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Abstract

The evolution of internal wave fronts in an approximately lin-
early stratified fluid is considered where the fluid is contained
in a channel with localized variations in width. It is assumed
that there is an oncoming flow such that the long-wave speed
of an internal wave mode is near zero. A variable coefficient
finite-amplitude equation is presented which governs the wave
evolution for uniform flows and rectangular channels, and it
is shown that in these circumstances forced waves can be ne-
glected. The interaction of kink soliton solutions of this finite-
amplitude equation are considered.

Introduction

In [2] the dynamics of weakly nonlinear internal wave fronts,
or columnar disturbances, contained in a rectangular channel
of variable width were considered in the transcritical limit (i.e.
long-wave speed approximately zero), with uniform oncoming
flow and weak contractions. There it was shown that the evolu-
tion was governed by a variable coefficient Korteweg–de Vries
(KdV) equation, as the effective velocity experienced by the
fronts accelerates within the contraction. The solutions of this
equation for a step initial condition were considered in detail.
For negative steps or rarefaction fronts it was demonstrated that
steady solutions could evolve in the vicinity of the contraction
which exhibited two types of hydraulic control: normal controls
where the long-wave speed was zero at the maximum topo-
graphic perturbation and virtual controls where the long-wave
speed was zero away from this point. For positive steps or com-
pression fronts the interaction with the contraction was shown
to be intrinsically unsteady, with solitary waves being gener-
ated on the downstream side of the contraction and propagating
upstream.

The weakly nonlinear KdV model breaks down for two im-
portant circumstances; nearly linearly stratified fluids and two-
layer fluids where the layer depth is approximately half the total
depth. In the former case finite-amplitude effects must be in-
cluded ([3]), and in the latter cubic nonlinearity resulting in an
extended Korteweg–de Vries (eKdV) equation ([4]).

As solutions of the constant coefficient KdV equation with step
initial conditions are unsteady, the interaction of fronts with a
contraction in the weakly nonlinear KdV model must be un-
steady and is dependent to some degree on the time that the
front has evolved over before it reaches the contraction. To ob-
tain steadily propagating front solutions in the long-wave limit
requires at a minimum cubic nonlinearity, as opposed to the
quadratic nonlinearity in the KdV equation. The eKdV equation
has such steadily propagating step solutions, known as kinks or
kink solitons or topological solitons. These kink solitons are
also valid solutions for an approximately linearly stratified fluid.
The investigation of kink solitons interacting with contractions
is thus of significance for three reasons. Firstly, unlike finite-
amplitude undular bores or rarefactions, the interaction of kink
solitons has no weakly nonlinear analogue. Second, observa-
tions suggest that kink solitons, like non-topological solitons,
appear to be robust nonlinear structures, and so their interac-

tion with topography is of physical importance, especially in
exchange type flows. Finally, kink solitons are steadily propa-
gating structures and consequently their interaction can be con-
sidered independent of their starting position relative to the con-
traction.

In the next section the equations which govern the near-critical
propagation of waves in a contraction are discussed. Forced
waves are also generated for approximately linear stratification;
it is shown that for rectangular channels and uniform oncom-
ing flows these waves are of smaller amplitude and evolve on
a longer timescale and hence can be ignored. In the final sec-
tion solutions for kink solitons interacting with contractions are
presented.

Near-critical waves in a contraction

Consider the inviscid, nondiffusive flow of a stratified fluid in a
channel. A Cartesian coordinate systemh(x,y,z) is introduced,
whereh is the undisturbed height of the free-surface above the
origin, x is the horizontal coordinate along the channel,y is the
transverse coordinate andz is the vertical coordinate, being pos-
itive upwards. The density isρ0ρ(z− ζ) whereζ is the non-
dimensional vertical particle displacement. The Boussinesq pa-
rameter, which characterizes the strength of the density pertur-
bation, is then defined asβ = ρ(0)−ρ(1). The reduced gravity
is theng′ = βg, whereg is the acceleration due to gravity, and
the normalized buoyancy frequencyN(z) is

N2 =− ρ′

βρ
(= M). (1)

The time is (h/g′)
1
2 t, while the fluid velocities are

(g′h)
1
2 N0h(u,v,w), the free surface displacement isehη, where

the binary parametere is 0 for a rigid lid boundary condition
and 1 for a free surface condition, and finally the pressure is
ρ0gh(P(z)+βp), whereP′ =−ρ.

