the high Reynolds number bub-
bly flows and the method is able to accurately reproduce the
relevant physics of bubble dispersion.
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