The waves in the channel are assumed to have amplitudeO(α)
and wavelengthO(µ−1). It is assumed that this is also the
lengthscale of the perturbation of the contraction, which has
amplitudeO(ε). For bothµ andε it is assumedε,µ� 1. There-
fore, introduce

(x,y, t) = µ−1(x′,y′, t ′), (2)

and define the side boundaries

b′± =±b′0(1+ ε f±). (3)

The mean perturbation is

f =
1
2
( f+ + f−). (4)

A mean flowū exists in the channel, which can be assumed to
be independent ofx andy. At this point no other restrictions are
placed onf± andū. Hence,

(u,v,w)= (ū+αu′,εv′,µαw′), p= αp′, ζ = αζ′, η = αβη′,
(5)



and primes are ignored hereafter.

Forced waves

As shown in [1] near criticality four cases of forced evolution
equations apply in these circumstances:

(F1) If ū and f vary with height the appropriate choice forα
andµ is

α = µ2 = ε
1
2 , (6)

and no restriction is placed onβ. The flow is assumed to
be close to criticality, hence ¯u can be written as

ū = U(z)−c+ ε
1
2 ∆+O(ε), (7)

wherec is the long-wave speed of the resonant mode and
∆ is a detuning constant. A long timescale is introduced:

τ = ε
1
2 t, (8)

and a perturbation solution forζ is sought inε1/2 of the
form

ζ = A(x,τ)φ(z)+ ε
1
2 ζ(1) +O(ε), (9)

whereφ is the long-wave mode with speedc for the shear
U(z). Then it can be shown thatA satisfies

Aτ +∆Ax + rAAx +sAxxx =−Fx, (10)

where the forcing functionF is proportional to an inte-
gral of f over the height of the fluid andr ands are con-
stants. The Boussinesq limit corresponds here toβ → 0.
In general, this will only marginally affect the coefficients
of (10). In this case, in terms of the original variables,
the characteristic amplitude and timescale for the forced
waves isO(ε

1
2 ) andO(ε−

3
4 ) respectively.

(F2) When ū is constant with height and the stratification is
uniform, i.e.

M = 1+O(β), (11)

the nonlinear term in (10) isO(β), where typicallyβ� 1,
and the derivation of (F1) does not apply in this limit. This
was alluded to in [1]; the appropriate choice of parameters
in this case is

α = 1, µ2 = ε, β = σε. (12)

The expressions (7), (8) and (9) are again used withε1/2

replaced everywhere byε and the simplication thatUz≡ 0.
Then a similar evolution equation forA to that derived by
[3] will result. The nonlinear term in this case isO(σ),
therefore in the Boussinesq limitσ→ 0, with all else un-
changed, it would be expected that any forced wave will
grow without being limited by nonlinear effects until it
overturns. In this case, in terms of the original variables,
the characteristic amplitude and timescale for the forced
waves isO(1) andO(ε−

3
2 ) respectively.

(F3) In the joint limit whenβ→ 0 andū and f are independent
of height the forcing term in (10) disappears. However, it
was demonstrated in [1] that resonance will still occur due
to Boussinesq effects. Here

α = µ2 = ε, β = σε, (13)

and the same expressions for ¯u, τ andζ are introduced as
for (F2). Subsequently it can be shown thatA satisfies

Aτ +(∆A)x + rAAx +sAxxx = γ∆x. (14)

The coefficient of the forcing term,γ, is O(σ), clearly in
the Boussinesq limit the forced wave vanishes. In this
case, in terms of the original variables, the characteristic
amplitude and timescale for the forced waves isO((βε)

1
2 )

andO(β−1ε−
1
2 ) respectively.

(F4) Finally, for uniform stratification the nonlinear term in
(14) vanishes. To derive a forced nonlinear evolution
equation the appropriate choice of parameters is now

α = µ2 = ε
1
2 , β = σε

1
2 . (15)

The same expressions for ¯u and τ are introduced as in
(F3), however as the expansion forζ occurs in powers of
ε1/2 (9) is introduced. The perturbation expansion must
be taken to second order to demonstrate thatA again sat-
isfies a version of (14). For this equation the coefficient
of both the nonlinear term,r, and the forcing,γ areO(σ).
In this case, in terms of the original variables, the char-
acteristic amplitude and timescale for the forced waves is
O(ε

1
2 ) andO(β−1ε−

3
4 ) respectively. In the limitσ � 1

forced waves will still be generated, however they take an
infinitely long time to form.

Other types of resonance can occur in a contraction apart from
the generation of forced waves. For example shear fronts propa-
gating towards a contraction can become trapped and resonate.
The analysis of (14) in the limitγ → 0 in [2] clearly demon-
strates this. For each of the above circumstances we can there-
fore consider the amplitude of the quasi-steady solution which
form in a contraction due to this interaction and the timescale
for its formation. In (F1) and (F2) the amplitudes and timescales
are identical to the forced waves, therefore the only effect of a
shear front will be to perturb one quasi-steady solution of (10)
to another quasi-steady solution. However, for (F3) the ampli-
tude and timescales are respectivelyO(ε) and O(ε−

3
2 ), while

for (F4) they areO(β−1ε) and O(ε−
5
4 ). In these latter two

cases, since typicallyε � β the amplitudes for these unforced
waves are larger than the corresponding forced waves, while
the timescales the unforced waves form over are smaller than
those for the forced waves. This suggests that the forced waves
studied in the cases (F3) and (F4) are only relevant if there are
no unforced waves in the vicinity of the contraction, in particu-
lar, when these unforced waves are shear fronts. In conclusion,
if there are shear fronts in the vicinity of the contraction, for
(F1) and (F2) these can be ignored, while for (F3) and (F4) the
forced waves can be ignored. Thus we are led to consider the
appropriate evolution equations for unforced waves.

Unforced waves

Two equations describe the general evolution of unforced waves
in these circumstances. The appropriate equation is dependent
on the stratification:

(U1) In the limit σ→ 0 of (F3), which corresponds to making
the Boussinesq approximation, the forcing disappears and
the amplitude satisfies the variable coefficient KdV equa-
tion

Aτ +(∆A)x + rAAx +sAxxx = 0. (16)

This equation was studied in detail in [2]. In particular it
was shown that in the limitr → 0 and for long contractions
the amplitude could grow without bounds if the sign of
the ∆ changed within the contraction. This leads us to
consider the appropriate evolution equation for uniform
stratification, for whichr = 0 in the Boussinesq limit.



Figure 1: Interaction of a finite-amplitude kink soliton in a contraction demonstrating the effect of changing the width of the contraction.
In both panelsq =−2, r = 3

4 and∆0 = 1. For the upper panel∆1 = 1
2 and for the lower panel∆1 = 1.

(U2) Case (F4) suggests that resonant shear fronts will attain an
asymptotic amplitudeO(β−1ε). Therefore, since typically
β � ε finite-amplitude effects must be considered. The
derivation of the appropriate equation is summarized here.
Introducing the same scalings as in (F2), a perturbation
solution forζ is sought of the form

ζ = cA(x,τ)φ+ εζ(1) +O(ε2), (17a)

where

φ = sinnπz, c =
1
nπ

, (17b)

andn is a positive, nonzero integer. Definez(ξ,A) to be
the solution of

ξ = z− A
π

sinπz, (18)

which has a unique solution if|A| < 1. If this condition
is violated then the wave has overturned, however provid-
ing it is satisfied then the amplitude satisfies the integro-
differential equationZ x

∞
K(A,A′)A′τdx′+∆A+

c3

2
(σm(A)+Axx) = 0, (19a)

where

∆ = ∆̂+c f, (19b)

K(A,A′) = π2
Z 1

0

∂z
∂A

[
∂z′

∂A′

(
1+

∂z′

∂ξ

)
−(z−z′)

∂
∂ξ

(
∂z′

∂A′

)]
dξ,

(19c)

m(A) = 2π4
Z 1

0
(z−ξ)Xe f f(ξ)zA dξ+

A2

3
(1− (−1)n)

−e
(

2A− (−1)n3A2 +A3
)

,

(19d)

and forn > 1 Xe f f is a smoothed version of the buoyancy
frequency perturbation:

Xe f f(ξ) =
n−1

∑
k=0

X

(
1
n

(
k+

1
2
(1− (−1)k)+(−1)kξ

))
.

(20)

Finite-amplitude waves.

We now consider finite-amplitude solutions for kink solitons in
a contraction; however before proceeding a few comments can
be made concerning (19). Equation (19) can be normalized by
introducing

τ∗ = α−
3
2

c3τ
2

, ∆∗ =
2α∆
c3 , σ∗ = ασ, x∗ = α−

1
2 x, (21)

whereα is some positive, arbitrary constant. Then, dropping
the asterisks, the amplitude satisfiesZ x

∞
K(A,A′)A′τdx′+∆A+σm(A)+Axx = 0. (22)

Consider the termσm(A) of (22). Let

X(z) = az−b. (23)

Thus

m(A) =
A

c2

(a
2
−b

)
+

A2

3
(1−4a)(1− (−1)n)

−e(2A− (−1)n3A2 +A3), (24)

which, as noted in [3], contains no terms of order greater that
cubic. The linear terms ofσm(A) can be incorporated in the
velocity, henceσm(A) can in general be written as

σm(A) =
1
2

rA2 +
1
3

qA3, (25)



Figure 2: Interaction of a finite-amplitude kink soliton in a contraction demonstrating the effect of changing the strength of the stratifi-
cation. In both panels∆0 = 1 and∆ = 1

2 . For the upper panelq=−1 andr = 3
8 , while in the lower panelq=−4 andr = 3

2 . The upper
panel of figure 1 is intermediate between these two figures.

where, the only limitation at this point is thatq = −3eσ ≤ 0.
For ∆≡ 0, (22) has kink soliton solutions (see [5]):

A =
Λ
2

(1− tanhκ(x−Vτ)), (26a)

where

Λ =− 2r
3q

, κ =
(
−qΛ2

8

) 1
2

, V =
rΛ
3

. (26b)

Thus we assume an initial condition

A =
Λ
2

(1− tanhκ(x−x0)), (27)

wherex0 < 0 andΛ andκ are as specified by (26). The velocity
perturbation is assumed to be here of the form:

∆(x) = ∆0−∆1sech2(x/xa), (28)

and by an appropriate definition ofα in (21) we can assume
xa = 1. The results presented here are largely independent of the
exact form of the topography, provided it is smoothly varying
with a single extrema and characteristic lengthscale.

Figures 1 and 2 show some selected solutions which demon-
strate significant effects of the interaction of kink solitons with
a contraction. The system which is solved is (19) with (25),
(28) and (27). The numerical simulations use a synthesis of the
methods used by [3] and [2]. This involves differentiating (19),
resulting in a Volterra integral equation of the second type for
Aτ at each time step. Spatial derivatives are evaluated by re-
moving the step inA and using pseudospectral methods for the
residual function.

In figure 1 the effect of changing the width of the contraction is
shown. For narrow contractions, as typified by the upper panel,
the kink soliton is able to pass through the contraction with an
insignificant reduction in the amplitude. After the generation

of transient waves a steady, constant amplitude lee wave then
forms downstream of the contraction. For larger contractions
the transmitted front is reduced correspondingly. Further sim-
ulations suggest that for the parameters of figure 1 there is no
transmitted wave for∆1 ≥ 3. Downstream of the contraction it
appears that no steady lee wave train has formed, even though
the upstream behaviour is no longer transient. Shortly after the
time shown the simulation was halted due to overturning.

The effect of changing the stratification strength is shown in
figure 2. As with figure 1 the transmitted front decreases as this
effect strengthens. Secondly, increasing nonlinearity dampens
the growth of the downstream lee wave. For weak stratification
a constant amplitude lee wave starts to evolve just prior to the
simulation being halted, while for the stronger stratification it
appears that a downstream plateau starts to evolve which at large
times would result in a steady hydraulically controlled solution
in the vicinity of the contraction.

*
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